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COMBINATORIAL REPRESENTATION THEORY

HELENE BARCELO AND ARUN RAM

Abstract.  We attempt to survey the eld of combinatorial representati on theory,
describe the main results and main questions and give an upda of its current
status. We give a personal viewpoint on the eld, while remahing aware that there
is much important and beautiful work that we have not been able to mention.
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Introduction

In January 1997, during the special year in combinatorics d¥ISRI, at a dessert
party at Hekne's house, Gil Kalai, in his usual fashion, kegan asking very pointed
questions about exactly what all the combinatorial represgation theorists were do-
ing their research on. After several unsuccessful attemptd giving answers that
Gil would nd satisfactory, it was decided that some talks sbuld be given in order
to explain to other combinatorialists what the specialty isabout and what its main
guestions are.

In the end, Arun gave two talks at MSRI in which he tried to clea up the situ-
ation. After the talks several people suggested that it wodlbe helpful if someone
would write a survey article containing what had been covedein the two talks and
including further interesting details. After some arm twising it was agreed that
Arun and Hekene would write such a paper on combinatorial epresentation theory.
What follows is our attempt to de ne the eld of combinatorial representation the-
ory, describe the main results and main questions and give apdate of its current
status.

Of course this is wholly impossible. Everybody in the eld ha their own point
of view and their own preferences of questions and answersurtRermore, there is
much too much material in the eld to possibly collect it all in a single article (even
conceptually). We therefore feel that we must stress the olous; in this article we
give a personal viewpoint on the eld while remaining awarehat there is much
important and beautiful work that we have not been able to metion.
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On the other hand, we have tried very hard to give a focused apgach and to make
something that will be useful to both specialists and non spalists, for understanding
what we do, for learning the concepts of the eld, and for trddang down history
and references. We have chosen to write in an informal style the hope that this
way we can better convey the conceptual aspects of the eld. eRders should keep
this in mind and refer to the notes and references and the appdices when there
are questions about the precision in de nitions and statenmts of results. We have
included a table of contents at the end of the paper which shisbhelp with navigation.
Having made these points, and put in a lot of work, we leave itot you the reader,
with the earnest hope that you nd it useful.

We would like to thank the many people in residence at the spiat year 1996-97
in combinatorics at MSRI, for their interest, their suggesbns, and for continually
encouraging us to explain and write about the things that we rgoy doing. We
both are extremely indebted to our graduate advisors, A. Gara and H. Wenzl, who
(already many years ago) introduced us to and taught us thisamderful eld.

Part |
1. What is Combinatorial Representation Theory?

What do we mean by \combinatorial representation theory"? kst and foremost,
combinatorial representation theory is representation thory. The adjective \combi-
natorial” will refer to the way in which we answer representon theoretic questions.
We will discuss this more fully later. For the moment let us bgn with, what is
representation theory?

What is representation theory?
If representation theory is a black box, or a machine, then #hinput is an algebra
A. The output of the machine is information about the modulesdr A.
An algebrais a vector space A over C with a multiplication.
An important example is the case of the group algebra.
De ne the group algebraof a group G to be
A = CG = C-span fg2 Gg;
so that the elements of G form a basis of A. The multiplication in the
group algebra is inherited from the multiplication in the gr oup.
We want to study the algebraA via its actions on vector spaces.

An A-module is a nite dimensional vector space M over C with an A
action.

See Appendix Al for a complete de nition. We shall use the wds module and
representationinterchangeably. Representation theorists are always tiyg to break
up modules into pieces.

An A-module M is indecomposablef M 6 M; M, where M; and M, are
nonzero A-modules.
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An A-module M is irreducible or simpleif it has no submodules.

In reference to modules the words \irreducible” and \simplé are used completely
interchangeably.

The algebra A is semisimpleif

indecomposable = irreducible
for A-modules.

The \non-semisimple" case, i.e. where indecomposable ig tlee same as irreducible,
is called modular representation theory. We will not consgt this case much in these
notes. However, before we banish it completely let us dedwithe avor of modular
representation theory.

A composition seriesfor M
M=Myg My M,=0
is a sequence of submodules of M such that each M;=M;,; is simple.

The Jordan-Helder theorem says that two di erent compositon series ofM will
always produce the same multisetM;=M;., g of simple modules. Modular represen-
tation theorists are always trying to determine this multi®t of composition factors
of M.

Remarks.

(1) We shall not make life dicult in this article but one should note that it is
common to work over general elds rather than just using the eld C.

(2) If one is bold one can relax things in the de nition of modie and let M be
in nite dimensional.

(3) Of course the de nition of irreducible modules is not caect since 0 andM
are always submodules df1. So we are ignoring these two submodules in this
de nition. But conceptually the de nition is the right one, we want a simple
module to be something that has no submodules.

(4) The de nition of semisimple above is not a technically awect de nition. Look
in Appendix Al for the proper de nition. However, the power & semisimplicity
is exactly that it makes all indecomposable modules irredilde. So \indecom-
posable = irreducible” is really the right way to think of semsimplicity.

(5) A good reference for the basics of representation theory [CR1]. The book
[Bou2] contains a completely general and comprehensivedtment of the theory
of semisimple algebras. The appendixAl, to this article also contains a brief
(and technically correct) introduction with more speci c references.

Main questions in representation theory

I. What are the irreducible A-modules?

What do we mean by this question? We would like to be able to givsome kind of
answers to the following more speci ¢ questions.
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(a) How do we index/count them?
(b) What are their dimensions?
The dimension of a module is just its dimension as a vector sp&a
(c) What are their characters?
The character of a moduleM is the function y:A! C, where y(a)is
the trace of the linear transformation determined by the adbn of a on M.
More precisely, X
m(a) = ah b
2B
where the sum is over a basiB of the moduleM and ah b denotes the
coe cient of h in alh when we expand in terms of the basiB.

C. How do we construct the irreducible modules?

S. Special/lnteresting representations M

(a) How does M decompose into irreducibles?

If we are in the semisimple case theM will always be a direct sum of
irreducible modules. If we group the irreducibles of the saamtype together
we can write M

M = V) °;

where the modules/ are the irreducibleA-modules andc is the number of
times an irreducible of typeV appears as a summand iM . It is common
to abuse notation and write

M = cV:

(b) What is the character of M?

Special modules often have particularly nice formulas de#tng their char-
acters. It is important to note that having a nice character érmula for M
does not necessarily mean that it is easy to see hdw decomposes into
irreducibles. Thus this question really is di erent from the previous one.

(c) How do we nd interesting representations?

Sometimes special representations turn up by themselvesdaather times
one has to work hard to construct the right representation wh the right
properties. Often very interesting representations comedm other elds.

(d) Are they useful?

A representation may be particularly interesting just becase of its structure
while other times it is a special representation that helpsot prove some
particularly elusive theorem. Sometimes these represetitms lead to a
completely new understanding of previously known facts. Aafmous example
(which unfortunately we won't have space to discuss, see [H)is the Verma
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module, which was discovered in the mid 1960s and completatilanged
representation theory.

M. The modular case

In the modular case we have the following important questiom addition to those
above.

(a) What are the indecomposable representations?
(b) What are the structures of their composition series?

For each indecomposable modulls! there is a multiset of irreduciblesf M{=M;.; g
determined by a composition series dfl . One would like to determine this multiset.

Even better (especially for combinatorialists), the submdules ofM form a lattice
under inclusion of submodules and one would like to understa this lattice. This
lattice is always a modular lattice and we may imagine that ez edge of the Hasse
diagram is labeled by the simple modul&;=N, where N; and N, are the modules
on the ends of the edge. With this point of view the various copositions series oM
are the maximal chains in this lattice of modules. The Jordaiielder theorem says
that every maximal chain in the lattice of submodules oM has the same multiset
of labels on its edges. What modular representation theotsstry to do is determine
the set of labels on a maximal chain.

