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Abstra ct. In this paper we briey discusssomerecent results on the semiprimitivit y
problem for group algebras. For the most part, we stress those topics which do not
appear in the fairly complete survey [P17]. In particular, we consider the controller
of an ideal, examples asscciated with the controller subgroup of the Jacobson radical,
and a new, but rather elementary, observation on Kaplansky's problem.

x1. The Contr oller of an Ideal

Let K [G] denotethe group algebraof the multiplicativ e group G overthe eld K.
Our goalis to determinewhenK [G] is semiprimitiv e and, more generally, to describe
its Jacobsonradical J K [G]. Obviously, we would expect the latter description to
be su cien tly preciseto allows usto immediately decidewhether or not the radical
is zero. In particular, we needsomesort of mechanism for describing an arbitrary
two-sidedideal of a group algebra. p

We rst recall somestandard notation. If = . axx 2 K[G], then the
supprt of is given by the nite setsupp = fx 2 Gjax 6 0g. Furthermore,
if H is any subgroup of G, then there is B natural K [I—H-bimodule projection map

HiK[G]! K[H] KI[G]givenby n: ,,gaxX 7! ,,4 &X. Thus y isthe
K -linear extensionofthe map G! H [ f 0gwhich is the identity on H and zeroon
GnH. In particular, 4 ( ) isa\truncation" of , andif A and B are subgroups
of G, then A( ()= as()

Now let | / K[G]andlet H/ G. Then H controls | if | = (I \ K[H]) K[G], that
is, if K[H] cortains generatorsfor 1. As we will seebelow, the set of cortrolling
subgroupsof | forms an upwards cone. Note that, since y is a K[H]-bimodule
map, it followsthat 4 (1)/ K[H].

Lemma 1.1. [P9] Let| be a two-sided ideal of K [G].

i. H/ G controls | if and only if (1) 1. Indeed, when this occurs, then
I\ K[H]= x()sol = 4(I)KI[G].

ii. There exists a unique normal sulgroup C(1), the controller of |, such that
H/ G controls | if andonly if H  C(l).

Proof. (i) If T isaright transversalfo‘gH in G, then it is easyto seethat 2 K[G]
canbe written asthe nite sum = ,; n(t 1)t. Consequetly,

(I\VKMHDK[G] T W () K[GL:
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In particular, if y(I) I, thenitisclearthat (1) = I \ K[H], so equality
occurs above and H controls |. On the other hand, if H controls |, then

X
| = (1\ K[H]) K[G] = I\ KHDE
t2T

and it followsthat {(1)=1\ K[H] 1.
(i) Now let H-l-denote the set of all normal subgroupsH of G which cortrol 1,
anddene C = ,, H. We shaw by induction on jsupp jthat if 2 1, then
c()21. Tothis end,let 2 | and assumethat the result holds for all elemens
of I of smaller support size. If there existsH 2 H with jsupp w( )j < jsupp j,
then 4 () 2 1| by (i) above, soinduction impliesthat c( )= c(nx()) 21
sinceH €. On the other hand, if jsupp w( )j = jsupp j for all such H, then

supp yoy H = Candhence c( ) = 2 1. We conclude therefore that
c(l) 1,s0C cortrols | by (i) again, and consequetly C is the unique minimal
member of H.

Thus, at the very least, our goal should be to understand the controller subgroup
C of the Jacobsonradical J K [G]. Furthermore, we hope that this characteristic
subgroup C of G is su cien tly small sothat we can precisely describe the intersec-
tion ideal J K [G]\ K[C]/ K[C].

As an example, de ne the nilpotent radical N R of any ring R to be the join of
all its nilpotent ideals. Obviously, N R is a characteristic nil ideal of R and hence
it is contained in J R. As will be apparen, the structure of N K [G] is reasonably
well understood. Indeed, if charK = 0, then NK[G] = 0, soit suces to assume
that charK = p > 0. Note that if H is any group, then we use HP to denote
the subgroup of H generated by all its p-elemens. In particular, if H is nite,
then HP = OPO(H ). The following result is proved using a powerful cosetcounting
argumert known asthe -methad.

