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Abstra ct. In this paper we brie
y discuss somerecent results on the semiprimitivit y
problem for group algebras. For the most part, we stress those topics which do not
appear in the fairly complete survey [P17]. In particular, we consider the controller
of an ideal, examples associated with the controller subgroup of the Jacobson radical,
and a new, but rather elementary , observation on Kaplansky's problem.

x1. The Contr oller of an Ideal

Let K [G] denotethe group algebraof the multiplicativ e group G over the �eld K .
Our goal is to determinewhenK [G] is semiprimitiv eand, moregenerally, to describe
its Jacobsonradical J K [G]. Obviously, we would expect the latter description to
be su�cien tly preciseto allows us to immediately decidewhether or not the radical
is zero. In particular, we needsomesort of mechanism for describing an arbitrary
two-sidedideal of a group algebra.

We �rst recall some standard notation. If � =
P

x 2 G ax x 2 K [G], then the
support of � is given by the �nite set supp� = f x 2 G j ax 6= 0g. Furthermore,
if H is any subgroup of G, then there is a natural K [H ]-bimodule projection map
� H : K [G] ! K [H ] � K [G] given by � H :

P
x 2 G ax x 7!

P
x 2 H ax x. Thus � H is the

K -linear extensionof the map G ! H [ f 0g which is the identit y on H and zeroon
G n H . In particular, � H (� ) is a \truncation" of � , and if A and B are subgroups
of G, then � A (� B (� )) = � A \ B (� ).

Now let I / K [G] and let H / G. Then H controls I if I = (I \ K [H ])�K [G], that
is, if K [H ] contains generators for I . As we will seebelow, the set of controlling
subgroupsof I forms an upwards cone. Note that, since � H is a K [H ]-bimodule
map, it follows that � H (I ) / K [H ].

Lemma 1.1. [P9] Let I be a two-sided ideal of K [G].

i. H / G controls I if and only if � H (I ) � I . Indeed, when this occurs, then
I \ K [H ] = � H (I ) so I = � H (I )�K [G].

ii. There exists a unique normal subgroup C(I ), the controller of I , such that
H / G controls I if and only if H � C(I ).

Proof. (i) If T is a right transversal for H in G, then it is easyto seethat � 2 K [G]
can be written as the �nite sum � =

P
t 2 T � H (�t � 1)t. Consequently ,

(I \ K [H ])�K [G] � I � � H (I )�K [G]:
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In particular, if � H (I ) � I , then it is clear that � H (I ) = I \ K [H ], so equality
occurs above and H controls I . On the other hand, if H controls I , then

I = (I \ K [H ])�K [G] = �
X

t 2 T

(I \ K [H ])t;

and it follows that � H (I ) = I \ K [H ] � I .
(ii) Now let H denote the set of all normal subgroupsH of G which control I ,

and de�ne C =
T

H 2H H . We show by induction on j supp� j that if � 2 I , then
� C (� ) 2 I . To this end, let � 2 I and assumethat the result holds for all elements
of I of smaller support size. If there exists H 2 H with j supp� H (� )j < j supp� j,
then � H (� ) 2 I by (i) above, so induction implies that � C (� ) = � C (� H (� )) 2 I
since H � C. On the other hand, if j supp� H (� )j = j supp� j for all such H , then
supp� �

T
H 2H H = C and hence � C (� ) = � 2 I . We conclude therefore that

� C (I ) � I , so C controls I by (i) again, and consequently C is the unique minimal
member of H . �

Thus, at the very least, our goal should be to understand the controller subgroup
C of the Jacobsonradical J K [G]. Furthermore, we hope that this characteristic
subgroup C of G is su�cien tly small so that we can preciselydescribe the intersec-
tion ideal J K [G] \ K [C] / K [C].

As an example, de�ne the nilpotent radical N R of any ring R to be the join of
all its nilpotent ideals. Obviously, N R is a characteristic nil ideal of R and hence
it is contained in J R. As will be apparent, the structure of N K [G] is reasonably
well understood. Indeed, if char K = 0, then N K [G] = 0, so it su�ces to assume
that char K = p > 0. Note that if H is any group, then we use H p to denote
the subgroup of H generated by all its p-elements. In particular, if H is �nite,
then H p = Op0

(H ). The following result is proved using a powerful cosetcounting
argument known as the � -method.

Theorem 1.2. [P1], [P2] Let Dp(G) denote the set of all �nite normal subgroups
of G generated by their p-elements, and let � p = � p(G) = hD j D 2 Dp(G)i . If
char K = p > 0, then

i. � p = � p(G) is the controller of N K [G], and N K [G] = J K [� p]�K [G].
ii. J K [� p] =

S
D 2D p (G) J K [D ].

iii. N K [G] 6= 0 if and only if there exists 1 6= D 2 Dp(G) and hence if and only
if 1 6= � p(G).

iv. N K [G] is nilpotent if and only if �( G)p is �nite.