Remark. The abuse of notation which allows us to writeM = P c V has been
given a formal setting which is called theGrothendieck ring In other words, the
formal object which allows us to write such identities has @ de ned carefully. See
[Sel] for precise de nitions of the Grothendieck ring.

Answers should be of the form
Now we come to the adjective \Combinatorial." It refers to tre way in which we
give the answers to the main questions of representation .

I. What are the irreducible A-modules?

(a) How do we index/count them?

We want to answer with a bijection between
Nice combinatorial objects it Irreducible representations V.

(b) What are their dimensions?
We should answer witha formula of the form

dim(V ) = # of nice combinatorial objects.

(c) What are their characters?
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We want a character formula of the type
X

(@=  wt¥(T);
T

where the sum runs over alll in a set of nice combinatorial objects and
wt? is a weight on these objects which depends on the elemen2 A where
we are evaluating the character.

C. How do we construct the irreducible modules?

We want to give constructions that have a very explicit and very combi-
natorial avor.  What we mean by this will be more clear from the examples,

see(C1-2) of Section 2.

S. Special/lnteresting representations M

(a) How does M decompose into irreducibles?
If M is an interesting representation we want taletermine the positive
integers ¢ in the decomposition
M

M= (V)¢

in the form
c = # of nice combinatorial objects.

In the formula for the decomposition ofM the sum is over all which are
objects indexing the irreducible representations oA.
(b) What is the character of M ?

As in the case I(c) we wanta character formula of the type
X

m@=  wt¥T)
T
where the sum runs over alll in some set of nice combinatorial objects
and wt? is a weight on these objects which depends on the elemen A
where we are evaluating the character.

(c) How do we nd interesting representations?
It is particularly pleasing when interesting representabns arise inother
parts of combinatorics! One such example is a representation on the
homology of the partition lattice which also, miraculously appears as a
representation on the free Lie algebra. We won't have space tiscuss
this here, see the original references [Hn],[Jy], [KI], [&2], the article [Gar]
for some further basics, and [Ba2] for a study of how it can béat this
representation appears in two completely di erent places.

(d) Are they useful?
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How about for solving combinatorial problems? Or making new
combinatorial problems? Sometimes a representation is exactly what
is most helpful for solving a combinatorial problem. One exaple of this is
in the recent solution of the the last few plane partition cojectures. See
[Stal], [Mac] I x5 Ex. 13-18, for the statement of the problem and [Kul-
3] and [Ste5-7] for the solutions. These solutions were matied by the
method of Proctor [Prc].

The main point of all this is that a combinatorialist thinks in a special way (nice
objects, bijections, weighted objects, etc.) and this metid of thinking should be an
integral part of the form of the solution to the problem.

2. Answers for  S,, the symmetric group

Most people in the eld of combinatorial representation thery agree that the eld
begins with the fundamental results for the symmetric grous,. Let us give the
answers to the main questions for the case 8f,. The precise de nitions of all the
objects used below can be found in Appendix A2. As always, byrepresentation of
the symmetric group we mean a representation of its group a&gra A = CS,.

I. What are the irreducible S,-modules?

(&) How do we index/count them?

There is a bijection

11

Partitions of n ! Irreducible representations S .

(b) What are their dimensions?
The dimension of the irreducible representatiol is given by

dim (S ) = # of standard tableaux of shape
n!

=
x2 X
wherehy is the hook length at the boxx in , see Appendix A2.
(c) What are their characters?
Let () be the character of the irreducible representatiors evaluated
at a permutation of cycle type = ( 1; 2;:::; -). Then the character
() is given by
X
()= wt (T)
T

where the sum is over all standard tableaux T of shape and

y
wt (T)=  f(@i;T);

i=1
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wh?re
1, ifi62B()andi+1isswofi,
f(,T)= 0 if i;51+162B( ),itlisneofi,and i+2 isswofi+1,
1 otherwise,
and B( )=f 1+ ,+ + «j1 k °g. Inthe formula for f (i; T),

sw means strictly south and weakly west andche means strictly north and
weakly east.

C. How do we construct the irreducible modules?
There are several interesting constructions of the irredinde S .

(i) via Young symmetrizers
Let T be a tableau. Let
R(T) = permutations which x the rows of T, as sets;

C(T) = permutations which x the columns of T, as sets;
X X
P(T)= w; and N(T)= "(wW)w;

w2R(T) w2C(T)
where" (w) is the sign of the permutationw. Then
S = CS\P(T)N(T);
where the action of the symmetric group is by left multiplicdon.
(i) Young's seminormal construction
Let

S = C-span-fvy j T are standard tableaux of shape g

so that the vectorsvy are a basis oS . The action of S, on S is given by
1
c(T(i+1) coT(@)

sivr = (si)rrvr + (1 +(S)r7)VsT; where (si)rT =

and s; = (i;i +1). In this formula

T (i) denotes the box containing iin T;
c(bh =] iisthe contentof the box b, where (i;j) is the position of
bin ;

siT is the same as T except that the entries i1 and i+1 are switched;
Vgt =0 if 5T is not a standard tableau.

There are other important constructions of the irreduciblerepresentationsS .
We do not have room to discuss these constructions here, sée tNotes and
References (10-12) below and A3 in the appendix. The main enare:

(iif) Young's orthonormal construction :

(iv) The Kazhdan-Lusztig construction

(v) The Springer construction

S. Particularly interesting representations
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(S1) Letk+ = n. The moduleS y o < Isthe same a5 except that we only look
at the action of the sub%oupsk S.. Then

X
Sy = (S S)°¢ = c (S S)
e :

wherec is the number of column strict llings of = of content
such that the word of the lling is a lattice permutation. The positive
integersc are the Littlewood-Richardson coe cients. See Appendix A2.

(S2) Let =( q;:::; -)beapartitionofn. LetS =S, S .. The module

16:” is the vector space

1’52” = C(S,=S) = C-sparfwS jw 2 S.g
where the action ofS, on the cose&% is by left multiplication. Then
1’52” = K S:

where
K = # of column strict tableaux of shape and weight

This representation also occurs in the following context:
Xs, .
170" = H (Bu);

whereu is a unipotent element ofGL (n; C) with Jordan decomposition and B,
is the variety of Borel sugroups inGL (n; C) containing u. This representation
is related to the Springer construction mentioned ifC(v) above. See Appendix
A3 for further details.

(S3) If ; ° nthen the tensor productS,-moduleS S isdened byw(m n)=
wm wn;forallw2 S,,m2S andn 2 S . There are positive integers
mu  Such that X
S S = S

‘n
Except for a few special cases the positive integers are still unknown. See
[Rem] for a combinatorial description of the cases for whighe coe cients
are known.

Notes and references

(1) The bijection in (la) , between irreducible representations and partitions, istek
to Frobenius [Fr]. Frobenius is the founder of representain theory and the
symmetric group was one of the rst examples that he worked ou

(2) The formula in (Ib) for the dimension ofS as the number of standard tableaux
is immediate from the work of Frobenius, but it really came ito the fore from the
work of Young [Y]. The \hook formula" for dim(S ) is due to Frame-Robinson-
Thrall [FRT].
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(3) The formula for the characters of the symmetric group wish is given in(Ic)
is due to Fomin and Greene [FG]. For them, this formula aroseybapplication
of their theory of noncommutative symmetric functions. Rathman [Ro] discov-
ered this formula independently in the more general case dfe Iwahori-Hecke
algebra. The formula for the Iwahori-Hecke algebra is exdgtthe same as the
formula for the S, case except that the 1 appearing in case 3 of the de nition
of f (i; T) should be changed to aj.

(4) There is a di erent and more classical formula for the chacters than the for-
mula given in (Ic) which is called the Murnaghan-Nakayama rule [Mur] [Nak].
We have described the Murnaghan-Nakayama rule in the apperd Theorem
A2.2. Once the formula in(Ic) is given it is not hard to show combinatorially
that it is equivalent to the Murnaghan-Nakayama rule but if cne does not know
the formula it is nontrivial to guess it from the Murnaghan-Nakayama rule.