Theorem 1.2. [P1], [P2] Let DP(G) denotethe set of all nite normal sulgroups
of G genemated by their p-elements,andlet P = P(G) = D jD 2 DP(G)i. If
charK = p> 0, then

i. P=P(Gyis the controller of NK[G], and NK[G] = J K[ P]KI[G].

i. IK[ P1= popeeyd KIDI

ii. NK[G]6 0if andonly if there exists1 6 D 2 DP(G) and hene if and only

if 16 P(G).
iv. NK[G] is nilpotent if and only if ( G)P is nite.

Note that (i) assertsthat J K[ P]is contained in N K [G] and that it generates
N K [G] asaright ideal. Furthermore, (iii) is an immediate consequencef parts (i)
and (ii), along with the cornverseof Maschke's theorem. Obviously, the goal of the
semiprimitivit y problem should be to obtain a similar result for J K [G].

x2. Locall y Finite Gr oups

Since it appears (see[A]) that all group algebrasare semiprimitive in charac-
teristic 0, we will assumethroughout that charK = p > 0. In somesense,paper
[P6] split the semiprimitivit y problem into two parts, namely the locally nite and
the nitely generatedcases(see Theorem 5.3). We begin with the rst situation,
and assumeuntil further notice that G is a locally nite group. Obsene that if

2 K[G], then the inclusion 2 J K[G] is\lo cal" in the following sense.
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Lemma 2.1. SupmseG is a locally nite group.

i. Let 2 K[G]andlet A = hsupp i beits supprting sulgroup. Then 2
J K[G]if andonlyif 2 JK|[B]for all nite sulgroupsB withA B G.
i. f N/ G,thenJK[N] JKIG].

In view of thesetwo facts, we are naturally led to de ne the conceptof a locally
subnormal sulgroup. Speci cally, if A is a nite subgroup of G, then we write
A Isn G provided A // B for all nite subgroupsB of G with A B G. The
previous lemma now clearly yields

Lemma 2.2. If Alsn G, thenJ K[A] JK|[G]. In particular, if 16 A = AP,
then J K[G] 6 0.

Thus, we obtain a fairly simple criterion which guaranteesthat J K[G] 6 0, and
asit turns out, the corverseis also true. Indeed, we have

Theorem 2.3. [P14], [P15] Let K [G] be the group algebr of the locally nite group
G over a eld K of characteristic p> 0. Then J K[G] 6 0 if and only if G hasa
nonidentity locally subnormal sutgroup A genesated by p-elements.

The proof of this result is decidedly nontrivial. To start with, it dependsupon
a good deal of preliminary material and ultimately upon the Classi cation of the
Finite Simple Groups as described in [G]. The basic ingredients include:

(1) methods and the structure of N K [G].

(2) The semiprimitivit y resultsin [P10]on locally nite, locally solvable groups.

(3) An argumert of Formanek [F] on the nitary symmetric group FSym; .

(4) Kegel'slemma[Ke] which describesany locally nite simple group asa limit
of an approximating sequen® of nite simple groups

(5) Work with Zalesski [PZ] on the semiprimitivit y problem for locally nite,
nonlinear, in nite simple groups.

(6) The characterization in [Be], [Bo], [HS] and [T] of locally nite, in nite
simple, linear groups as groups of Lie type over locally nite elds.

(7) The work in [P12] on the semiprimitivit y problem for locally nite, in nite
simple, linear groups.

(8) Wielandt's result in [W1] and [W2] that the only primitiv e, in nite, nitary
permutation groupsare FSym; and FAIt1 in their natural action.

(9) J. Hall's major resultsin [H1], [H2] and [H3] which show that the only non-
linear, locally nite, simple nitary linear groupsarethe in nite-dimensional
classicalgroups.

(10) The work in [P11] and [P13] on the semiprimitivit y of K [G] for certain
p%f.c. coversof in nite simple, locally nite groups.