Note that (i) assertsthat J K [� p] is contained in N K [G] and that it generates
N K [G] asa right ideal. Furthermore, (iii) is an immediate consequenceof parts (i)
and (ii), along with the converseof Maschke's theorem. Obviously, the goal of the
semiprimitivit y problem should be to obtain a similar result for J K [G].

x2. Locall y Finite Gr oups

Since it appears (see [A]) that all group algebras are semiprimitiv e in charac-
teristic 0, we will assumethroughout that char K = p > 0. In somesense,paper
[P6] split the semiprimitivit y problem into two parts, namely the locally �nite and
the �nitely generatedcases(seeTheorem 5.3). We begin with the �rst situation,
and assumeuntil further notice that G is a locally �nite group. Observe that if
� 2 K [G], then the inclusion � 2 J K [G] is \lo cal" in the following sense.
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Lemma 2.1. SupposeG is a locally �nite group.

i. Let � 2 K [G] and let A = hsupp� i be its supporting subgroup. Then � 2
J K [G] if and only if � 2 J K [B ] for all �nite subgroupsB with A � B � G.

ii. If N // G, then J K [N ] � J K [G].

In view of thesetwo facts, we are naturally led to de�ne the concept of a locally
subnormal subgroup. Speci�cally , if A is a �nite subgroup of G, then we write
A lsn G provided A // B for all �nite subgroupsB of G with A � B � G. The
previous lemma now clearly yields

Lemma 2.2. If A lsn G, then J K [A] � J K [G]. In particular, if 1 6= A = Ap,
then J K [G] 6= 0.

Thus, we obtain a fairly simple criterion which guaranteesthat J K [G] 6= 0, and
as it turns out, the converseis also true. Indeed, we have

Theorem 2.3. [P14], [P15] Let K [G] be the group algebra of the locally �nite group
G over a �eld K of characteristic p > 0. Then J K [G] 6= 0 if and only if G has a
nonidentity locally subnormal subgroup A generated by p-elements.

The proof of this result is decidedly nontrivial. To start with, it depends upon
a good deal of preliminary material and ultimately upon the Classi�cation of the
Finite Simple Groups as described in [G]. The basic ingredients include:

(1) � methods and the structure of N K [G].
(2) The semiprimitivit y results in [P10] on locally �nite, locally solvable groups.
(3) An argument of Formanek [F] on the �nitary symmetric group FSym1 .
(4) Kegel's lemma [Ke] which describesany locally �nite simple group asa limit

of an approximating sequence of �nite simple groups.
(5) Work with Zalesski�� [PZ] on the semiprimitivit y problem for locally �nite,

nonlinear, in�nite simple groups.
(6) The characterization in [Be], [Bo], [HS] and [T] of locally �nite, in�nite

simple, linear groups as groups of Lie type over locally �nite �elds.
(7) The work in [P12] on the semiprimitivit y problem for locally �nite, in�nite

simple, linear groups.
(8) Wielandt's result in [W1] and [W2] that the only primitiv e, in�nite, �nitary

permutation groups are FSym1 and FAlt 1 in their natural action.
(9) J. Hall's major results in [H1], [H2] and [H3] which show that the only non-

linear, locally �nite, simple �nitary linear groupsare the in�nite-dimensional
classicalgroups.

(10) The work in [P11] and [P13] on the semiprimitivit y of K [G] for certain
p0-f.c. covers of in�nite simple, locally �nite groups.

(11) An ultrapro duct argument which requires the precise a�rmativ e solution
of the Schreier conjecture on the outer automorphism groups of the �nite
simple groups.

Note that an f.c. group is a group all of whose conjugacy classesare �nite. In
the context of locally �nite groups, this is the sameas being locally normal, that
is, generatedby �nite normal subgroups. Now, when proving results about �nite
groups,onecan frequently reducethe problem to a study of the composition factors
and henceto the casesof solvable groups and nonabelian simple groups. On the
other hand, this phenomenonrarely occurs when the groups being consideredare
in�nite. Thus, it is quite surprising here that the proof of Theorem 2.3 eventually
reducesto the locally solvable and the in�nite simple cases.
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x3. The Jacobson Radical

We continue with the assumption that G is locally �nite. As is well known,
every subgroup of a �nite nilpotent group is subnormal. Hence if P is a locally
�nite p-group, then all its �nite subgroupsare locally subnormal. Furthermore, by
the transitivit y of subnormality, it follows that every �nite subgroup of Op(G) is
locally subnormal in G. When Op(G) = 1, the main result on J K [G] is

Theorem 3.1. [P16] Let K [G] be the group algebra of a locally �nite group G over
a �eld K of characteristic p > 0. Let Sp(G) denote the set of all locally subnormal
subgroupsA of G with A = Ap and de�ne Sp(G) = hA j A 2 Sp(G)i . If Op(G) = 1,
then we have

i. Sp = Sp(G) is the controller of J K [G] and J K [G] = J K [Sp]�K [G].
ii. J K [Sp] =

S
A 2S p (G) J K [A].

iii. J K [G] 6= 0 if and only if there exists 1 6= A 2 Sp(G) and hence if and only
if Sp(G) 6= 1.

Obviously, this is the analog of Theorem 1.2 we had hoped for. The proof here
is again quite complicated. For example, it usesTheorem 2.3 and many of the
preliminary ingredients in the proof of that result. In addition, it requires:

(1) An argument of Dyment and Zalesski�� in [DZ].
(2) The main result of [P8] which assertsthat J K [Sp(G)]�K [G] is a semiprime

ideal of K [G] when Op(G) = 1.
(3) Work in [P7] on the structure of the characteristic subgroup Sp(G) (see

Theorem 4.1).
(4) The result of Phillips in [Ph1] and [Ph2] which characterizeslocally �nite,

primitiv e, �nitary linear groups as solvable extensionsof simple groups.
(5) Twisted group ring and crossedproduct techniques.