(5) We do not know if anyone has compared the algorithmic congxity of the for-
mula given in(Ic) with the algorithmic complexity of the Murnaghan-Nakayama
rule. One would expect that they have the same complexity: thformula above
is a sum over more objects than the sum in the Murnaghan-Nakamya rule but
these objects are easier to create and many of them have zemight.

(6) One of the beautiful things about the formula for the chaacter of S which is
given in (Ic) is that it is a sum over the same set that we have used to desceib
the dimension ofS .

(7) The construction ofS by Young symmetrizers is due to Young [Y1-2] from 1900.
It is used so often and has so many applications that it is coldered classical. A
review and generalization of this construction to skew shag appears in [GW].

(8) The seminormal form construction ofS is also due to Young [Y4-5] although
it was discovered some thirty years after the Young symmes@r construction.

(9) Young's orthonormal construction di ers from the semimmrmal construction only
by multiplication of the basis vectors by certain constants A comprehensive
treatment of all three constructions of Young is given in thdook by Rutherford
[Ru].

(10) The Kazhdan-Lusztig construction uses the Iwahori-Hde algebra in a crucial
way. It is combinatorial but relies crucially on certain poynomials which seem
to be impossible to compute in practice except for very smati, see [Bre] for
further information. This construction has important conrections to geometry
and other parts of representation theory. The paper [GM] anthe book [HuZ2]
give elementary treatments of the Kazhdan-Lusztig constation.

(11) Springer's construction is a geometric construction.In this construction the
irreducible module S is realized as the top cohomology group of a certain
variety, see [Spr], [CG], and Appendix A3.

(12) There are many ways of constructing new representatisrfirom old ones. Among
the common techniques areestriction, induction, and tensoring The special
representationg(S1), (S2), and (S3) given above are particularly nice examples
of these constructions. One should note that tensoring ofpeesentations works
for group algebras (and Hopf algebras) but not for generalgdbras.
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3. Answers for  GL(n; C), the general linear group

The results for the general linear group are just as beautifand just as fundamental
as those for the symmetric group. The results are surprisitygsimilar and yet di erent
in many crucial ways. We shall see that the results fd&L (n; C) have been generalized
to a very wide class of groups whereas the results 8§ have only been generalized
successfully to groups that look very similar to symmetricrgups. The representation
theory of GL (n; C) was put on a very rm footing from the fundamental work of Sclur
[Sc1-2] in 1901 and 1927.

I. What are the irreducible GL (n; C)-modules?

(&) How do we index/count them?

There is a bijection

1

Partitions with at most n rows I Irreducible polynomial representations

See Appendix A4 for a de nition and discussion of what it meanto be a
polynomial representation.
(b) What are their dimensions?

The dimension of the irreducible representation V is given by
dim (V ) = # of column strict tableaux of shape
lled with entries from f1,2;:::;ng
_ Y ontax)
hy '

X2

wherec(x) is the content of the boxx and hy is the hook length at the box
X.
(c) What are their characters?

Let (g) be the character of the irreducible representatioN evaluated at
an elementg 2 GL(Q; C). The character (g) is given hy

T

(@@= X

owzs, "(WWX T det(x,' "),

was, | (W)WX det(x ')
where the sum is over all column strict tableaux T of shape lled
with entries from f1;2;:::;ng and
x" =X X,2 x,"; where ;=#of i'sin T
and Xi;Xp;:::;X, are the eigenvalues of the matrix g. Let us not

worry about the rst expression in the second line at the monmd. Let us

only say that it is routine to rewrite it as the second expressn in that line

which is one of the standard expressions for the Schur funati, see [Mac] |
x3.
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C. How do we construct the irreducible modules?

There are several interesting constructions of the irredinde V .

(C1) via Young symmetrizers
Recall that the irreducible S of the symmetric groupS, was constructed
via Young symmetrizers in the form

S = CS,P(T)N(T):

We can construct the irreducibleGL (n; C)-module in a similar form. If
is a partition of k then

V =V P(T)N(T):
This important construction is detailed in Appendix A5.

(C2) Gelfan'd-Tsetlin bases

This construction of the irreducible GL (n; C) representationsV is analo-
gous to the Young's seminormal construction of the irredulsie representa-
tions S of the symmetric group. Let

V = span-fvy | T are column strict tableaux of shape lled with elements of f1,2;:::

so that the vectorsv; are a basis o/ . De ne an action of symbolsEy 1,
2 k n, on the basis vectors/r by

X
Ex 1xvr = ar t(K)vr ;
T

where the sum is over all column strict tableauX which are obtained from
T by changing ak to ak 1 and the coe cients ar 1(k) are given by

w -
(T Tw 2t] k)
ar 1= U5 :
(Tik 1 Tix 1+]  K)

i=1

i6j
wherej is the row number of the entry whereT and T dier and Ty is
the position of the rightmost entry  k in row i of T. Similarly, de ne an
action of symbolsEyx 1,2 k n, on the basis vectors/r by

X
Ekk 1vr = br+ 1 (K)vr+;
T+

,Ng g
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where the sum is over all column strict tableau * which are obtained from
T by changing ak 1 to ak and the coe cients b+ (k) are given by

PYZ
(Tik 2 Tk 2+] k)
bre7(l) = 4 ;
(Tik 1 Tix 2+]  K)

i=1
i6j

wherej is the row number of the entry wherelT * and T di er and Ty is the
position of the rightmost entry  k in row i.

Since
01 o ol
o .
1 :
g(2)=RB: z E z2C;
1
0
0 0 1
01 o0 ol
0
1 z :
g 1i(2)= : 0o 1 ; z2C;
0
0 0 1
01 o0 ol
o
_ 1 ol .
gi 1(2)=8 . ; z2C;
: z 1
. 0
0 0 1

generateGL (n; C), the action of these matrices on the basis vectors will
determine the action of all ofGL (n; C) on the spaceV . The action of these
generators is given by:

g (2)vr = S(# of i'sin T)VT;
. 1
O 1i(Z)vr = €5 Yvr = (1+ zEj 15+ 522Ei2 it o)V
y 1
Oi 1(2)vr = €50 tvp =(1+ zE; 1+ EzzEfi Lt Vv

b(S; T) is the box whereS and T di er,
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r(b(S;T)) is the row number of the boxh(S; T),
p(b(S; T)) is the position of the box(S; T) in its row,
p( k;i) is the position of the rightmost entry .

(C3) The Borel-Weil-Bott construction

Let be a partition. Then de nes a character (one-dimensional repre-
sentation) of the group T, of diagonal matrices inG = GL(n;C). This
character can be extended to the grou® = B, of upper triangular ma-
trices in G = GL(n; C) by letting it act trivially on U, the group of upper
unitriangular matrices in G = GL(n; C). Then the ber product

L =G B
is a line bundle onG=B. Finally,
V = HY%G=B;L );

where H°(G=B;L ) is the space of global sections of the line bundle
L . More details on the construction of the character and the line bundle
L are given in Appendix A6.

S. Special/Interesting representations

(S1) Let
00 1 1
@ GL(k;C) A 0
GL(k) GL() = 0 1 GL(n); wherek + * = n.
0 @ GL(;C) A
Then 5 X
Y GL (n) _ .
Vv yGL(k) oLy " c (V V),
wherec is the number of column strict llings of = with content
such that the word of the lling is a lattice permutation. The positive

integersc are the Littlgwood-Richardson coe cients that appeared earlier in

the decomposition ofS S’:” ¢ interms of S S .

k
We may write this expansion in the form

2 X
v GL (n) — (F) (F).
v yGL(k) GL() v v :
F llings

We could do this precisely if we wanted. We won't do it now, buthe
point is that it may be nice to write this expansion as a sum ovecombi-
natorial objects. This will be the form in which this will be generalized
later.
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(S2) LetV andV be irreducible polynomial representations o&L(n). Then
X

V V = c V ;

whereGL(n) actsonV V byg(m n)=gm gn,forg2 GL(n;C), m2
V andn 2 V . Amazingly, the coecients ¢ are the Littlewood-
Richardson coe cients again. These are the same coe cients that ap-
peared in the(S1) case above and in th¢S1) case for the symmetric group.