(11) An ultraproduct argumert which requires the precise a rmativ e solution
of the Schreier conjecture on the outer automorphism groups of the nite
simple groups.

Note that an f.c. group is a group all of whose conjugacy classesare nite. In
the context of locally nite groups, this is the sameas being locally normal, that
is, generatedby nite normal subgroups. Now, when proving results about nite

groups, one canfrequertly reducethe problem to a study of the composition factors
and henceto the casesof solvable groups and nonabelian simple groups. On the
other hand, this phenomenonrarely occurs when the groups being consideredare
in nite. Thus, it is quite surprising here that the proof of Theorem 2.3 eventually
reducesto the locally solvable and the in nite simple cases.
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x3. The Jacobson Radical

We cortinue with the assumption that G is locally nite. As is well known,
every subgroup of a nite nilpotent group is subnormal. Henceif P is a locally
nite p-group, then all its nite subgroupsare locally subnormal. Furthermore, by
the transitivit y of subnormality, it follows that every nite subgroup of O,(G) is
locally subnormalin G. When Oy (G) = 1, the main result on J K[G] is

Theorem 3.1. [P16]Let K [G] be the group algebr of a locally nite group G over
a eld K of characteristic p> 0. Let SP(G) denotethe set of all locally subnormal
sutgroups A of G with A = AP andde ne S°(G) = PAj A 2 SP(G)i. If Op(G) = 1,
then we have

i. SP = &(G)gis the controller of J K[G] and J K[G] = J K[SP]K[G].
i. JK[SPI= aszse(c)d KIAL
ii. JKI[G]8& 0if and only if there exists1 6 A 2 SP(G) and hene if and only
if S(G) 6 1.

Obviously, this is the analog of Theorem 1.2 we had hoped for. The proof here
is again quite complicated. For example, it usesTheorem 2.3 and many of the
preliminary ingredients in the proof of that result. In addition, it requires:

(1) An argumert of Dyment and Zalesski in [DZ].

(2) The main result of [P8] which assertsthat J K [SP(G)] K [G] is a semiprime
ideal of K [G] when Oy (G) = 1.

(3) Work in [P7] on the structure of the characteristic subgroup S°(G) (see
Theorem 4.1).

(4) The result of Phillips in [Phl] and [Ph2] which characterizeslocally nite,
primitiv e, nitary linear groups as solvable extensionsof simple groups.

(5) Twisted group ring and crossedproduct techniques.

In other words, the proof of Theorem 3.1 essetially usesevery result ever obtained
on the semiprimitivit y problem for group rings of locally nite groups.

The last part of the proof is rather technical, and is concernedwith the follow-
ing lifting problem. Supposethat O,(G) = 1, C/ G, G=C is in nite simple and
JK[C] = JKI[S(C)] K[C]. Then the goalis to shav that J K [G] also satis es
the conclusion of the theorem. Now it turns out that if G=C 6 FAIlt, , then G=C
cannot act in an imprimitiv e fashion as automorphisms on a locally normal group.
With this, and a certain amount of group theory, the problem reducesto the earlier
results, contained in [P13], on pf.c. covers of simple groups. On the other hand,
the nitary alternating group caserequires much more serious considerationsand
is a rather painful task. Indeed, after a good deal of group theoretic work, combin-
ing all the imprimitiv e represenations of G=C on the locally nhormal composition
factors of G, we obtain the following sulzritic al structure.

i. G has normal subgroupsD X L C with G=C = FAIlt, for some
in nite setl .
ii. L= CP, sothat C=L is a p’group.
ii. D isa nite abelian p>group which is certral in GP.
iv. L isanf.c. group, and L=X is an abelian p-group.
v. There exist nite normal subgroupsX; of C, for all i 2 | , with (X;)9 = Xjg
whereig is the imageofi 2 | under the permutationQCg 2 FAlt, .
vii D X; X andX=D isthe (weak) direct product ", (X;=D).
vii. Xj=D (C_p (X;=D))P for all distinct i;j 2 1.
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Unfortunately, this is asfar asthe group theory cango onits own. SinceSP(G) = L
here, we must prove that J K[G] = J K[L] K [G], and this is done by brute force
using crossedproduct techniques.

