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1. a. The second Sylow theorem implies that |G : N | = 50. Suppose that H is a
subgroup of G with N ⊆ H ⊆ G. Then P is a Sylow 7-subgroup of H and N = NH(P ), so
|H : N | ≡ 1 (7). Also |H : N | divides |G : N | = 50, and it is easy to check that the only
possibilities here are |H : N | = 1 or 50. Thus H = N or H = G, and consequently N is
maximal in G.

b. Let Q be the given normal Sylow 5-subgroup of N . If R is a Sylow 5-subgroup of
G containing Q, then R∩N = Q and R is properly larger than Q since |G : N | is divisible
by 5. We know that normalizers grow in p-groups and therefore NR(Q) is properly larger
than Q. Hence NR(Q) �⊆ N since otherwise it would be contained in R ∩ N = Q. Thus
〈NR(Q), N〉 is properly larger than N and, since N is maximal, we have 〈NR(Q), N〉 = G.
But both of these two generators of G normalize Q, so G normalizes Q and Q � G.

2. a. By assumption, (ab) is primary, and certainly ab ∈ (ab). Thus either a ∈ (ab) or
bn ∈ (ab) for some integer n. In the first case, a = abr and, since a �= 0 and R is a domain,
we get 1 = br and b is a unit, contradiction. Thus bn ∈ (ab) ⊆ (a), as required.

b. Let P �= 0, R be a prime ideal of R and fix 0 �= a ∈ P . Now let b be any nonunit of
R. Since the principal ideal (ab) is primary, by assumption, we deduce from the preceding
part that bn ∈ (a) ⊆ P . Furthermore, since P is prime, bn ∈ P yields b ∈ P . Thus P
contains all the nonunits of R. On the other hand, any element of P must be a nonunit,
since otherwise P = R. Thus P is precisely equal to the set of all nonunits of R and
therefore P is the unique nonzero prime ideal of R.

3. a. Say αn = a ∈ Q. Then α satisfies xn − a ∈ Q[x], and consequently g(x) divides
xn − a. Since the roots of xn − a are all of the form εα with ε a root of unity, it follows
that the same is true of the roots of g(x). Since the constant coefficient of g(x) is ± the
product of all roots, we conclude that g(0) = δαm where δ is also a root of unity. But g(0)
and α are real, so δ is real and hence δ = ±1. In other words, g(0) = ±αm.

b. It follows from the above that αm = b ∈ Q and hence α is a root of xm − b. Again
we see that g(x) divides xm − b. Thus, since g(x) is monic and has degree m, we conclude
that g(x) = xm − b.

c. Let n = mq + r where q and r are integers with 0 ≤ r < m. Since αn and
αm are both in Q, it follows that c = αr = αn/(αm)q ∈ Q. If r ≥ 1, then α is a root
of xr − c and again we see that g(x) divides xr − c. But this is a contradiction since
deg g(x) = m > r = deg(xr − c). Thus r = 0 and m divides n.



4. Suppose first that V has a basis {v1, v2, . . . , vn} of eigenvectors of T with corre-
sponding eigenvalues λ1, λ2, . . . , λn. Let v =

∑
i kivi be an arbitrary vector of V . Then, for

any λ ∈ K, we have (λI −T )v =
∑

i ki(λ−λi)vi and (λI −T )2v =
∑

i ki(λ−λi)2vi. Since
{v1, v2, . . . , vn} is linearly independent, it follows that v is in ker(λI−T ) or in ker(λI−T )2

if and only if ki = 0 for all subscripts i with λ �= λi. Hence the two kernels are equal.
Conversely, assume both kernels are equal for all λ ∈ K. Let f(x) =

∏m
i=1(x− λi) be

the minimal polynomial of T , and note that this polynomial splits since K is algebraically
closed. Suppose two roots of f(x) are equal, say λ1 = λ2, and set g(x) =

∏m
i=3(x − λi).

Then (λ1I − T )2g(T )V = f(T )V = 0, so g(T )V ⊆ ker(λ1I − T )2 = ker(λ1I − T ), by
assumption. Hence (T −λ1I)g(T )V = (λ1I −T )g(T )V = 0 and T satisfies the polynomial
(x − λ1)g(x) of degree m − 1 < deg f(x). But f(x) is the minimal polynomial, so this
cannot occur. It follows that f(x) has distinct roots and splits. As is well known, this
implies that V has a basis of eigenvectors of T .

(Indeed, if the roots of f(x) are distinct, then it follows that the polynomials fi(x) =
f(x)/(x − λi) are relatively prime. Thus, there exist hi(x) with 1 =

∑
i fi(x)hi(x), and

hence V =
∑

i fi(T )hi(T )V . Note that (T − λiI)·fi(T )hi(T )V = f(T )hi(T )V = 0, so
fi(T )hi(T )V is contained in the eigenspace E(T, λi) = {w ∈ V | Tw = λiw}. Hence, we
have V =

∑
i E(T, λi), and it is easy to see that this sum is direct.)

5. a. Since θ is an R-module homomorphism, it is easy to check that Wθ is a submodule
of V . Note that, for any x ∈ X, we have x = (x − θ(x)) + θ(x) ∈ Wθ + Y . Hence, both
X and Y are contained in Wθ + Y , so V = Wθ + Y . Furthermore, if y′ ∈ Wθ ∩ Y , then
y′ = x′ − θ(x′) for some x′ ∈ X, so x′ = y′ + θ(x′) ∈ X ∩ Y = 0. Thus x′ = 0 and
y′ = y′ + θ(x′) = 0, so Wθ ∩ Y = 0 and hence V = Wθ +̇ Y .

b. Conversely, assume that V = U +̇ Y . Since X ⊆ V = U +̇ Y , we can let θ: X → Y
denote the projection map into the second coordinate. Clearly, θ is an R-homomorphism.
Since V = U +̇ Y , it follows that for any x ∈ X, we have x = u + y = u + θ(x) and thus
x− θ(x) = u ∈ U . In other words, Wθ ⊆ U . For the reverse inclusion, let u′ ∈ U ⊆ X +̇ Y
and write u′ = x′ − y′ with x′ ∈ X and y′ ∈ Y . Then x′ = u′ + y′ ∈ U +̇ Y so, by the
uniqueness of expression, we have y′ = θ(x′) and u′ = x′ − θ(x′) ∈ Wθ. Thus U ⊆ Wθ, as
required, and the two submodules are equal.