Remarks
(1) There is a strong similarity between the results for theysnmetric group and

(@)

the results forGL(n; C). One might wonder whether there is any connection
between these two pictures.

There are TWO DISTINCT ways of making concrete connections
between the representation theories of ~ GL(n; C) and the symmetric
group. In fact these two are so di erent that DIFFERENT SYMMET-
RIC GROUPS are involved.

(@) If is a partition of n then the \zero weight space”, or (11;:::;1)
weight space, of the irreducibleGL (n; C)-module V is isomorphic to
the irreducible moduleS for the group S,, where the action ofS, is
determined by the fact that S, is the subgroup of permutation matrices
in GL(n; C). This relationship is re ected in the combinatorics: the
standard tableaux of shape are exactly the column strict tableaux of
shape which are of weight = (1;1;:::;1).

(b) Schur-Weyl duality, seexA5 in the appendix, says that the action of
the symmetric group S, on V ¥ by permutation of the tensor factors
generates the full centralizer of theGL (n; C)-action on V ¥ where V
is the standard n-dimensional representation ofGL(n; C). By double
centralizer theory, this duality induces a correspondencketween the
irreducible representations ofGL (n; C) which appear inV ¥ and the
irreducible representations of5, which appear inV X. These represen-
tations are indexed bypartitions  of k.

It is important to note that the word character has two di erent and com-
monly used meanings and the use of the word character(63) is di erent
than in Section 1. In(C3) above the word character meansne dimensional
representation This terminology is used particularly (but not exclusivey)
in reference to representations of abelian groups (like tlggoup T,, in (C3) ).
In general one has to infer from the context which meaning istended.

(3) The indexing and the formula for the characters of the ieducible representa-
tions is due to Schur [Scl].

(4) The formula for the dimensions of the irreducibles as theaumber of column
strict tableaux follows from the work of Kostka [Kk] and Schu[Sc1]. The \hook-
content" formula appears in [Mac] Ix3 Ex. 4, where the book of Littlewood
[Lw] is quoted.
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(5) The construction of the irreducibles by Young symmetriers appeared in 1939 in
the in uential book [Wy1] of H. Weyl. It was generalized to the symplectic and
orthogonal groups by H. Weyl in the same book. Further impoént information
about this construction in the symplectic and orthogonal cses is found in [Be2]
and [KWe]. It is not known how to generalize this constructio to arbitrary
complex semisimple Lie groups.

(6) The Gelfan'd-Tsetlin basis construction originates fsm 1950 [GT1]. A similar
construction was given for the orthogonal group at the samente [GT2] and
was generalized to the symplectic group by Zhelobenko, s@1-2]. This con-
struction does not generalize well to other complex semigihe groups since it
depends crucially on a towelG G Gk f 1g of \nice" Lie groups
such that all the combinatorics is controllable.

(7) The Borel-Weil-Bott construction is not a combinatorid construction of the
irreducible moduleV . It is very important because it is a construction that
generalizes well to all other compact connected real Lie gius.

(8) The facts about the special representations which we hagiven above are found
in Littlewood's book [Lw].

4. Answers for finite dimensional complex semisimple Lie algeb ras g

Although the foundations for generalizing theGL (n; C) results to all complex
semisimple Lie groups and Lie algebras were laid in the fundantal work of Weyl
[Wy2] in 1925, it is only recently that a complete generalizeon of the tableaux re-
sults for GL (n; C) has been obtained by Littelmann [Li2]. The results which wetate
below are generalizations of those given f@&L (n; C) in the last section; partitions
get replaced by points in a lattice called®*, and column strict tableaux get replaced
by paths. See the Appendix A7 for some basics on complex samde Lie algebras.

I. What are the irreducible g-modules?

(&) How do we index/count them?

There is a bijection

2 P* . irreducible representations V ;

where P* is the cone of dominant integral weights for g. The set
P* is described in Appendix A8.
(Ib) What are their dimensions?

The dimension of the irreducible representation V is given by
dim(V )= # of pathsin P
B Y h o+ i .
>0 hy i
where
= % , is the half sum of the positive roots,
>0

is the straight line path from Oto ,and
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P =ff, f, J1 iy::5;ik ng, where
fq;:::;f, are the path operators introduced in [Li2].
We shall not de ne the operatorsf; here (or in the appendix, see [Li2]), let
us just say that they act on paths and they are partial permutéons in the
sense that iff; acts on a path then the result is either O or another path.
See Appendix A8 for a few more detalils.
(c) What are their characters?

The character of the irre%cible module V is given by
char(V ) = e®
2P
2w "(w)ert )
I w2W "(w)eW
where (1) is the endpoint of the path . These expressions live
in the group algebra of the weight latticeP, C[P] = spanfe | 2 Pg;

where e is a formal variable indexed by and the multiplication is
givenbyee =e* ;for ; 2 P. See Appendix A7 for more details.

S. Special/lnteresting representations

(S1) Let ] g be a Levi subalgebra ofy (this is a Lie algebra corresponding
to a subgraph of the Dynkin diagram which corresponds tg). The subalge-
bra | corresponds to a subsed of the setf 4;:::; ,g of simple roots. The
restriction rule from gto |is
2 X
vyl= v
where
the sum is over all paths 2P suchthat 2 C,
2 C, means that h(t); ;i O forall t2[0;1]and all ;2 J.
(S2) The tensor product of two irreducible modules is given b y

X
vV V = \VARROK

where the sum is over all paths 2P  such that 2 C,

and are straight line paths from Oto and Oto , respectively,
P is as in (Ib),

is the path obtained by attaching to the end of , and
( ) 2 C means that K )(t); i 0, for all t2 [0;1] and all
simple roots ;.

Notes and references

(1) The indexing of irreducible representations given ifla) is due to Cartan and
Killing, the founders of the theory, from around the turn of hie century. Intro-
ductory treatments of this result can be found in [FH] and [Ha].
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(2) The rst equality in (Ib) is due to Littelmann [Lil], but his later article [Li2]
has some improvements and can be read independently, so weoramend the
later article. This formula for the dimension of the irredudle representation,
the number of paths in a certain set, is exactly analogous tdé formula in the
GL(n; C) case, the number of tableaux which satisfy a certain condin. The
second equality is the Weyl dimension formula which was oilly proved in
[Wy2]. It can be proved easily from the Weyl character formal given in (Ic) ,
see [Hul] and [Ste4] Lemma 2.5. This product formula is an dogue of the
\hook-content" formula given in the GL(n; C) case.

(3) A priori, it might be possible that the set P is an in nite set, at least the
way that we have de ned it. In fact, this set is always nite ard there is a
description of the paths that are contained in it. The pathsn this set are called
Lakshmibai-Seshadri pathssee [Li2]. The explicit description of these paths
is a generalization of the types of indexings that were used the \standard
monomial theory" of Lakshmibai and Seshadri [LS].

(4) The rst equality in (Ic) is due to Littelmann [Li2]. This formula, a weighted
sum over paths, is an analogue of the formula for the irredusde character of
GL(n; C) as a weighted sum of column strict tableaux. The second ediia in
(Ic) is the celebrated Weyl character formula which was originigl proved in
[Wy2]. A modern treatment of this formula can be found in [BtD, [Hul], and
[Va].

(5) The general restriction formula(S1) is due to Littelmann [Li2]. This is an
analogue of the rule given in(S1) of the GL(n; C) results. In this case the
formula is as a sum over paths which satisfy certain conditis whereas in the
GL(n; C) case the formula is a sum over column strict llings which d&sfy a
certain condition.

