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ABSTRACT. In this brief note, we discuss trace methods in twisted group algebras.
Specifically, we obtain information on the trace of idempotent and nilpotent elements.
As is to be expected, if the ground field has positive characteristic, then the arguments
used for ordinary group rings carry over to this context with little difficulty. On the
other hand, lifting these results to characteristic zero algebras is not straightforward
and requires a reduction to finitely presented groups.

Let K'[G] denote a twisted group algebra of the multiplicative group G over the
field K. Then K'[G] is an associative K-algebra with K-basis G = {7 | z € G}
and with multiplication defined distributively by Z-y = 7(x,y)Zy for all z,y € G.
Here 7: G x G — K* is the “twisting function” and, as is well known, the associative
law in K*[G] is equivalent to the fact that 7 is a 2-cocycle. Furthermore, we can
always assume that 1 is the identity element of K*[G]. With this assumption, the
trace map tr: K'[G] — K is defined linearly by trz =0if 1 #x € G and tr1 = 1.
In other words, for any element o € K'[G], tr a is the coefficient of the identity in
a. Now if z € G, then 2z~ is a scalar multiple of (7)~! and consequently z—1 and
7 commute. Using this, it follows that tr a8 = tr Sa for all o, 3 € K*[G]. Note
that the ordinary group algebra K[G] corresponds to the twisting function with
constant value 1.

If char K = p > 0, we really have nothing new to offer here. Trace methods in
ordinary group algebras are studied via the pth power map (see [P2, Lemma 2.3.1])
and, once we know that tr o8 = tr Ba holds in K'[G], the arguments carry over
almost verbatim. In particular, we have the following results from [Z] and [P1].
(See also [P2, Theorem 2.3.5 and Lemma 2.3.3].)
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Theorem 1. Let K'[G] be a twisted group algebra with char K = p > 0.
i. (Zalesskil) If e € K'[G] is an idempotent, then tre € GF(p).
ii. If a € KY[G] is nilpotent and if its support contains no nonidentity elements
of p-power order, then tra = 0.

Proof. Only part (i) requires any comment. For this, write e = )¢ a,Z, where S
is its finite support, and set 7= {x € S | x is a p-element }. Since T is a finite set,
there exists a p-power t so that ' = 1 for all x € T, and note that z* = k, € K*
for each such x. Now let ¢ be any p-power. Then, by [P2, Lemma 2.3.1], we have

e=el= E ald 7' + 3

€S

where 3 € K'[G] has trace 0. Moreover, if 2/ = 1, then z € T and 7' = (z")? = k4.

Thus q
tre =tre'l = Z ald kd = <Z aik‘r) .

zeT zeT

In particular, taking ¢ = p and ¢ = 1 in turn, we conclude that

tre = (Z afckx)p = (tre)?

zeT

and tre € GF(p), as required. O

Next, we use the fact that if I is an ideal of K*[G] with trI = 0, then I = 0.
This, along with (ii) above, yields

Corollary 2. Let char K = p > 0 and suppose that G is a p’-group, that is a group
with no elements of order p. Then K'[G] has no nonzero nil ideals.

In the case of ordinary group rings, results in characteristic 0 are usually lifted
from those of characteristic p by using a place argument. But for twisted group al-
gebras, the set 7(G,G) = {7(x,y) | z,y € G } can generate a very large subgroup of
K* and therefore effectively prevent the use of place maps to fields of characteristic
p. Nevertheless, we can overcome this difficulty with the following trick.

Lemma 3. Let K'[G] be a twisted group algebra, let f(¢) € K[(] be a polynomial,
and suppose that o € K'(G] satisfies f(a) = 0. Then there exists a finitely presented
group H, a twisted group algebra K'[H| over K, and an element 3 € K'[H| such
that f(B) =0 and tr § = tra.

Proof. Write o = ag+a191+a2gz+ - - +amgm € K'[G] with g1, 92, ... , gm distinct
nonidentity elements of G. Then tra = ag, and without loss of generality, we can
assume that the above m elements generate G. Now let F' = F(zy,29,... ,2y) be



TRACE METHODS IN TWISTED GROUP ALGEBRAS 3

a free group on m generators and suppose that deg f(¢) = n. Use W to denote the
finite set of semigroup words in z1, 22, ... , 2z, of degree < n and define the equiva-
lence relation ~ on W by u ~ v if and only if w(g1,92,... ,gm) = (91,925 - , Gm)-
If N is the normal subgroup of F generated by all expressions of the form wv ™!
with u,v € W and u ~ v, then N is finitely generated as a normal subgroup, so
H = F/N is a finitely presented group. Furthermore, N maps to 1 under the natu-
ral epimorphism F' — G given by z; — g¢;, so we obtain an epimorphism 0: H — G
Next, observe that 7 lifts to a 2-cocycle 0: H x H — K*® given by o(z,y) =
7(0(x),0(y)) for all x,y € H. In turn, this allows us to define a twisted group
algebra K'[H|, using o, and then 6 clearly extends to an algebra epimorphism
0: K'[H] — K'[G] via 6(F) = 0(z) for all 2 € H. Furthermore, if we define the
element 8 € K'[H| by 8 = ag + a1hy + asha + -+ + apmhy,, then tr 8 = ag = tra
and 0(3) = a. Finally, since f({) € K|[(] is a polynomial of degree n, we see that