In other words, the proof of Theorem 3.1 essentially usesevery result ever obtained
on the semiprimitivit y problem for group rings of locally �nite groups.

The last part of the proof is rather technical, and is concernedwith the follow-
ing lifting problem. Suppose that Op(G) = 1, C / G, G=C is in�nite simple and
J K [C] = J K [Sp(C)]�K [C]. Then the goal is to show that J K [G] also satis�es
the conclusionof the theorem. Now it turns out that if G=C 6�= FAlt 1 , then G=C
cannot act in an imprimitiv e fashion as automorphisms on a locally normal group.
With this, and a certain amount of group theory, the problem reducesto the earlier
results, contained in [P13], on p0-f.c. covers of simple groups. On the other hand,
the �nitary alternating group caserequires much more seriousconsiderationsand
is a rather painful task. Indeed, after a good deal of group theoretic work, combin-
ing all the imprimitiv e representations of G=C on the locally normal composition
factors of G, we obtain the following subcritic al structure.

i. G has normal subgroups D � X � L � C with G=C = FAlt I for some
in�nite set I .

ii. L = Cp, so that C=L is a p0-group.
iii. D is a �nite abelian p0-group which is central in Gp.
iv. L is an f.c. group, and L=X is an abelian p-group.
v. There exist �nite normal subgroupsX i of C, for all i 2 I , with (X i )g = X ig

where ig is the image of i 2 I under the permutation Cg 2 FAlt I .
vi. D � X i � X and X=D is the (weak) direct product

Q
i 2I (X i =D).

vii. X j =D � (CL=D (X i =D))p for all distinct i; j 2 I .
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Unfortunately , this is asfar as the group theory can go on its own. SinceSp(G) = L
here, we must prove that J K [G] = J K [L ]�K [G], and this is done by brute force
using crossedproduct techniques.

Finally, very little additional work is neededto handle groups with Op(G) 6= 1.
Indeed, the following is a fairly obvious generalization of the main result.

Corollary 3.2. [P16] Let K [G] be the group algebra of a locally �nite group G
over a �eld K of characteristic p > 0. Let P = Op(G) and let T p = Tp(G) � P
be de�ned by T p=P = Sp(G=P). If I is the kernel of the natural epimorphism
K [T p] ! K [T p=P] = K [Sp(G=P)], then

i. T p = Tp(G) is the controller of J K [G], and J K [G] = J K [T p]�K [G].
ii. J K [T p] � I and J K [T p]=I = J K [Sp(G=P)].
iii. J K [G] 6= 0 if and only if there exists a nonidentity locally subnormal sub-

group A of G with A = Ap.

Of course,sinceOp(G=P) = 1 in the above, J K [Sp(G=P)] can be satisfactorily
described using Theorem 3.1(ii).

x4. The Str ucture of Sp(G)

We now take a closer look at Sp(G), again assuming that G is locally �nite.
Recall that Sp(G) denotesthe set of all locally subnormal subgroupsA of G with
A = Ap, and that Sp(G) = hA j A 2 Sp(G)i . Furthermore, for any such A as
above, let lenA denote the composition length of A, namely the common length of
all composition seriesfor the group. SinceA is �nite, lenA is certainly �nite.

Theorem 4.1. [P7] Let G be a locally �nite group with Op(G) = 1 and, for any
integer n � 1, let

Sp
n (G) = hA j A 2 Sp(G) and lenA � ni :

Then Sp(G) is the ascending union of its characteristic f.c. subgroups Sp
n (G).

Now suppose,in the above situation, that A lsn G, A = Ap, and say lenA = n.
Then A � Sp

n (G), and the latter is a normal f.c. subgroup of G. In particular, since
Sp

n (G) is generatedby its �nite normal subgroups,there exists such a subgroup B
with A � B / Sp

n (G). But jB j < 1 , so A // B and therefore A // G. Furthermore,
if we take B to be the normal closureof A in Sp

n (G), then B = B p and B // G with
subnormal depth at most 2. As a consequence,these several concepts all merge
into one. In particular, it follows from Corollary 3.2 that J K [G] 6= 0 if and only
if either Op(G) 6= 1 or G has a �nite nonidentit y subgroup A = Ap of subnormal
depth � 2. Thus we obtain a somewhatsimpler criterion for the semiprimitivit y of
K [G], and clearly

J K [Sp(G)] =
1[

n =1

J K [Sp
n (G)]:

At this point, it is appropriate to consider someexamplesassociated with the
precedingresults. For instance, we might ask whether Theorem 4.1 is best possible
or whether Sp(G) is necessarilyalways an f.c. group. In addition, it is clear that
Tp(G) � Sp(G), and it is natural to ask whether thesesubgroupscan be di�eren t.
The answers here are all contained in
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Lemma 4.2. Let p be a �xed prime.

i. There existsa p-group P and an elementx 2 P suchthat the normal closure
hxi P is not an f.c. group.

ii. There is a group G with Op(G) = 1 and with Sp(G) not an f.c. group.
iii. There exists a group G with Tp(G) strictly larger than Sp(G).