(6) The general tensor product formula in(S2) is due to Littelmann [Li2]. This
formula is an analogue of the formula given i(S2) of the GL(n; C) results.

(7) The results of Littelmann given above are some of the mosixciting results
of combinatorial representation theory in recent years. Téy were very much
inspired by some very explicit conjectures of Lakshmibaigs [LS], which arose
out of the \standard monomial theory" developed by Lakshmiki and Seshadri.
Although Littelmann's theory is actually much more generathan we have stated
above, the special set of pathP  used in(lb-c) is a modi ed description of
the same set which appeared in Lakshmibai's conjecture. Ather important
in uence on Littelmann in his work was Kashiwara's work on c¢ystal bases [Ksh].

Part 1l
5. Generalizing the S, results

Having the above results for the symmetric group in hand we wdd like to try to
generalize as many of th&, results to other similar groups and algebras as we can.
Work along this line began almost immediately after the diswery of the S, results
and it continues today. In the current state of results this s been largely
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(1) successful for the complex re ection groupsG(r; p; n) and their \Hecke alge-
bras,"

(2) successful for tensor power centralizer algebras and thenanalogues, and

(3) unsuccessful for general Weyl groups and nite Coxeter groups.

Let us give a brief description of what the objects are i), (2) , and (3) . For more
precise de nitions and discussion of everything below segpendix B.

Definitions

(1) Complex re ection groups G(r; p; n) and their Hecke algebras
The complex re ection groupsG(r; p; n)

A nite Coxeter group is a nite group which is generated by re ections in
R". In other words, take a bunch of linear transformations oR" which are re ections
(in the sense of re ections and rotations in the orthogonalrgup) and see what group
they generate. If the group is nite then it is a nite Coxeter group. Actually, this
de nition of nite Coxeter group is not the usual one (for that see Appendix Bl),
but since we have the following theorem we are not too far asiy.

Theorem 5.1. A group is a nite group generated by re ections if and only ifit is
a nite Coxeter group.

The nite Coxeter groups have been classi ed completely anthere is one group of
each of the following \types"

An; Bn; Dn; Ee E7; Es; Fa; Hs; Hgp oor Ix(m):

The nite crystallographicre ection groups are calledWeyl groupsbecause of their
connection with Lie theory. These are the nite Coxeter grops of types

An; Bn; Dn; Ee; E7; Eg; Fs; and Gy = 1,(6):

A complex re ection group is a group generated by complex re ections,
i.e. invertible linear transformations of C" which have nite order and
which have exactly one eigenvalue that is not 1. Every nite Coxeter group
is also a nite complex re ection group. The nite complex reection groups have
been classi ed by Shephard and Todd [ST] and each such growgpane of the groups
(@) G(r;p;n), wherer; p; n are positive integers such thap dividesr, or
(b) one of 34 \exceptional" nite complex re ection groups.
The groups G(r; p; n) are very similar to the symmetric group S, in many ways
and this is probably why generalizing theS, theory has been so successful for these
groups. The symmetric groups and the nite Coxeter groups afypes B, and D,
are all special cases of the grougs(r; p; n).

The \Hecke algebras" of re ection groups

The Iwahori-Hecke algebra of a nite Coxeter group W is an algebra which
is a g-analogue, or ¢-deformation, of the group algebra  W. See Appendix B3
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for a proper de nition of this algebra. It has a basisT,,, w 2 W, (so it is the same
dimension as the group algebra aV) but the multiplication in this algebra depends
on a particular numberqg 2 C, which can be chosen arbitrarily. These algebras are
true Hecke algebras only wheNV is a nite Weyl group.

The \Hecke algebras" of the groups G(r; p; n) are g-analogues of the group
algebras of the groups G(r;p;n). Itis only recently (1990-1994) that they have
been de ned. Itis important to note that these algebras are ot true Hecke algebras.
In group theory, a Hecke algebra is a very speci ¢ kind of dould coset algebra and
the \Hecke algebras" of the group$(r; p; n) do not t this mold. See Appendix B3-4
for the proper de nition of a Hecke algebra and some discuesi of how the \Hecke
algebras” for the groupsG(r; p; n) are de ned.

(2) Tensor power centralizer algebras

A tensor power centralizer algebra is an algebra which is iso morphic to
Ends(V ¥) for some group (or Hopf algebra) G and some representation V
of G. In this de nition

Endg(V )= fT 2 End(V ¥)jTgv=gTv;forallg2 Gandallv2V kg

There are some examples of tensor power centralizer algebthat have been partic-
ularly important:

(a) The group algebrasCSy, of the symmetric groupsSy,
(b) The Iwahori-Hecke algebrasH(q), of type Ax 1,

(c) The Temperley-Lieb algebrasT Ly (x),

(d) The Brauer algebras,Bi(x),

(e) The Birman-Murakami-Wenz| algebrasBMW (r; Q).
(f) The spider algebras,

(f) The rook monoid algebras,

(9) The Solomon-lwahori algebras,

(h) The wall algebras,

(i) The gwall algebras,

() The partition algebras.

We certainly do not have space to discuss all of these objeats this paper, and
thus we will limit ourselves to the cases (a)-(e) in our dis@sion below and in the
Appendix, xB5-8. References for the remaining cases are as follows.

The spider algebrasThese algebras were written down combinatorially and stued
by G. Kuperberg [Ku4-5].

The rook monoid algebrasL. Solomon (unpublished work) recognized that this very
natural monoid (the combinatorics of which has also been slied in [GR]) appears
as a tensor power centralizer.

The Solomon-Iwahori algebrasThis algebra was introduced in [Sol]. The fact that
it is a tensor power centralizer algebra is an unpublished gelt of L. Solomon, see
[So2].



22 HELENE BARCELO AND ARUN RAM

The wall algebras.These algebras were introduced in a nice combinatorial form
[BC] and in other forms in [Ko] and Procesi [Pr] and other oldeinvariant theory
works [Wy]. All of these works were related to tensor power cealizers and/or
fundamental theorems of invariant theory.

The g-wall algebrasThese algebras were introduced by Kosuda and Murakami [KM1-
2] and studied subsequently in [Le] and [Hal-2].

The partition algebras. These algebras were introduced by V. Jones in [Jo1] and have
been studied subsequently by P. Martin [Ma].

Notes and references for answers to the main questions

Some partial results giving answers to the main questionsrfthe complex re ection
groups G(r; p; n), their \Hecke algebras”, the Temperley-Lieb algebras, th Brauer
algebras, and the Birman-Murakami-Wenz| algebras can beuiod in Appendix B.
The appropriate references are as follows.

(1) Complex re ection groups G(r; p; n) and their Hecke algebras

The complex re ection groupsG(r; p; n)

I. What are the irreducible modules?

The indexing, dimension formulas and character formulas rféhe representations of
the groupsG(r; p; n) are originally due to

Young [Y1] for nite Coxeter groups of typesB,, and D,, and

Specht [Spc] for the groups(r; 1; n).
We do not know who rst did the general G(r; p; n) case but it is easy to generalize
Young and Specht's results to this case. See [Ari] and [HR2Jrfrecent accounts.

Essentially what one does to determine the indexing, dimenss and the characters

of the irreducible modules is to use Cli ord theory to reduceghe G(r; 1;n) case to
the case of the symmetric grougs,. Then one can use Cliord theory again to
reduce theG(r; p; n) case to theG(r; 1;n) case. The original reference for Cli ord
theory is [Cl] and the book by Curtis and Reiner [CR2] has a ma&dn treatment.
The articles [Ste3] and [HR2] explain how the reduction frors(r; p; n) to G(r; 1;n)
is done. The dimension and character theory for the cas&r; 1;n) has an excellent
modern treatment in [Mac], Appendix B to Chapter I.

