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1. a. Let P be a Sylow p-subgroup of G. Then NP/N is a Sylow p-subgroup of
G/N, and hence NP/N = G/N since G/N is a p-group. Thus G = NP and G’ =
[NP,NP]. If a,b € N and z,y € P, then the commutator [ax,by| satisfies [ax,by] =
(ax)~Y(by)Y(az)(by) = 2 'y lwy = [x,y] since a and b are central. It follows that
G'=[NP,NP] = [P,P] =P’ C P is a p-group.

b. Now G acts on N by conjugation and, in this way, G/Cg(N) embeds in Aut(V).
Since N is cyclic, Aut(N) is abelian, and consequently G/Cq(N) is abelian. Thus G’ C
Ca(N), so G’ centralizes N and NNG’ C Z(G’). Furthermore, since G'/(N NG’) embeds
in the p-group G/N, it follows that G’ /(N N G’) is also a p-group. We can now conclude
from part (a), applied to G' NN <G, that the commutator subgroup G” of G’ is a p-group.

2. a. Since s is not a unit, the principal ideal (s) is not equal to R. Now let A be an
ideal of R properly larger than (s) and choose a € A\ (s). Since s is special, there exist
q,r € R with a = gs+r and with » = 0 or a unit of R. But r = 0 implies that a = ¢s € (s)
which is not the case. Thus r is a unit and, since r = a — ¢s € A, it follows that A = R.
We conclude that (s) is maximal.

b. Let s be a polynomial of degree 1 in Q[X]. If a € Q[X] then, since Q is a field,
the division algorithm implies that a = gs 4+ r where either » = 0 or degr < degs = 1. In
particular, if  # 0, then r is a nonzero constant polynomial and hence a unit in Q[X].

c. The units of Z[X] are the units of Z, and hence they are +1. Suppose by way of
contradiction that s is a special element of Z[X]. If a € Z[X] then, by definition, there
exists ¢ € Z[X] with a = ¢gs + r, where r = 0, —1 or 1. In particular, s divides a, a + 1 or
a — 1. If we take a = 2, then s divides 2, 3 or 1 and, at the very least, we see that s is a
constant polynomial. (Note that £2 and +3 are special elements of Z.) Furthermore, if
we take a = X, then s divides X, X +1 or X — 1. Since s € Z must divide the coefficient
of X in X, X +1 or X — 1, we see that s divides 1, so s = £1, a contradiction.

3. a. Since F/Q is a finite Galois extension, F' is the splitting field in C of some
polynomial g(X) € Q[X]. If 7 is any automorphism of C, for example 7 could be complex
conjugation ~, then F'” is the splitting field in C of g(X)™ = ¢g(X), and hence F™ = F.

b. If § is a complex root of the irreducible polynomial f(X), then § = o for some
o € Gal(F/Q). By part (a), complex conjugation restricts to an automorphism of F' and
hence becomes a member of Gal(F/Q). In particular, since the latter group is abelian, we
have 8 = a® = (@)° and consequently |3]? = 88 = a(@)° = (aa)® = (|a|?)? =19 = 1.
Since |B| > 0, we conclude that |3] = 1.

c. We know that a; is = the sum all products of the roots of f(X) taken n — i at a
time. By part (b), each of these products has absolute values 1, and the number of such
summands is clearly (n:) < 2", Thus |a;| < 2™ for all i.

d. Write m = (F' : Q). Now suppose that a € F' is any algebraic integer of absolute
value 1 and let f(X) € Q[X] be its minimal monic polynomial. Since Q[a] C F, it follows
that n = deg f(X) = (Qa] : Q) < (F : Q) = m. Furthermore, since all roots of f(X) are
Galois conjugate to «, they are all algebraic integers. In particular, each a; € Q is integral
over Z, and hence each a; is contained in Z. (Any unique factorization domain is integrally



closed in its field of fractions.) By part (c), a; is an ordinary integer with |a;| < 2™ < 2™.
Thus there are only finitely many possibilities for each a; and hence only finitely many
possibilities for f(X). Since each such f(X) has only finitely many roots in C, there are
only finitely many choices for «, with this number actually bounded by a function of m.
Finally, if o is given, then o, o, a3, ... are integral elements in F' of absolute value 1, and
hence they cannot all be distinct. Thus o/ = oF for some k > j and, since o # 0, we

conclude that o7 = 1.

4. a. Let m =dimW < dimV = n and let {wy,ws,...,w,} be a basis for W. For
each i, the map \;: V — K given by v — (w;,v) is a linear functional with ker \; being a
subspace of V' of codimension < 1. Since m < n = dim V, it follows that U = ﬂ?ll ker \; #
0. Finally, let 0 # u € U. Then (w;,u) = A;(u) = 0 for all ¢, and hence each w; is contained
in the kernel of the linear functional given by v +— (v,u). Since {w;,ws,...,w,,} spans
W, it follows that W is contained in this kernel and hence (W, u) = 0, as required.

b. Since B is a basis for V, there exists a linear functional pu:V — K such that
p(b) =1 for all b € B. Note that p(V) = K # 0, so ker p4 is a proper subspace of V. But
each a — b, with a,b € B, is contained in ker i, and hence W C ker u < V. Now suppose
that (W,v) = 0 and write v = )z kcc with k. € K. Since this sum is finite and B is
infinite, there exists a basis element b with k, = 0. Now, for all a € B, we have a —b € W,
so 0 = (a — b,v) = ko — kp, by definition of the bilinear form. In particular, k, = ky = 0
for all a € B and hence v = 0.

5. a. Let X be the set of all infinitely generated submodules X of V with X O W,
and partially order X by inclusion. Note that W € X and hence X # (). Now let C be a
nonempty chain (linearly ordered subset) of X and let C' = |Jy.- X be the union of all
members of C. We claim that C' € X is an upper bound for all X € C. To start with, C
is clearly closed under multiplication by R. Furthermore, if x,y € C, then say x € X and
y € Y with X,Y € C. Since C is a chain, we have X C Y or Y C X. If, for example,
XCY, thenz,ycY,sox+yecY CC. It follows that C' is a submodule of V' containing
all members of C. If C' ¢ X, then C'is finitely generated, say with generators z1, za, ..., Z,.
Then z; € X; € C and, since C is a chain, there exists a subscript £ with X; C X} for
all i. Hence x1,x2,...,2, € X3, 50 C =) . 2;R C X;; C C and X}, = ), x; R is finitely
generated, a contradiction. We have therefore shown that each nonempty chain in X has
an upper bound in X, so Zorn’s Lemma implies that X has a maximal member M. By
definition, M O W, M is infinitely generated, and all submodules of V' properly larger
than M are finitely generated.

b. Assume that R is right Noetherian. If V' is finitely generated, then V' is a Noetherian
R-module and hence all its submodules are also be finitely generated, a contradiction since
W C V is infinitely generated. Thus V is infinitely generated and hence, if M has the
given property of part (a), then V' cannot be properly larger than M. In other words, we
must have M = V.

c. If R is not right Noetherian, let W be an infinitely generated right ideal of R.
Set V' = Rp and note that V' O W and that V is generated by the single element 1. In
particular, M # V since M is infinitely generated.