Proof. (i) Set P = A o hxi , where A is an abelian p-group and x is an element
of order p2 which acts on A with [A; x; x] in�nite. For example, we could take P
to be the wreath product P = B ohxi with B an in�nite abelian p-group. Finally
observe that Q = hxi P = hx; [A; x]i and note that Q is not an f.c. group since
[Q; x] � [A; x; x] is in�nite.

(ii) Now let P be a transitiv e p-subgroup of FSym1 . For example, we could
take P to be the in�nite wreath product P = : : : ((( Zp oZp) oZp) oZp) : : : of cyclic
groups Zp of order p. Furthermore, let X be a �nite nonabelian simple group of
order divisible by p and de�ne G to be the permutation wreath product G = X oP.
We claim that G is a locally �nite group with Op(G) = 1, G = Sp(G) and with G
not an f.c. group.

To start with, G is the semidirectproduct G = Y o P whereY is the (weak) direct
product Y =

Q 1
i =1 X i of countably many copiesX i of X . Thus Y is a semisimple

normal subgroup of G which is the kernel of the conjugation permutation action of
G on the set X = f X i j i = 1; 2; : : : g. SinceOp(G) \ Y = 1, it follows that Op(G)
acts trivially on X , so Op(G) � Y and henceOp(G) = 1.

Next, it is clear that Sp(G) � Y . Furthermore, let Q be any �nite subgroup of
P and let Z be the direct product of the �nitely many X i s which are moved by Q.
We claim that A = Z Q is a locally subnormal subgroup of G. To this end, let B be
any �nite subgroup of G which contains A. SinceQ centralizes the X i factors of Y
not in Z , it is clear that A / YQ. Furthermore, since G=Y �= P is a locally �nite
p-group, it follows that YQ=Y // Y B =Y and henceY Q // YB . In other words, we
have shown that A // Y B and henceA // B , as required. Thus Q � Sp(G) and,
sinceQ � P is arbitrary , we have Sp(G) = G.

Finally, note that P has no nontrivial �nite normal subgroups. Indeed, if N 6= 1
were such a subgroup, then N moves only �nitely many points 
 6= ; under the
permutation action of P � FSym1 . Furthermore, since N / P, P must act on 
,
and this contradicts the fact that P is transitiv e on the in�nite set f 1; 2; 3; : : : g.
Thus, no such N exists and, in particular, P cannot be an f.c. group. Hence,since
G � P, we concludethat G is also not an f.c. group.

(iii) We continue with the notation of part (ii). In addition, we let D be an
in�nite abelian p-group, and we set H = D oG = E o G where E is the (weak)
direct product E =

Q
g2 G Dg of copiesDg of D indexedby the elements of G. Since

Op(G) = 1, it is clear that E = Op(H ). Furthermore, since H=Op(H ) �= G and
G = Sp(G), it follows that H = Tp(H ).

It remains to show that H 6= Sp(H ) and indeedwe show that Sp(H ) � Op(H ) =
E. Suppose, by way of contradiction, that this is not the case. Then there must
exist a locally subnormalsubgroupA of H which is not a p-group. SinceH=EY �= P
is a p-group and A is not a p-group, it follows that A \ EY is not a p-group. Thus,
without loss of generality, we may assumethat A � EY and A 6� E . Note that
A lsn EY and henceEA=E is a locally subnormal subgroupof the semisimplegroup
EY=E �= Y. Consequently , EA=E �= A=(E \ A) is a �nite semisimplegroup.

Set B = E \ A and note that B / EA sinceE is abelian. Thus, sinceA lsn EA, it
follows that (A=B ) lsn (EA=B ). But A=B = A=(E \ A) is semisimple,so its normal
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closurein EA=B is also semisimpleand hencedisjoint from the normal p-subgroup
E=B. It follows that A=B centralizes E=B and hencethat [E ; A] = [E ; A=B ] � B
is �nite. But E =

Q
g2 G Dg and A=B 6= 1 permutes the factors D g in a nontrivial

manner. Thus, [E ; A=B ] must project onto one of the D gs, and consequently , this
commutator group is in�nite, a contradiction. We concludetherefore that all locally
subnormal subgroupsof H are p-groups, so Sp(H ) � Op(H ) 6= H = Tp(H ). �

In particular, the assumption that Op(G) = 1 is required in Theorem 4.1 and
even with this, Sp(G) need not be an f.c. group. Furthermore, the group Tp(G)
cannot be replacedby Sp(G) in Corollary 3.2.

x5. Finitel y Genera ted Gr oups

As usual, wesupposethat K is a �eld of characteristic p > 0, but now weconsider
the semiprimitivit y problem for �nitely generatedgroups. The guesshere is

Conjecture 5.1. If G is a �nitely generated group, then J K [G] = N K [G].

