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1. (a) Let @ be a Sylow g-subgroup of N, so that N = M@ and @ # 1 since N/M is a
nonidentity ¢g-group. Now GG permutes the Sylow ¢-subgroups of N <G by conjugation, and
the Sylow Theorems imply that N acts transitively. Thus, by the Frattini argument, we
have G = NH where H = Ng(Q). In particular, G = NH = (MQ)H = M(QH) = MH
and 1 # Q< H.

(b) Assume that M is self-centralizing. If p = ¢, then N is a p-group and hence
M = Cg(M) D Z(N) # 1. Thus since M is minimal normal in G and since Z(N) <G, we
have M = Z(N). But then M = Cg(M) = Cg(Z(N)) 2 N and N/M = 1, a contradiction.

(c) Since M is minimal normal in G and M is a p-group, it follows that M = Z(M).
Thus M is clearly an elementary abelian p-group. Again suppose that M is self-centralizing.
Now M NH<H since M <G, and M N H<M since M is abelian. Thus MNH<MH = G.
In particular, the minimality of M implies that M " H = M or 1. If M N H = M, then
G = MH = H has a nontrivial normal g-group @, and g # p by (b). Since M <G and
M NQ =1, it follows that ) centralizes M, a contradiction. Thus M N H = 1.

2. (a) Let "R — R/N be the natural epimorphism. If e is an idempotent in R, then
e(1 —e) =0 and hence €(1 — e) = 0. Since R/N is a domain, that is a ring without zero
divisors, it follows that either € =0 or 1 — e = 0. Thus either e € N or 1 —e € N. Note
that (1 —e)? =1—2e+¢e?>=1—¢,501— e is also an idempotent. Furthermore, if f is
an idempotent and f € N, then f¥ = 0 for some k since N is a nil ideal, and therefore
f = f*=0. Thus taking f =e or f =1 — e, we conclude that e =0 or e = 1.

(b) We show that every element of R\ N is a unit and hence not a zero divisor. It
will therefore follow that all zero divisors are in /N and hence nilpotent. To this end, let
r € R\ N. Since R/N is a division ring, there exists an element s € R with 75 = 1. Thus
rs = 1—n for some n € N. Now n is nilpotent, say n* = 0, and then 14+n+n?+---+nk~1
is clearly an inverse for 1 — n. Thus s(1 — n)~! is a right inverse for r. Similarly, r has a
left inverse and consequently it is invertible. Note that if R/N is merely assumed to be a
domain, then it is possible for R to have non-nilpotent zero divisors.

3. (a) We may suppose in both parts that o # 0. Since F is Galois over Q, it follows from
the Fundamental Theorem that E is Galois over K with Galois group, say, H. Let h € H.
Since o™ € Q C K, we have (a")" = (a™)" = o™ and hence o = agy, for some ¢, an nth
root of unity in C. Furthermore, ¢, is in F, so it is in K, by definition of K, and hence
it is fixed by H. Now if h,k € H, then o* = (a")* = (ae,)* = aFe;, = aepep. Thus
ene = €per and we see that the map h +— €5 is a homomorphism from H to the cyclic
group of nth roots of unity in C. But this map is one-to-one, since if €, = 1, then h fixes
a and hence it fixes E = Q[a]. Thus H is isomorphic to a subgroup of a cyclic group and
is itself cyclic.

(b) Let G denote the Galois group of E over Q and note that |a|? = aa™. If g € G
then, since 7 is central in G, we have (|a]?)? = (aa™)? = a9a™ = a9a97 = |a9]2. As
above, since o” € Q, we have (a9)" = (a™)? = o™ and hence af = ag, for some ¢4, an
nth root of unity in C. But |g,| =1, so (|a|?)? = |a9|* = |ag,y|? = |a|?. Thus |a|? is fixed
by G, so |a|? € EC = Q, since E is Galois over Q.



4. (a) Since V # 0, we have v # 0 and {v} is linearly independent. Since V' is finite dimen-
sional, we can choose n > 1 maximal with {v, T'(v),...,T" ' (v)} linearly independent, and
we let U be the subspace of V' spanned by these n vectors. By definition of n, T"(v) is a
linear combination of {v, T(v),...,T" !(v)} and, by applying T* to this equation, for any
k > 0, we see that T**"(v) is a linear combination of {T*(v), T**1(v),..., TFt"=1(v)}.
An easy induction on k now shows that 7%+ (v) € U for all k > 0 and thus U = V. It
follows that {v, T'(v),...,T" !(v)} is a basis for V and hence dim V' = n. In particular, the
characteristic polynomial f(z) of T has degree n. Now let g(x) be the minimal polynomial
of T so that g(z) | f(z) by the Cayley-Hamilton Theorem. If g(x) has degree m, then
g(T) = 0 yields g(T")v = 0 and implies that {v,T(v),...,T™(v)} is linearly dependent.
By definition of n, we have degg(x) = m > n = deg f(z). Since g(z) | f(z) and both
polynomials are monic, we conclude that g(x) = f(z) and T is regular.

(b) Let fi(x) be the characteristic polynomial of Ty, and let g;(x) be its minimal
polynomial. Similarly, let f2(x) be the characteristic polynomial of Ty -, and let g2(x) be
its minimal polynomial. Then we know that g1 (z) | f1(x) and g2(z) | f2(x). Furthermore,
fi(x) fa(x) = f(x) is the characteristic polynomial of T on V' since, with an appropriate
choice of basis, the matrix for 7" is in block form

A C
(6 %),
where A corresponds to Ty and B to Ty y . Finally, note that g»(7") annihilates V/W, so
g2(T)V C W, and then g1(T)g2(T)V C ¢1(T)W = 0. Thus the minimal polynomial g(z)
of T on V divides g1(x)g2(z), and we know that g1(z)g2(x) divides fi(z)f2(x) = f(z).
But g(z) = f(z), by assumption, so gi(z)g2(x) = fi(z)f2(z). Since gi(z) | fi(x) and
g2(z) | fa(x), we conclude that gi(x) = f1(x) and ga(x) = fa(x). Therefore both Ty and
Ty w are regular.

5. (a) Let a be the unique eigenvalue of A in a fixed algebraic closure of F. Since
A € My(F), it follows that 2a = trace(A) € F and o? = determinant(A4) € F. If the
characteristic of F' is not 2, then we can divide by 2 € F, so 2a € F implies that o € F.
On the other hand, suppose the characteristic is 2. Since F' is a finite field, we know that
F' is perfect. Thus every element of F' is a square of an element of F. In particular, since
a? € F, there exists 8 € F with o? = 32. Hence (o« — 3)? =0 and a = 3 € F.

(b) By Jordan canonical form, every nonzero nilpotent matrix in My (F') is conjugate

v (00)

In particular, the set of such matrices is the orbit of N under the conjugate action of G on
the matrix ring. Now the size of this orbit is the index in G of the stabilizer G of N in G,
and this stabilizer is just the set of matrices in G that commute with N. It is easy to see
that the set of all matrices that commute with N are of the form al + bN with a,b € F,
and that al + bN is invertible precisely when a # 0. Thus |Gx| = (¢ — 1)¢ = ¢*> — ¢, so
the size of the orbit of N is |G : Gn| = |G|/|GN| = (¢* — 1)(¢* — q)/(¢®> — q) = ¢*> — 1.
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