C. How do we construct the irreducible modules?

The construction of the irreducible representations by Yaug symmetrizers was ex-
tended to the nite Coxeter groups of typesB,, and D,, by Young himself in his paper
[Y3]. The authors don't know when the general case was rst ¢gated in the litera-
ture, but it is not di cult to extend Young's results to the ge neral caseG(r; p; n).
The G(r; p; n) case does appear periodically in the literature, see forample [All.
Young's seminormal construction was generalized to the \lake algebras"” of5(r; p; n)
in the work of Ariki and Koike [AK] and Ariki [Ari]. One can easily set q=1 in the
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constructions of Ariki and Koike and obtain the appropriateanalogues for the groups
G(r; p;n). We do not know if the analogue of Young's seminormal consiction for
the groups G(r; p; n) appeared in the literature previous to the work of Ariki and
Koike on the \Hecke algebra" case.

S. Special/lnteresting representations.

The authors do not know if the analogues of the&s, results, (S1-3) of Section 2,
have explicitly appeared in the literature. It is easy to ussymmetric functions and
the character formulas of Specht, see [Mac] Chpt. I, App. Botderive formulas for
the G(r; 1;n) case in terms of the symmetric group results. Then one praads as
described above to compute the necessary formulas f3(r;p;n) in terms of the
G(r; 1;n) results. See [Ste3] for how this is done.

The \Hecke algebras” of re ection groups

The de nition.
The \Hecke algebras" corresponding to the group&(r; p; n) were de ned by
Ariki and Koike [AK], for the case G(r; 1;n), and

Browe and Malle [BM] and Ariki [Ari], for the general caseG(r; p; n).

See Appendix B4 for a de nition of these algebras and some piat answers to the
main questions. Let us give references to the literature féhe answers to the main
questions for these algebras.

. What are the irreducibles?

The results of Ariki-Koike [AK] and Ariki [Ari] say that the \ Hecke algebras" of
G(r; p; n) are g-deformations of the group algebras of the groups(r; p;n). Thus,
it follows from the Tits deformation theorem (see [Ca] ChaptlO, 11.2 and [CR2]
x68.17) that the indexings and dimension formulas for the ieducible representations
of these algebras must be the same as the indexings and dimengormulas for the
groups G(r; p; n). Finding analogues of the character formulas requires athnore
work and a Murnaghan-Nakayama type rule for the \Hecke algehs" of G(r; p;n)
was given by Halverson and Ram [HR2]. As far as we know, the faula for the
irreducible characters ofS, as a weighted sum of standard tableaux which we gave
in the symmetric group section has not yet been generalized the case ofs(r; p; n)
and its \Hecke algebras".

C. How do we construct the irreducible modules?

Analogues of Young's seminormal representations have begimen by
Hoefsmit [Hfs] and Wenzl [Wz1], independently, for IwahotiHecke algebras of

type An 1,

Hoefsmit [Hfs], for Iwahori-Hecke algebras of typeB, and D,
Ariki and Koike [AK] for the \Hecke algebras" of G(r; 1;n), and
Ariki [Ari] for the general \Hecke algebras" of G(r; p; n).
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There seems to be more than one appropriate choice for the &gue of Young
symmetrizers for Hecke algebras. The de nitions in the lit@ture are due to

Gyoja [Gy], for the lwahori-Hecke algebras of typeA, 1,

Dipper and James [DJ1] and Murphy [M1-2] for the Iwahori-Hede algebras of typeA, 1,

King and Wybourne [KW] and Duchamp, et al [DK] for the Iwahori -Hecke algebras of typeA, 1,

Dipper, James, and Murphy [DJ2], [DJM] for the Iwahori-Hecke algebras of typeB,

Pallikaros [Pa], for the Iwahori-Hecke algebras of typeD,.

Mathas [Mth] and Murphy [M3], for the \Hecke algebras" of G(r;p;n).

The paper [GL] also contains important ideas in this directin.

S. Special/Interesting representations.

It follows from the Tits deformation theorem (or rather, an &tension of it) that the
results for the \Hecke algebras" ofG(r; p; n) must be the same as for the case of the
groups G(r; p; n).

(2) Tensor power centralizer algebras

The de nitions.

The references for the combinatorial de nitions of the vagus centralizer algebras
are as follows.

Temperley-Lieb algebras.These algebras are due, independently, to many di erent
people. Some of the discoverers were Rumer-Teller-Weyl |RT, Penrose [P1-2],
Temperley-Lieb [TL], Kaufmann [Ka] and Jones[Jo2]. The wdr of V. Jones was
crucial in making them so important in combinatorial repreentation theory today.

The Iwahori-Hecke algebras of typ8&, 1. Iwahori [Iw] introduced these algebras in
1964 in connection withGL (n; Fg). Jimbo [Ji] realized that they arise as tensor power
centralizer algebras for quantum groups.

Brauer algebras. These algebras were de ned by Brauer in 1937 [Br]. Brauer als
proved that they are tensor power centralizers.

Birman-Murakami-Wenz| algebras. These algebras are due to Birman and Wenzl
[BW] and Murakami [Mul]. It was realized early [Re] [Wz3] thathese arise as
tensor power centralizers but there was no proof in the litature for some time. See
the references in [CPk10.2.

. What are the irreducibles?

Indexing of the representations of tensor power centralizalgebras follows from
double centralizer theory (see Weyl [Wy1l]) and a good undeanding of the index-
ings and tensor product rules for the group or algebra which is centralizing (i.e.
GL(n; C), O(n; C), Ugsl(n), etc.). The references for resulting indexings and dimen-
sion formulas for the irreducible representations are aslhwowvs:

Temperley-Lieb algebrasThese results are classical and can be found in the book by
Goodman, de la Harpe, and Jones [GHJ].
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Brauer algebras.These results were known to Brauer [Br] and Weyl [Wy]. An impe
tant combinatorial point of view was given by Berele [Bel-24nd further developed
by Sundaram [Sul-3].

Iwahori-Hecke algebras of typd,, ;. These results follow from the Tits deformation
theorem and the corresponding results for the symmetric gup.

Birman-Murakami-Wenz| algebras. These results follow from the Tits deformation
theorem and the corresponding results for the Brauer algedr

The indexings and dimension formulas for the Temperley-Lieand Brauer algebras
also follow easily by using the techniques of the Jones basimnstruction, see [Wz2]
and [HR1].

The references for the irreducible characters of the varisuensor power centralizer
algebras are as follows:

Temperley-Lieb algebras Character formulas can be derived easily by using Jones
Basic Construction techniques [HR1].

Iwahori-Hecke algebras of typ&, 1. The analogue of the formula for the irreducible
characters ofS,, as a weighted sum of standard tableaux was found by Roichman
[Ro]. Murnaghan-Nakayama type formulas were found by sewrauthors [KW],
[vdd], [VK], [SU], and [Raz2].

Brauer algebras and Birman-Murakami-Wenz| algebrasMurnaghan-Nakayama type
formulas were derived in [Ral] and [HR1], respectively.

Brauer algebra and Birman-Murakami-Wenz| algebra analogs of the formula for
the irreducible characters of the symmetric groups as a wéigd sum of standard
tableaux have not appeared in the literature.

C. How do we construct the irreducibles?

Temperley-Lieb algebrasAn application of the Jones Basic Construction (see [Wz2]
and [HR1]) gives a construction of the irreducible represtations of the Temperley-
Lieb algebras. This construction is classical and has beeadiscovered by many
people. In this case the construction is an analogue of the Maog symmetrizer con-
struction. The analogue of the seminormal construction agars in [GHJ].

Iwahori-Hecke algebras of typd, ;. The analogue of Young's seminormal construc-
tion for this case is due, independently, to Hoefsmit [Hfsja Wenzl [Wz1]. Analogues
of Young symmetrizers (di erent analogues) have been givdsy Gyoja [Gy] and Dip-
per, James, and Murphy [DJ1], [M1-2], King and Wybourne [KWhnd Duchamp, et
al. [DK].