This would be a wonderful result for two reasons.First, in view of Theorem 1.2,
we would have an adequatedescription of J K [G] for such groups. But more im-
portantly , since an arbitrary group has its �nitely generatedsubgroupsas a local
system, we could use this result to describe J K [G] in general. Speci�cally , let G
be an arbitrary group and let � + (G) be generatedby all those �nite subgroupsA
of G whosenormal closureAH is �nite for every �nitely generatedsubgroup H of
G. Then, we have

Lemma 5.2. [P6] Let G be an arbitrary group.

i. � + (G) is a locally �nite characteristic subgroup of G.
ii. If N / G with N � � + (G), then � + (G=N ) = � + (G)=N .

Part (ii) aboveindicates that � + is a \radical" for groups,somewhatof a surprise.
Note that, if G is locally �nite, then � + (G) = G. Thus part (i) above is best
possible in that � + (G) can be any locally �nite group. In any case,becauseof
Corollary 3.2, we know the precise structure of J K [� + (G)] and, by using that
result and Theorem 1.2, we can now prove

Theorem 5.3. [P6], [P16] Let K [G] be the group algebra of an arbitrary group G
over a �eld K of characteristic p > 0. Assume that, for each �nitely generated
subgroup H of G, we haveJ K [H ] = N K [H ]. Then

i. J K [G] = J K [L + ]�K [G] where L + = � + (G).
ii. The controller of J K [G] is T p = Tp(L + ) and J K [G] = J K [T p]�K [G].
iii. J K [G] 6= 0 if and only if T p 6= 1.

Thus it remains to prove Conjecture 5.1, but unfortunately this seemsto be a
rather hopelesstask at the moment. Nevertheless,we do know that the conjecture
holds when G is a solvable group (see[HP], [P3], [Z1] and [Z2]), and also when G
is a linear group (see[P4], [P5] and [P6]). Furthermore, we have

Theorem 5.4. [P6] If G is a �nitely generated group, then N K [G] is a semiprime
ideal of K [G]. In other words, N (K [G]=N K [G]) = 0.

In particular, N behaves like a \radical" when applied to group algebras of
�nitely generatedgroups. On the other hand, the following example of Bergman
shows that his behavior is really atypical.
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Lemma 5.5. There exists a �nitely generated K -algebra R with N (R=N R) 6= 0.

Proof. Let F = K hx; yi be the free K -algebra in the variables x and y, and let
I � F be the K -linear span of all monomials of the form : : : xy i x : : : xy i x : : : for
any integer i = 0; 1; 2; : : : . Then I is clearly an ideal of F and we set R = F=I .
Note that if �x and �y denote the imagesof x and y in R, then R has as a K -basis
all monomials in �x and �y not of the above form.

Now, for any integer i � 0, we have R�x �y i �xR�x �yi �xR = 0, so R�x �yi �xR is an ideal
of R of square0 and henceR�x �yi �xR � N R. Consequently , we have

R�xR �xR =
1X

i =0

R�x �yi �xR � N R;

so (R�xR)2 � N R and ~x = �x + N R 2 N (R=N R). Finally, note that �x =2 N R
since ( �x �y)( �x �y2)( �x �y3) � � � ( �x �yn ) 6= 0 for any integer n � 1, and hence ~x is a nonzero
element of R=N R, as required. �

x6. Burnside Gr oups

Again, let K be a �eld of characteristic p > 0 and let G be a �nitely generated
group. If AK [G] denotes the augmentation ideal of K [G], namely the kernel of
the natural homomorphism K [G] ! K [G=G] �= K , then AK [G] is a maximal right
ideal of K [G] and henceit contains the Jacobsonradical J K [G]. In [K1] and [K2],
Kaplansky poseda number of interesting ring theoretic problems, including some
on group algebras. One of the latter concernedthe generalsemiprimitivit y problem
and one concernedthe following special case.

Conjecture 6.1. If char K = p > 0 and G is a �nitely generated group, then
J K [G] = AK [G] if and only if G is a �nite p-group.

We note that the equality J K [G] = AK [G] really meansthat K [G] hasprecisely
one irreducible representation, namely the principal representation � : K [G] ! K
with � (G) = 1. Of course, if G is a �nite p-group, then it is easy to see that
J K [G] = AK [G]. Thus the real concern here is with the conversedirection, and
this is actually a consequenceof Conjecture 5.1. To start with, we list a number of
elementary properties associated with the augmentation ideal. For convenience,if I
is any right ideal of K [G], we write G(I ) = f g 2 G j g � 1 2 I g. Clearly, G(I ) = G
if and only if I � AK [G].

Lemma 6.2. Let K [G] be an arbitrary group algebra and write A = AK [G].

i. If I is a right ideal of K [G], then G(I ) is a subgroup of G.
ii. If G = hx1; x2; : : : ; xn i is �nitely generated, then A =

P n
i =1 (x i � 1)K [G] is

a �nitely generated right ideal.
iii. A has a nonzero right or left annihilator if and only if G is �nite.
iv. G(A2) � G0 = [G; G], the commutator subgroup of G.

Proof. (i) If x; y 2 G(I ), then yx � 1 � 1 = [(y � 1) � (x � 1)]x � 1 2 I , soyx � 1 2 G(I ).
(ii) Note that I =

P n
i =1 (x i � 1)K [G] is a right ideal of K [G] contained in A. On

the other hand, since G(I ) is a group, it follows that G(I ) � hx1; x2; : : : ; xn i = G,
and consequently I � A.

