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EXAMPLE 5 How docs the graph of f{x) = 1/(x* + 2x + ¢} vary as ¢ varies?

S SOLUTHON The geaphs in Figures 19 and 20 (the special cases ¢ = 2 and ¢ = —2)
show two very different-looking curves, Refore drawing any more graphs, let’s see
what mentbers of this family have in commen. Since .
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2 for any value of ¢, they all have the x-axis as a borizontal asymprote. A vertical
FIGURE 19 asymplete will cocur when x* + 2x + ¢ = 0. Solving this quadralic equation, we
c=12 petx = —1 %= 4/1 —¢. When ¢ = 1, there is no vertical asymptote (as in Figure 19).
Whew ¢ = 1 the graph has u single vertical asymptote x = —1 because
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j1 II'\ When ¢ < 1 there are two vertical asymptotes; x = -1+ 1 — ¢ and
it I : =g x==1 — 1 — ¢ (a5 in Figure 20),
. | ."/ Y i Now we compuie the derivative:
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FIGURE 290
e=-1 This shows that f'(z} = 0 when x = —1{if ¢ / 1), Fiz) > 0 whenx < —1, and

fix) << Q@ whenx > ~1. For ¢ > 1 this means that f increascs on {—o, —1) and
decreases on {—1,®). For ¢ > 1, there is an absolute maximum value
F—1) = ic — 1) Bor e << 1, fi—1) = L/{e — 1} is a local maximum value and the
intervals of increase and docrease 2ee interrupted at the vertical asymptotes.

Figure 21 15 a “slide show” displaying five members of the family, all graphed in
the viewing rectangle {~5,4] by {—2, 2]
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FIGURE 21 . ; ;
Thie family of tuncsions As predicted, ¢ = 1 is the value at which a rransitin lakes place from two
’ 1 vertival asymploles 1o one, and then to nane. As ¢ increases from 1, we see that the
f) = FER sy maximum point becomes lower; this is explained by the fact that 1/{c - 1) -~ 0 as

¢ —» o As ¢ decreascs from 1, the vertical asymptoles become mere widely
separated becanse the distance between them is 24/1 — ¢, which becomes large as
6 — —m. Agsin the maximum point approaches the r-axjs hecause 1fic— 1) >0
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