Brauer algebras.Analogues of Young's seminormal representations have begen,
independently, by Nazarov [Nz] and Leduc and Ram [LR]. An at@gue of the Young
symmetrizer construction can be obtained by applying the Jws Basic Construction
to the classical Young symmetrizer construction and this ithe one that has been
used by many authors [BBL], [HW], [Ke], [GL]. The actual elerant of the algebra
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which is the analogue of the Young symmetrizer involves a desl idempotent for
which there is no known explicit formula and this is the reasothat most authors
work with a quotient formulation of the appropriate module.

Birman-Murakami-Wenz| algebras.Analogues of Young's seminormal representations
have been given by Murakami [Mu2] and Leduc and Ram [LR]. The ethods in the
two works are di erent, the work of Murakami uses the physidaheory of Boltzmann
weights and the work of Leduc and Ram uses the theory of ribbdthopf algebras and
guantum groups. Exactly in the same way as for the Brauer algea, an analogue
of the Young symmetrizer construction can be obtained by apyng the Jones Basic
Construction to the Young symmetrizer constructions for te Iwahori-Hecke algebra
of type A, 1. As in the Brauer algebra case one should work with a quotiefdrmu-
lation of the module to avoid using a central idempotent for Wich there is no known
explicit formula.

(3) Re ection groups of exceptional type.

Generalizing the S, theory to nite Coxeter groups of exceptional type, nite
complex re ection groups of exceptional type and the corrpsnding Iwahori-Hecke
algebras, has been largely unsuccessful. This is not to séat there haven't been
some very nice partial results only that at the moment nobodyas any understand-
ing of how to make a good combinatorial theory to encompassd #he classical and
exceptional types at once. Two amazing partial results algnthese lines are

the Springer construction and the Kazhdan-Lusztig consttion.

The Springer construction is a construction of the irredubie representations of the
crystallographic re ection groups on cohomology of unipeit varieties [Spr]. It is a
geometric construction and not a combinatorial constructin. See Appendix A3 for
more information in the symmetric group case. It is possiblthat this construction
may be combinatorialized in the future, but to date no one hadone this.

The Kazhdan-Lusztig construction [KL1] is a construction bcertain representations

called cell representationsand it works for all nite Coxeter groups. The cell rep-

resentations are almost irreducible but unfortunately notrreducible in general, and

nobody understands how to break them up into irreducibles,xeept in a case by
case fashion. The other problem with these representatioissthat they depend cru-

cially on certain polynomials, the Kazhdan-Lusztig polynmials, which seem to be
impossible to compute or understand well except in very smatases, see [Bre] for
more information. See [Ca] for a summary and tables of the kna facts about

representation of nite Coxeter groups of exceptional type

Remarks

(1) A Hecke algebra is a speci c \double coset algebra™ whictlepends on a group
G and a subgroupB. Iwahori [lw] studied these algebras in the case thab
is a nite Chevalley group andB is a Borel subgroup ofG and de ned what
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are now calledlwahori-Hecke algebras These areg-analogues of the group
algebras of nite Weyl groups. The work of lwahori yields a pesentation for
these algebras which can easily be extended to de ne Iwahétecke algebras for
all Coxeter groups but, except for the original Weyl group cse, these have never
been realized as true Hecke algebras, i.e. double coset latge corresponding
to an appropriate G and B. The \Hecke algebras" corresponding to the groups
G(r; p; n) are g-analogues of the group algebras @(r; p;n). Although these
algebras are not true Hecke algebras either, Brote and Mal[BM] have shown
that many of these algebras arise in connection with non-deing characteristic
representations of nite Chevalley groups and Deligne-La$ig varieties.

(2) There is much current research on generalizing symmaetrmgroup results to a ne
Coxeter groups and a ne Hecke algebras. The case of ane Coker groups
was done by Kato [Kat] using Cli ord theory ideas. The case o ne Hecke
algebras has been intensely studied by Lusztig [Lul-7], Kadan-Lusztig [KL2],
and Ginzburg [G], [CG], but most of this work is very geometd and relies on
intersection cohomology/K-theory methods. Hopefully som of their work will
be made combinatorial in the near future.

(3) Wouldn't it be great if we had a nice combinatorial represntation theory for
nite simple groups!!

6. Generalizations of GL(n; C) results

There have been successful generalizations of #B& (n; C) results for the questions
(la-c), (S1), (S2) to the following classes of groups and algebras.

(1) Connected complex semisimple Lie groups

Examples: SL(n; C), SO(n;C), Sp(2n;C), PGL(n;C), PSO(2n;C), PSp2n;C).
(2) Compact connected real Lie groups.

Examples: SU(n; C), SO(n;R), Sp(n), whereSp(n) = Sp(2n; C)\ U(2n; C).
(3) Finite dimensional complex semisimple Lie algebras.

Examples: sl(n; C), so(n;C), sp(2n;C): See Appendix A7 for the complete
list of the nite dimensional complex semisimple Lie algelas.
(4) Quantum groups corresponding to complex semisimple Lie algebras.

The method of generalizing theGL (n; C) results to the objects in(1-4) is to reduce
them all to case(3) and then solve cas€3). The results for casg3) are given in
Section 4. The reduction of casefl) and (2) to case(3) are outlined in [Se2], and
given in more detail in [Va] and [BtD]. The reduction of(4) to (3) is given in [CP]
and in [Ja].
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Partial results for further generalizations

Some partial results along the lines of the resultda-c) and (S1-2) for GL(n;C)
and complex semisimple Lie algebras have been obtained floe following groups and
algebras.

(1) Kac-Moody Lie algebras and groups
(2) Yangians
(3) Simple Lie superalgebras

Other groups and algebras, for which the combinatorial repsentation theory is not
understood very well, are

(4) Finite Chevalley groups
(5) p-adic Chevalley groups
(6) Real reductive Lie groups
(7) The Virasoro algebra

There are many many possible ways that we could extend thistibut probably these

four cases are the most fundamental cases where the combaratl representation

theory has not been formulated. There has been intense work all of these cases,
but hardly any by combinatorialists. Thus there are many beatiful results known

but very few of them have been stated or interpreted through aombinatorialists

eyes. The world is a gold mine, yet to be mined!

Notes and references

(1) An introductory reference to Kac-Moody Lie algebras isKc] . This book con-
tains a good description of the basic representation theoof these algebras. We
don't know of a good introductory reference for the Kac-Mooggroups case, we
would suggest beginning with the paper [KK] and following ta references there.

(2) The basic introductory reference for Yangians and theibasic representation
theory is [CP], Chapter 12. See also the references givenrthe

(3) The best introductory reference for Lie superalgebras Scheunert's book [Sch].
For an update on the combinatorial representation theory ahese cases see the
papers [Srg], [BR], [BRS], and [Snv].

(4) Finding a general combinatorial representation theorfor nite Chevalley groups
has been elusive for many years. After the fundamental work &.A. Green [Gr]
in 1955 which established a combinatorial representatiorn¢ory for GL (n; Fq)
there has been a concerted e ort to extend these results tolwr nite Chevalley
groups. G. Lusztig [Lu8-11] has made important contributios to this eld; in
particular, the results of Deligne-Lusztig [DL] are fundarantal. However, this is
a geometric approach rather than a combinatorial one and the is much work
to be done for combinatorialists, even in interpreting the lkown results from
combinatorial viewpoint. A good introductory treatment of this theory is the
book by Digne and Michel [DM]. The original work of Green is ®gated in [Mac]
Chapt. IV.
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(5) The representation theory ofp-adic Lie groups has been studied intensely by
representation theorists but essentially not at all by comiatorialists. It is
clear that there is a beautiful (although possibly very di cult) combinatorial
representation theory lurking here. The best introductoryeference to this work
is the paper of R. Howe [Ho] op-adic GL(n). Recent results of G. Lusztig [Lu7]
are a very important step in providing a general combinatoal representation
theory for p-adic groups.