(iii) Say 0 6= � 2 K [G] with �A = 0. Then � (g � 1) = 0 for all g 2 G, so � = �g
and supp� = (supp� )g. Sincesupp� is closedunder right multiplication by G, it
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follows that G = supp� is �nite. On the other hand, if G is �nite, then � =
P

g2 G g
annihilates A on both sides.

(iv) If x; y 2 G, then

xyx � 1y� 1 � 1 = (xy � yx)x � 1y� 1

= [(x � 1)(y � 1) � (y � 1)(x � 1)]x � 1y� 1

is contained in A2, and consequently G(A2) contains all commutators. �

Now supposethat G is a �nitely generatedgroup with A = AK [G] = J K [G].
If we assumethe validit y of Conjecture 5.1, then A = N K [G] and, since A is a
�nitely generatedideal by Lemma 6.2(ii), this implies that A is nilpotent. Thus A
hasa nonzeroright and left annihilator, soG is �nite by the previous lemma, and it
follows easily (seeTheorem 6.3(i)) that G is a p-group. In other words, the solution
to Kaplansky's problem is an immediate consequenceof Conjecture 5.1.

The following result lists essentially all we know of a generalnature about Con-
jecture 6.1. For the most part, it is basedon the work of Lichtman in [L].

Theorem 6.3. Let G be a �nitely generated group and let char K = p > 0. If
J K [G] = AK [G], then

i. G is a p-group.
ii. [L] If G 6= 1, then G 6= G0.
iii. [L] If G is an in�nite group, then G has an in�nite, residually �nite homo-

morphic image.
iv. Any maximal subgroup of G is normal of index p.
v. If H is a subgroup of G of in�nite index, then there exists a chain of sub-

groups G = G0 � G1 � G2 � � � � � H with Gi +1 / Gi and jGi =Gi +1 j = p.

Proof. If L is a subgroup of G, then K [G] = K [L ] � U, whereU is the kernel of the
projection map � L . Thus, we have a K [L ]-bimodule decomposition of K [G], and it
follows easily that J K [G] \ K [L ] � J K [L ]. In particular, sinceJ K [G] = AK [G],
we concludethat J K [L ] = AK [L ].

(i) Let x 2 G and set X = hxi . Then, by the above, J K [X ] = AK [X ], and it
follows that x must have �nite order. But then J K [X ] = AK [X ] is nilpotent so,
for someinteger n � 1, we have 0 = (x � 1)pn

= xpn
� 1, and G is a p-group.

(ii), (iv) Let H be a proper subgroupof G, let A = AK [G] = J K [G] and set B =
AK [H ]�K [G]. Then V = A=B is a nonzero�nitely generatedright K [G]-module, by
Lemma 6.2(ii), and henceNakayama's lemma implies that V ) V �J K [G] = V �A.
In other words, A ) B + A2. Now G(B ) � H and G(A2) � G0, by Lemma 6.2(iv).
Thus G(B + A2) � H G0, by Lemma 6.2(i), and since this right ideal is properly
smaller than A = AK [G], it follows that H G0 � G(B + A2) ( G.

If G 6= 1, we can take H = 1 and deduce that G0 ( G. This yields (ii). On
the other hand, if H is a maximal subgroup of G, then since H � H G0 ( G, we
concludethat H � G0. Thus H / G and then clearly, jG=Hj = p.

(iii) Supposenow that G is in�nite and let L denotethe intersection of all normal
subgroupsof G of �nite index. Then G=L is a residually �nite homomorphic image
of G and it remains to show that this factor group is in�nite. To this end, suppose
that jG : L j < 1 . Then L is also�nitely generatedand L 6= 1. Part (ii) now implies
that L ) L 0, and thus L 0 is a normal subgroup of �nite index in G properly smaller
than L . Sincethis contradicts the de�nition of L , we concludethat jG=Lj = 1 , as
required.
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(v) Finally, let jG : H j = 1 . We prove by induction on n that there exists a
suitable chain of subgroupsG = G0 � G1 � � � � � Gn � H with jGi =Gi +1 j = p.
To this end, assumethat we have found the group Gn . Then jG : Gn j = pn < 1 ,
so Gn is �nitely generatedand Gn ) H . Therefore, we can let Gn +1 be a maximal
subgroup of Gn which contains H . By (iii) above, we know that Gn +1 / Gn with
factor group cyclic of order p. Thus Gn +1 exists, and the result follows. �

It is not surprising that maximal subgroups come into play here. Indeed, if
K = GF(p) and if every maximal subgroup of the wreath product Zp oG is normal,
then J K [G] = AK [G]. To seethis, note that Zp oG = V o G where V , written
additiv ely, is isomorphic to the right regular K [G]-module. In particular, if W is
any irreducible K [G]-module, then W �= V=M for some maximal submodule M ,
and then it is clear that M G is a maximal subgroup of V G. But if all maximal
subgroupsare assumedto be normal, then [V; G] � V \ M G = M and henceG acts
trivially on V=M �= W . In other words, W can only be the principal module.