FB) =Y kww(hi ha, ... hu)

weWw

for suitable k,, € K. In particular, via the homomorphism 6, we have

0= f(a) =0(f(B)) = Z kww(g1,92,--- s 9m)-

weWw

Now, in order for f(c) to be 0, it is clear that we must have ) .k, = 0 for
each equivalence class C under the relation ~ as given above. But, by definition of
the group H, we have u ~ v if and only if w(hy,ha,... ,hp) = v(h1,hoy ...  hp).
Thus the various conditions ), - k., = 0 also imply that f(8) = 0 and with this
observation, the result follows. [

Now the reason for studying finitely presented groups is that their twisting is not
too large. Specifically, if K*[G] is given, then we say that G — G = {§ | g € G} is
a diagonal change of basis if we have g = d,g € K*g for all g € G. Of course, we
insist that 1 =1=1, so d; = 1. Obviously, this procedure changes 7 by a factor
which is a 2-coboundary. The following is presumably well known.

Lemma 4. Let K'[G] be a twisted group ring with G a finitely presented group.
Then there exists a diagonal change of basis such that if T:G x G — K* is the new
twisting, then 7(G,G) is contained in a finitely generated subgroup of K*.

Proof. Let K*G be the group of trivial units in K¢[G]. Then the map v: K*G — G
given by kg — g is an epimorphism. In particular, since G is finitely generated,
there exists a finitely generated subgroup G of K*G such that v: G — G is onto. Of
course, the kernel here is GN K*® < G and, since G is finitely presented, [P2, Lemma
12.3.12(ii)] implies that GN K'* is finitely generated as a normal subgroup of G. But
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GN K" is central, so it must be a finitely generated abelian group. Finally, let G be
a transversal for GN K* in G. Then G is clearly a new basis for K'[G] and G — G
is a diagonal change of basis. Furthermore, if 7 is the new twisting function, then
7(G,G) €GN K*, and the result follows. O

Now suppose that char K = 0 and that G and 7 are as in the preceding lemma.
If o € K'[G], then there exists a finitely generated subring R of K such that the
coefficients of a and the subgroup of K*® generated by 7(G, G) are all in R. Then
RG is a subring of K![G] containing . Furthermore, RG is clearly a twisted group
ring which we denote by R'[G]. Note that, if L is a field of characteristic 0 or p and
if \: R — L is a ring homomorphism, then \ extends to a map \: R'[G] — L![G],
where the latter is some twisted group algebra of G over L. Of course, if f(a) =0
and if R contains all coefficients of the polynomial f({) € K|[(], then \(«) satisfies
the polynomial (Af)(¢) € L[¢]. Consequently, we can use the usual place arguments
to lift characteristic p results to characteristic 0 fields.

Theorem 5. Let K'[G] be a twisted group algebra with char K = 0.

i. (Zalesskil) If e € K'G] is an idempotent, then tre is rational.
ii. If « € K'QG] is nilpotent, then tra = 0.

Proof. In view of Lemma 3, it suffices to assume that G is a finitely presented
group, and then by Lemma 4, we can assume that 7(G, G) is contained in a finitely
generated subgroup of K*®. With this observation and the above remarks, we can
now apply the place and number-theoretic arguments of [Z] (see [P2, Theorem 2.3.5
and Lemma 2.3.3]) to obtain the results. [

Corollary 6. Let char K = 0, then K'[G] has no nonzero nil ideals.
Furthermore, the proof of [P2, Theorem 2.3.8] yields

Theorem 7. Let o be an algebraic element of the twisted group algebra K'[G) with
minimal polynomial f(¢) € K[(], and let A1, Ao, ... , A\, be the distinct roots of f in
some algebraic closure of K.

i. If char K = 0, then there exist rational numbers ri,ra,... ,ry, satisfying
r1+rot+--+r,=1andtra=riA +raXa+ -+ 1A\,

ii. If char K = p > 0 and if either G is a p’-group or f(¢) has no multiple
roots, then there exist r1,79,... , 1, € GF(p) withri +ro+---+7, =1 and
traa =ri A +1r2X0 + -+ 1A\,

Finally, it would be interesting to know whether Kaplansky’s theorem [K]| also
holds in this context. Namely, if e is an idempotent in K*[G] and if char K = 0, is
it true that tre > 0?7 This certainly holds when G is finite and also when 7(G, G)
consists of complex numbers of absolute value 1. But, to the author’s knowledge,
the general case is still open.
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