Finally, very little additional work is neededto handle groups with O,(G) 6 1.
Indeed, the following is a fairly obvious generalization of the main result.

Corollary 3.2. [P16] Let K[G] be the group algebe of a locally nite group G
over a eld K of characteristic p > 0. Let P = Op(G) and let TP = TP(G) P
be dened by TP=P = S(G=P). If | is the kernel of the natural epimorphism
K[TP]! KI[TP=P]= K[SP(G=P)], then

i. TP = TP(G) is the controller of J K[G], and J K[G] = J K[TP] K [G].

i. JK[TP] 1 andJ K[TP]=l = J K[S’(G=P)].

iii. JK[G]& 0if and only if there exists a nonidentity locally subnormal sub-

group A of G with A = AP,

Of course,since Oy(G=P) = 1in the above, J K [S’(G=P)] can be satisfactorily
described using Theorem 3.1(ii).

x4. The Str ucture of SP(G)

We now take a closer look at SP(G), again assumingthat G is locally nite.
Recall that SP(G) denotesthe set of all locally subnormal subgroupsA of G with
A = AP, and that S°(G) = PA j A 2 SP(G)i. Furthermore, for any such A as
above, let len A denote the composition length of A, namely the common length of
all composition seriesfor the group. SinceA is nite, lenA is certainly nite.

Theorem 4.1. [P7] Let G be a locally nite group with Op(G) = 1 and, for any
integern 1, let

F(G)=MjA2SPG) and lenA ni:

Then S(G) is the as@nding union of its characteristic f.c. sutgroups SP(G).

Now suppose,in the above situation, that A Isn G, A = AP, and say lenA = n.
Then A S(G), and the latter is a normal f.c. subgroupof G. In particular, since
S (G) is generatedby its nite normal subgroups,there exists such a subgroup B
with A B/ S(G). But jBj< 1,s0A// B and therefore A// G. Furthermore,
if we take B to be the normal closureof A in S(G), then B = BP and B // G with
subnormal depth at most 2. As a consequencethese seweral conceptsall merge
into one. In particular, it follows from Corollary 3.2 that J K[G] & 0 if and only
if either O,(G) 6 1 or G hasa nite nonidertity subgroup A = AP of subnormal
depth 2. Thus we obtain a somewhatsimpler criterion for the semiprimitivit y of
K [G], and clearly

5
JK[®(G)]= JK[S(G):

n=1

At this point, it is appropriate to consider some examplesassaiated with the
precedingresults. For instance, we might ask whether Theorem 4.1 is best possible
or whether S°(G) is necessarilyalways an f.c. group. In addition, it is clear that
TP(G) SP(G), and it is natural to ask whether these subgroupscan be di erent.
The answers here are all contained in
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Lemma 4.2. Letpbea xed prime.

i. There existsa p-group P and an elementx 2 P suchthat the normal closure
hiP is not an f.c. group.
ii. Thereis a group G with Op(G) = 1 and with S?(G) not an f.c. group.
iii. There existsa group G with TP(G) strictly larger than SP(G).

Proof. (i) SetP = A o hxi, where A is an abelian p-group and x is an elemen
of order p? which acts on A with [A; x; x] in nite. For example, we could take P
to be the wreath product P = B ohxi with B an in nite abelian p-group. Finally
obsene that Q = li® = hx;[A;x]i and note that Q is not an f.c. group since
[Q;x] [A; x;x]isin nite.

(i) Now let P be a transitiv e p-subgroup of FSym; . For example, we could
take P to be the in nite wreath product P = :::(((Z, 0Zp) 0Zp) 0Z,) ::: of cyclic
groups Z,, of order p. Furthermore, let X be a nite nonabelian simple group of
order divisible by p and de ne G to be the permutation wreath product G = X oP.
We claim that G is a locally nite group with Oy(G) = 1, G = SP(G) and with G
not an f.c. group.