Obviously, �nitely generated,in�nite p-groups are related to the Burnside prob-
lem. If G is a Tarski monster, asconstructed by Ol'shanski�� in [O], then G is simple,
so (ii) implies that J K [G] 6= AK [G]. If G has bounded period, as �rst constructed
by Novikov and Adjan in [NA1], [NA2] and [NA3], then the a�rmativ e solution
of the restricted Burnside problem by Zelmanov in [Ze1] and [Ze2] implies that G
cannot have an in�nite, residually �nite, homomorphic image. Thus, (iii) implies
that J K [G] 6= AK [G]. On the other hand, the groups constructed by Golod in
[Go] and [GoS] and by Gupta and Sidki in [GuS] and [S1] are in�nite, residually
�nite, p-groups, so parts (ii) and (iii) cannot help here. Furthermore, there are
unfortunately no known results on the maximal subgroupsof such groups, sowe do
not know whether parts (iv) or (v) will help either.

Now if G is a Golod group de�ned over the �eld K , then G is a subgroup of
the unit group of a K -algebra R, and there is an epimorphism � : K [G] ! R with
� (AK [G]) an in�nite dimensional nil ideal. Fortunately, Siderov [Si] has shown
that � is not an isomorphism at least when the construction parameters satisfy
certain natural conditions. Furthermore, Sidki [S2] intro duced a ring theoretic
variant of the recursive methods usedto construct the Gupta-Sidki groups, and he
showed that thesegroups have at least onenonprincipal irreducible respresentation
in characteristic p. Indeed, starting with this result, it was shown in [PT] that
if K is su�cien tly large, then the Gupta-Sidki groups must have in�nitely many
nonisomorphic irreducible representations.

Certainly, an a�rmativ e solution to Kaplansky's problem would be a major step
in the general semiprimitivit y problem. Obviously, it will prove to be a decidedly
nontrivial task. Riley [R] has suggestedthat there might be an approach here via
pro-p groups. But, even with this idea, there are still fundamental di�culties which
must be overcome.

References

[A] S. A. Amitsur, On the semi-simplicity of group algebras, Mic h. Math. J. 6 (1959), 251{253.
[Be] V. V. Belyaev, Local ly �nite Chevalley groups, Studies in Group Theory, Urals Scienti�c

Centre of the Academy of Sciencesof USSR, Sverdlovsk, 1984, pp. 39{50. (Russian)
[Bo] A. V. Borovik, Perio dic linear groups of odd characteristic , Soviet Math. Dokl. 26 (1982),

484{486.
[DZ] Z. Z. Dyment and A. E. Zalesski��, On the lower radical of a group ring , Dokl. Akad. Nauk

BSSR 19 (1975), 876{879. (Russian)
[F] E. Formanek, A problem of Passman on semisimplicity , Bull. London Math. Soc. 4 (1972),

375{376.



SEMIPRIMITIVITY OF GROUP ALGEBRAS 11

[GeS] G. K. Genov and P. N. Siderov, Some properties of the Grigor chuk group and its group
algebra over a �eld of characteristic two, Serdica 15 (1990), 309{326. (Russian)

[Go] E. S. Golod, On nil algebras and �nitely approximable groups, Izv. Akad. Nauk. SSSR Ser.
Mat. 28 (1964), 273{276. (Russian)

[GoS] E. S. Golod and I. R. Shafarevitc h, On towers of class �elds , Izv. Akad. Nauk. SSSR Ser.
Mat. 28 (1964), 261{272. (Russian)

[G] D. Gorenstein, Finite Simple Groups, Plenum, New York, 1982.
[Gr] R. Grigorc huk, Funktsional Anal. i Prilozhen 14 (1980), 53{54.
[GuS] N. Gupta and S. Sidki, On the Burnside problem for periodic groups, Math. Z. 182 (1983),

385{388.
[H1] J. I. Hall, In�nite alternating groups as �nitary linear tr ansformation groups, J. Algebra

119 (1988), 337{359.
[H2] , Local ly �nite simple groups of �nitary linear tr ansformations , Finite and Locally

Finite Groups, Klu wer, Dordrecht, 1995, pp. 147{188.
[H3] , Perio dic simple groups of �nitary linear tr ansformations (to appear).
[HP] C. R. Hampton and D. S. Passman, On the semisimplicity of group rings of solvable groups,

Trans. Amer. Math. Soc. 173 (1972), 289{301.
[HS] B. Hartley and G. Shute, Monomorphisms and dir ect limits of �nite groups of Lie type,

Quart. J. Math. Oxford (2) 35 (1984), 49{71.
[K1] I. Kaplansky, Problems in the theory of rings , NAS-NR C Publ. 502, Washington, 1957,

pp. 1{3.
[K2] , \Pr oblems in the theory of rings" revisited, Amer. Math. Monthly 77 (1970),

445{454.
[K3] , The Engel-Kolchin theorem revisited, Contributions to algebra, Collection of pa-

pers dedicated to Ellis Kolc hin, Academic Press, New York, 1977, pp. 233-237.
[Ke] O. H. Kegel, •Uber einfache, lokal endliche Gruppen, Math. Z. 95 (1967), 169{195.
[L] A. I. Lichtman, On group rings of p-groups, Izv. Akad. Nauk. SSSR Ser. Mat. 27 (1963),

795{800. (Russian)
[NA1] P. S. Novik ov and S. I. Adjan, In�nite periodic groups I , Izv. Akad. Nauk SSSR, Ser. Mat.

32 (1968), 212{244. (Russian)
[NA2] , In�nite periodic groups II , Izv. Akad. Nauk SSSR, Ser. Mat. 32 (1968), 251{524.

(Russian)
[NA3] , In�nite periodic groups III , Izv. Akad. Nauk SSSR, Ser. Mat. 32 (1968), 709{731.

(Russian)
[O] A. Yu. Ol'shanski ��, Geometry of De�ning Relations in Groups, Klu wer, Dordrecht, 1991.
[P1] D. S. Passman, Nil ideals in group rings , Mic h, Math. J. 9 (1962), 375{384.
[P2] , Radicals of twisted group rings , Pro c. London Math. Soc. (3) 20 (1970), 409{437.
[P3] , Some isolated subsets of in�nite solvable groups, Paci�c J. Math. 45 (1973), 313{

320.
[P4] , On the semisimplicity of group rings of linear groups, Paci�c J. Math. 47 (1973),

221{228.
[P5] , On the semisimplicity of group rings of linear groups II , Paci�c J. Math. 48 (1973),

215{234.
[P6] , A new radical for group rings? , J. Algebra 28 (1974), 556{572.
[P7] , Subnormality in local ly �nite groups, Pro c. London Math. Soc. (3) 28 (1974),

631{653.
[P8] , Radical ideals in group rings of local ly �nite groups, J. Algebra 33 (1975), 472{497.
[P9] , A mechanism for describing ideals in group rings , Pro ceedings of Conference on

Noncommutativ e Rings, Marcel Dekker, New York, 1977, pp. 63{69.
[P10] , The Jacobson radical of a group ring of a local ly solvable group, Pro c. London

Math. Soc. 38 (1979), 169{192, (ibid 39 (1979), 208{210).
[P11] , Semiprimitivity of group algebras of local ly �nite groups, In�nite Groups and

Group Rings, World Scienti�c, Singapore, 1993, pp. 77{101.
[P12] , Semiprimitivity of group algebras of in�nite simple groups of Lie Type, Pro c.

Amer. Math. Soc. 121 (1994), 399{403.
[P13] , Semiprimitivity of group algebras of local ly �nite groups II , J. Pure Appl. Algebra

107 (1996), 271{302.
[P14] , The semiprimitivity problem for group algebras of local ly �nite groups, Israel J.

Math. 96 (1996), 481{509.



12 D. S. PASSMAN

[P15] , The semiprimitivity problem for twisted group algebras of local ly �nite groups,
Pro c. London Math. Soc. (3) 73 (1996), 323{357.

[P16] , The Jacobson radical of group rings of local ly �nite groups, Trans. Amer. Math.
Soc. (to appear).

[P17] , Semiprimitivity of group algebras: past results and recent progress, Trends in Ring
Theory, Conf. Pro c. Canadian Math. Soc., vol. 22, Amer. Math. Soc., Providence, 1997.

[PT] D. S. Passman and W. V. Temple, Representations of the Gupta-Sidki group, Pro c. Amer.
Math. Soc. 124 (1996), 1403{1410.

[PZ] D. S. Passman and A. E. Zalesski��, Semiprimitivity of group algebras of local ly �nite simple
groups, Pro c. London Math. Soc. 67 (1993), 243{276.

[Ph1] R. E. Phillips, Finitary linear groups: a survey, Finite and Locally Finite Groups, Klu wer,
Dordrecht, 1995, pp. 111{146.

[Ph2] , Primitive, local ly �nite, �nitary linear groups (to appear).
[R] D. M. Riley, A pro-p group approach to Kaplansky's problem, priv ate communication, 1997.
[Si] P. N. Siderov, Group algebras and algebras of Golod-Shafarevich, Pro c. Amer. Math. Soc.

100 (1987), 424{428.
[S1] S. Sidki, On a 2-generated in�nite 3-group: subgroups and automorphisms , J. Algebra 110

(1987), 24{55.
[S2] , A primitive ring associated to a Burnside 3-group, J. London Math. Soc. 55 (1997)

(to appear).
[T] S. Thomas, The classi�c ation of simple linear groups, Arc hiv der Mathematik 41 (1983),

103{116.
[W1] H. Wielandt, Unend liche Permutationsgrupp en, Lecture Notes, Mathematisc hes Institut

der Univ ersit•at, T •ubingen, 1960.
[W2] , Mathematic al Works , Volume 1, de Gruyter, Berlin, 1994.
[Z1] A. E. Zalesski��, On the semisimplicity of a modular group algebra of a solvable group, Soviet

Math. 14 (1973), 101{105.
[Z2] , The Jacobson radical of the group algebra of a solvable group is local ly nilpotent ,

Izv. Akad. Nauk SSSR, Ser. Mat. 38 (1974), 983{994. (Russian)
[Ze1] E. I. Zelmanov, Solution of the restricte d Burnside problem for groups of odd exponent,

Izv. Akad. Nauk SSSR, Ser. Mat. 54 (1990), 42{59. (Russian)
[Ze2] , Solution of the restricte d Burnside problem for 2-groups, Mat. Sb. 182 (1991),

568{592. (Russian)

Depar tment of Ma thema tics, University of Wisconsin, Madison, Wisconsin 53706
E-mail address: passman@math.wisc.edu