To start Wit@, G isthe semidirectproduct G = Y o P whereY isthe (weak) direct
product Y = i1:1 X; of countably many copiesX; of X. ThusY is a semisimple
normal subgroup of G which is the kernel of the conjugation permutation action of
GonthesetX = fX;ji=12:::9. SinceOp(G)\ Y = 1, it follows that O,(G)
acts trivially on X, soOp(G) Y and henceOy(G) = 1.

Next, it is clearthat S°(G) Y. Furthermore, let Q be any nite subgroup of
P and let Z be the direct product of the nitely many X;s which are moved by Q.
We claim that A = ZQ is a locally subnormal subgroupof G. To this end, let B be
any nite subgroupof G which contains A. SinceQ certralizes the X; factors of Y
not in Z, it is clear that A/ Y Q. Furthermore, since G=Y = P is a locally nite
p-group, it followsthat YQ=Y // YB=Y and henceYQ// YB. In other words, we
have shown that A // YB and henceA /| B, asrequired. ThusQ SP(G) and,
sinceQ P is arbitrary, we have S’(G) = G.

Finally, note that P hasno nontrivial nite normal subgroups. Indeed,if N 6 1
were such a subgroup, then N movesonly nitely many points 6 ; under the
permutation action of P FSym; . Furthermore, sinceN / P, P must act on ,
and this contradicts the fact that P is transitive on the innite setf 1;2;3;:::g.
Thus, no such N exists and, in particular, P cannot be an f.c. group. Hence,since
G P, weconcludethat G is alsonot an f.c. group.

(i) We corntinue with the notation of part (ii). In addition, we let D be an
in nite abelian P-grgup. and we setH = D oG = E 0 G where E is the (weak)
direct product E = 926 Dg of copiesDg of D indexedby the elemerts of G. Since
Op(G) = 1, it is clearthat E = Op(H). Furthermore, since H=Op(H) = G and
G = §(G), it followsthat H = TP(H).

It remainsto show that H 6 S°(H) and indeedwe show that SP(H) Oy(H) =
E. Suppose, by way of contradiction, that this is not the case. Then there must
exist a locally subnormal subgroupA of H which is not a p-group. SinceH=EY = P
is a p-group and A is not a p-group, it followsthat A\ EY is not a p-group. Thus,
without loss of generality, we may assumethat A EY and A 6 E. Note that
A Isn EY and henceE A=E is a locally subnormal subgroup of the semisimplegroup
EY=E = Y. Consequetly, EA=E = A=(E \ A) is a nite semisimplegroup.

SetB = E\ A and note that B/ EA sinceE is abelian. Thus, sinceA Isn EA, it
followsthat (A=B) Isn (EA=B). But A=B = A=(E\ A) is semisimple,soits normal
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closurein EA=B is also semisimpleand hencedisjoint from the normal p-subgroup
E=B. It follows th@j A=B certralizes E=B and hencethat [E;A] = [E;A=B] B
is nite. But E = ", ,5Dgand A=B 6 1 permutes the factors Dg in a nontrivial
manner. Thus, [E; A=B] must project onto one of the Dgs, and consequetly, this
commutator group isin nite, a cortradiction. We concludethereforethat all locally
subnormal subgroupsof H are p-groups,soS’(H) Op(H) 6 H = TP(H).

In particular, the assumption that Op(G) = 1 is required in Theorem 4.1 and
even with this, S’(G) need not be an f.c. group. Furthermore, the group TP(G)
cannot be replacedby SP(G) in Corollary 3.2.

x5. Finitel y Genera ted Gr oups

As usual, we supposethat K isa eld of characteristic p > 0, but now we consider
the semiprimitivit y problem for nitely generatedgroups. The guesshereis

Conjecture 5.1. If G is a nitely geneated group, then J K[G] = NK[G].

This would be a wonderful result for two reasons.First, in view of Theorem 1.2,
we would have an adequate description of J K [G] for such groups. But more im-
portantly, since an arbitrary group hasits nitely generatedsubgroupsas a local
system, we could usethis result to describe J K [G] in general. Speci cally, let G
be an arbitrary group and let * (G) be generatedby all those nite subgroupsA
of G whosenormal closure A" is nite for every nitely generatedsubgroupH of
G. Then, we have

Lemma 5.2. [P6] Let G be an arbitrary group.

i. T(G)is alocally nite characteristic sulproup of G.
i. If N/G with N *(G), then *(G=N)= *(G)=N.
Part (ii) aboveindicatesthat * isa\radical" for groups,somewhatof a surprise.
Note that, if G is locally nite, then *(G) = G. Thus part (i) above is best
possiblein that *(G) can be any locally nite group. In any case, becauseof
Corollary 3.2, we know the precise structure of J K[ *(G)] and, by using that
result and Theorem 1.2, we can now prove

Theorem 5.3. [P6], [P16] Let K [G] be the group algeba of an arbitrary group G
over a eld K of characteristic p > 0. Assume that, for each nitely geneated
sutgroup H of G, we haved K[H]= NK[H]. Then
i. JK[G]=JKI[LT]K[G]where L* = *(G).
ii. The controller of J K[G]is TP = TP(L*) and J K[G] = J K[TP] K[G].
ii. JK[G]8 0if andonlyif T? & 1.

Thus it remains to prove Conjecture 5.1, but unfortunately this seemsto be a
rather hopelesstask at the moment. Nevertheless,we do know that the conjecture
holds when G is a solvable group (see[HP], [P3], [Z1] and [Z2]), and also when G
is a linear group (see[P4], [P5] and [P6]). Furthermore, we have

Theorem 5.4. [P6]If G is a nitely geneated group, then N K [G] is a semiprime
ideal of K [G]. In other words, N (K [G]=N K [G]) = 0.

In particular, N behaves like a \radical* when applied to group algebras of
nitely generatedgroups. On the other hand, the following example of Bergman
shows that his behavior is really atypical.
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Lemma 5.5. There existsa nitely geneated K -algeba R with N(R=NR) 6 0.

Proof. Let F = Khx;yi be the free K -algebra in the variables x and y, and let
I F be the K -linear span of all monomials of the form :::xy'x:::xy'x::: for
any integeri = 0;1;2;:::. Then | is clearly an ideal of F and we setR = F=I.
Note that if x and y denote the imagesof x and y in R, then R has as a K -basis
all monomialsin x and y not of the above form.

Now, for any integeri 0, we have Rxy'xRxy' xR = 0, so Rxy'xR is an ideal
of R of square0 and henceRxy'xR N R. Consequetly, we have

X .
RXRXR = Rxy'xR NR;
i=0

so(RxR)> NR and x = x+ NR 2 N(R=NR). Finally, note that x 2 NR
since (xy)(xy?)(xy®)  (xy") 6 0 for any integern 1, and hencex is a nonzero
elemen of R=N R, asrequired.

x6. Burnside Gr oups

Again, let K be a eld of characteristic p> 0 and let G be a nitely generated
group. If AK[G] denotesthe augmentation ideal of K [G], namely the kernel of
the natural homomorphismK [G]! K[G=G] = K, then AK [G] is a maximal right
ideal of K [G] and henceit cortains the Jacobsonradical J K [G]. In [K1] and [K2],
Kaplansky poseda number of interesting ring theoretic problems, including some
on group algebras. One of the latter concernedthe generalsemiprimitivit y problem
and one concernedthe following special case.

Conjecture 6.1. If charK = p > 0 and G is a nitely geneated group, then
J K[G] = AK[G] if and only if G is a nite p-group.

We note that the equality J K [G] = AK [G] really meansthat K [G] hasprecisely
one irreducible represenation, namely the principal representation : K[G]! K
with (G) = 1. Of course,if G is a nite p-group, then it is easyto seethat
J K[G] = AK[G]. Thus the real concernhere is with the conversedirection, and
this is actually a consequencef Conjecture 5.1. To start with, we list a number of
elemenary properties assaiated with the augmertation ideal. For convenience,if |
is any right ideal of K [G], wewrite G(I)=fg2Gjg 121 g. Clearly, (1) = G
if andonly if |  AK|[G].

Lemma 6.2. Let K[G] be an arbitrary group algeba and write A = AK[G].
i. If I is aright ideal of K[G], then (1) is a sulgroup 0|BG-
ii. If G= hxq;xo;::: ;X1 IS nitely genented, then A = inzl (xi DKI[G]is
a nitely geneated right ideal.
iii. A hasa nonzero right or left annihilator if and only if G is nite.
iv. (A?) G°= [G;G], the commutator sulgroup of G.

Proof. (i) If x;y 2 G(p), then yx 1=y 1) (x Dx t21,s0yx *2 ).

(i) Notethat | = i”:l (xi 1)K |[G]is aright ideal of K [G] cortained in A. On
the other hand, since G(1) is a group, it followsthat G(I) hxy;Xz;:::;Xni = G,
and consequetdy |  A.

(i) Sy 06 2 K[G]with A =0.Then (g 1)=0forallg2 G,so0 = ¢
and supp = (supp )g. Sincesupp is closedunder right multiplication by G, it
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P
followsthat G = supp is nite. On the other hand, if G is nite, then = 926 9
annihilates A on both sides.
(iv) If x;y 2 G, then

xyx ty bol1=(xy yx)x 'y !

=[x iy 1 ¢ Hx x'y*

is contained in A2, and consequetly G(A?) cortains all commutators.

Now supposethat G is a nitely generatedgroup with A = AK[G] = J K[G].
If we assumethe validity of Conjecture 5.1, then A = NK[G] and, since A is a
nitely generatedideal by Lemma 6.2(ii), this implies that A is nilpotent. Thus A
hasa nonzeroright and left annihilator, soG is nite by the previouslemma, and it
follows easily (seeTheorem 6.3(i)) that G is a p-group. In other words, the solution
to Kaplansky's problem is an immediate consequencef Conjecture 5.1.

The following result lists essetially all we know of a generalnature about Con-
jecture 6.1. For the most part, it is basedon the work of Lichtman in [L].

Theorem 6.3. Let G be a nitely geneated group and let charK = p > 0. If
J K[G] = AK[G], then
i. G is a p-group.
ii. [L]If G6 1,thenG 6 GO
ii. [L] If Gis aninnite group,then G hasan in nite, residualy nite homo-
morphic image.
iv. Any maximal sulgroup of G is normal of index p.
v. If H is a sulgroup of G of in nite index, then there exists a chain of sub-
groupsG =Gy G1 G H with Gj4+1 / G; and jGi=Gj+1 ) = p.

Proof. If L is a subgroupof G, then K[G] = K[L] U, whereU is the kernel of the
projection map | . Thus, we have a K [L]-bimodule decomposition of K [G], and it
follows easilythat J K[G]\ K[L] J K]L]. In particular, sinced K [G] = AK[G],
we concludethat J K[L]= AKIL].

() Let x 2 G and set X = hxi. Then, by the above, J K[X]= AK[X], and it
follows that x must have nite order. But then J K[X]= AK[X] is nilpotent so,
for someintegern 1,wehave0= (x 1) = xP" 1, and G is a p-group.

(i), (iv) Let H bea propersubgroupof G, let A= AK[G] = J K[G]and setB =
AK[H]KI[G]. ThenV = A=B isanonzero nitely generatedright K [G]-module, by
Lemma 6.2(ii), and henceNakayama's lemma implies that V) V J K[G] = V A.
In other words, A) B + A2. Now G(B) H and G(A?) G° by Lemma 6.2(iv).
Thus G(B + A?) HGS by Lemma 6.2(i), and since this right ideal is properly
smaller than A = AK [G], it followsthat HG® G(B + A?) ( G.

If G 6 1, we cantake H = 1 and deducethat G° ( G. This yields (ii). On
the other hand, if H is a maximal subgroup of G, then sinceH HG°( G, we
concludethat H G ThusH / G and then clearly, jG=Hj = p.

(iii) Supposenow that G isin nite and let L denotethe intersection of all normal
subgroupsof G of nite index. Then G=L is a residually nite homomorphic image
of G and it remainsto show that this factor group is in nite. To this end, suppose
that jG:Lj< 1. ThenL isalso nitely generatedandL 6 1. Part (ii) now implies
that L ) L% and thusL%is a normal subgroupof nite index in G properly smaller
than L. Sincethis cortradicts the de nition of L, we concludethat jG=Lj= 1, as
required.



10 D. S. PASSMAN

(v) Finally, let jG : Hj = 1 . We prove by induction on n that there exists a
suitable chain of subgroupsG = Gy G Gn H with jGi=Gi;1j = p.
To this end, assumethat we have found the group G,. Then jG:G,j= p" < 1,
so G, is nitely generatedand G, ) H. Therefore, we canlet G,+; be a maximal
subgroup of G, which corntains H. By (iii) above, we know that G,.+1 / G, with
factor group cyclic of order p. Thus Gn+1 exists, and the result follows.

It is not surprising that maximal subgroups come into play here. Indeed, if
K = GF(p) and if every maximal subgroup of the wreath product Z, oG is normal,
then J K[G] = AK[G]. To seethis, note that Z, oG = V o G where V, written
additiv ely, is isomorphic to the right regular K [G]-module. In particular, if W is
any irreducible K [G]-module, then W = V=M for somemaximal submodule M,
and then it is clear that M G is a maximal subgroup of VG. But if all maximal
subgroupsare assumedto be normal, then [V;G] V\ MG = M and henceG acts
trivially on V=M = W. In other words, W can only be the principal module.

Obviously, nitely generated,in nite p-groups are related to the Burnside prob-
lem. If G is a Tarski monster, asconstructed by Ol'shanski in [O], then G is simple,
so (i) implies that J K [G] 8 AK [G]. If G hasbounded period, as rst constructed
by Novikov and Adjan in [NA1], [NA2] and [NA3], then the armativ e solution
of the restricted Burnside problem by Zelmanov in [Zel] and [Ze2] implies that G
cannot have an in nite, residually nite, homomorphic image. Thus, (iii) implies
that J K[G] 6 AK[G]. On the other hand, the groups constructed by Golod in
[Go] and [GoS] and by Gupta and Sidki in [GuS] and [S1] are in nite, residually
nite, p-groups, so parts (i) and (iii) cannot help here. Furthermore, there are
unfortunately no known results on the maximal subgroupsof such groups, sowe do
not know whether parts (iv) or (v) will help either.

Now if G is a Golod group de ned over the eld K, then G is a subgroup of
the unit group of a K -algebraR, and there is an epimorphism : K[G]! R with

(AK[G]) an innite dimensional nil ideal. Fortunately, Siderov [Si] has shovn
that is not an isomorphism at least when the construction parameters satisfy
certain natural conditions. Furthermore, Sidki [S2] introduced a ring theoretic
variant of the recursive methods usedto construct the Gupta-Sidki groups, and he
showed that thesegroups have at least one nonprincipal irreducible respresemation
in characteristic p. Indeed, starting with this result, it was shovn in [PT] that
if K is sucien tly large, then the Gupta-Sidki groups must have in nitely many
nonisomorphicirreducible represenations.

Certainly, an a rmativ e solution to Kaplansky's problem would be a major step
in the general semiprimitivit y problem. Obviously, it will prove to be a decidedly
nontrivial task. Riley [R] has suggestedthat there might be an approac here via
pro-p groups. But, evenwith this idea, there are still fundamertal di culties which
must be overcome.
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