(6) The best place to read about the representation theory @éal reductive groups
is in the books of D. Vogan and N. Wallach [AV], [Vgl], [Vg2],Wa].

(7) The Virasoro algebra is a Lie algebra that seems to turn upm every back alley
of representation theory. One can only surmise that it must e a beautiful
combinatorial representation theory that is waiting to be tari ed. A good place
to read about the Virasoro algebra is in [FF].
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Appendix A
Al. Basic Representation Theory

An algebraA is a vector space ovelC with a multiplication that is associative,
distributive, has an identity and satis es the following eation

(ca))a, = ai(ca) = c(aray); forall a;;a, 2 Aandc?2 C.
An A-moduleis a vector spaceM over C with an A-action
A M ! M
(a;m) 7! am;
which satis es
Im=m;
a1 (azm) = (a1az)m;
(a1 + a)m = aym + a,m;
a(cimyg + ¢My) = c(amy) + c(amy):
forall a;a;;a, 2 A, m;my;;m, 2 M andc;;c, 2 C. We shall use the words module
and representationinterchangeably.
A module M is indecomposabléf there do not exist non zeroA-modulesM; and
M, such that
M=M; My
A module M is irreducible or simpleif the only submodules oM are the zero module
0 andM itself. A moduleM is semisimpleif it is the direct sum of simple submodules.
An algebra issimpleif the only ideals of A are the zero ideal 0 andA itself. The
radical rad(A) of an algebraA is the intersection of all the maximal left ideals of
A. An algebra A is semisimpleif all its modules are semisimple. An algebrd is
Artinian if every decreasing sequence of left ideals Afstabilizes, that is for every
chain
Ar Ay Aj
of left ideals of A there is an integerm such that A; = A, foralli m:
The following statements follow directly from the de nitions.

Let A be an algebra.

(a) Every irreducible A-module is indecomposable.

(b) The algebraA is semisimple if and only if every indecomposabl-module is
irreducible.

The proofs of the following statements are more involved arghn be found in [Bou?2]
Chpt. VIII, x6, n°4 and x5, n°3.

Theorem Al.1l.

(a) If A is an Artinian algebra then the radical ofA is the largest nilpotent ideal of
A.
(b) An algebraA is semisimple if and only ifA is Artinian and rad(A) =0:
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(c) Every semisimple algebra is a direct sum of simple algebras.

The case wherA is not necessarily semisimple is often calledodular representa-
tion theory. Let M be anA-module. A composition seriesof M is a chain

M:Mk Mkl Ml Mo:O;

such that, foreach 1 i k, the modulesM;=M; ; are irreducible. The irreducible
modulesM;=M; ; are the factors of the composition series. The following theorem
is proved in [CR1] (13.7).

Theorem Al.2. (Jordan-Helder) If there exists a composition series foiM then
any two composition series must have the same multiset ofttas (up to module
isomorphism).

An important combinatorial point of view is as follows: The aalogue of the subgroup
lattice of a group can be studied for anyA-moduleM . More precisely, thesubmodule
lattice L(M) of M is the lattice de ned by the submodules ofM with the order
relations given by inclusions of submodules. The compositi series are maximal
chains in this lattice.

References
All of the above results can be found in [Bou2] Chapt. VIII andCR1].

A2. Partitions and tableaux
Partitions

A partition is a sequence = ( 1;:::; n) of integers such that ; n 0.
It is conventional to identify a partition with its Ferrers diagram which has ; boxes
in the ith row. For example the partition = (55422211) has Ferrers diagram

= (55422211)

We number the rows and columns of the Ferrers diagram as is eentionally done for
matrices. Ifx is a box in then the contentand the hook lengthof x are respectively
given by

cx)=j i if X is in position (i;j) 2 , and

TR B where ? is the length of thej th column of
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o 11 2 3 4 12| 9| 5| 4 P

-1 0 1] 2 11| 8 4 3 1

2-1(0 1 9| 6 1

-31|-2 6| 3

4|3 5| 2

5|-4 41 1

-6 | 2]

7] 1]

Contents of the boxes Hook lengths of the boxes
If and are partitions such that the Ferrers diagram of is contained in the
Ferrers diagram of then we write and we denote the di erence of the Ferrers
diagrams by = . We refer to = as ashapeor, more speci cally, askew shape
= =(55422211)5(32211)

Tableaux

Suppose that hask boxes. Astandard tableauwf shape is a lling of the Ferrers
diagram of with 1;2;::: ;k such that the rows and columns are increasing from left
to right and from top to bottom respectively.

1

3| 6|10] 14|16
4| 8|15/17
7112

18| 21

Let = be a shape. Acolumn strict tableauof shape = lled with 1 ;2;:::nis

a lling of the Ferrers diagram of = with elements of the setf1;2;::: ;ng such

that the rows are weakly increasing from left to right and thecolumns are strictly

increasing from top to bottom. Theweightof a column strict tableauT is the sequence
of positive integers =( 1;:::; n), where ; is the number ofi'sin T.
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Ol |[N|[w|N (P
ol
(&)

e =
‘,_“ooowmwmp—-

Shape = (55422211)
Weight = (33323122111)

The word of a column strict tableauT is the sequencav = w;w, W, obtained by
reading the entries of T from right to left in successive rows, starting with the top
row. Aword w = w; W, is alattice permutation if for each 1 r p and each
1 i n 1the number of occurrences of the symbolin w;  w; is not less than
the number of occurences af+1in w;  w;.

1] 1 1] 1
3| 4 3| 3

| 3] | 4]

4 5

5| 6 5| 6
7] 7]
8] L 8]

w = 1122143346578 w = 1122133456578
Not a lattice permutation Lattice permutation

A border stripis a skew shape= which is

(a) connected (two boxes are connected if they share an edga)d
(b) does not contain a 2 2 block of boxes.

The weight of a border strip = is given by
wi(= )=( 1%

wherer( = ) is the number of rows in =

[ ]
= =(86333)=(5222)
wi(= )=( 1)°°
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Let and =( q;:::; ) be partitions of n. A -border strip tableauof shape is
a sequence of partitions

T=(; = (0) (1) C 1 () = )
such that, foreach 1 i °,
(@ =0 Y s a border strip, and
(b) j W= 0 Dj=
The weight of a -border strip tableauT of shape is
y!? o
wt(T)=  wt( O= 0 Dy (A2:1)

i=1

Theorem A2.2. (Murnaghan-Nakayama rule) Let and be partitions of n and
let () denote the irreducible character of the symmetric group, indexed by
evaluated at a permutation of cycle typeX Then

()= wyT);
T

where the sum is over all -border strip tableauxT of shape andwt(T) is as given
in (A2.1).

References

All of the above facts can be found in [Mac] Chapt. I. The proodf theorem (A2.2)
is given in [Mac] Ch. Ix7, Ex. 5.

A3. The flag variety, unipotent varieties, and Springer theory for
GL(n; C)

Borel subgroups, Cartan subgroups, and unipotent elements

The groups 80 19
3 .
0 :
3= r §8
50 % 19
0 0 2
25, §_
To= B ;
2 & O’B
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are the subgroups ofGL(n; C) consisting of upper triangular, diagonal, and upper
unitriangular matrices, respectively.

A Borel subgroupof GL(n; C) is a subgroup which is conjugate td,.

A Cartan subgroupof GL(n; C) is a subgroup which is conjugate td,.

A matrix u 2 GL(n;C) is unipotent if it is conjugate to an upper unitriangular
matrix.

The ag variety

There is a one-to-one correspondence between each of thimfohg sets:

(1) B = fBorel subgroups ofGL (n; C)g,

(2) G=B, whereG = GL(n;C) and B = B,,,

(3 fags0O Vi V, V, = C" such that dim(V;) = ig.
Each of these sets naturally has the structure of a complexgabraic variety, which
is called the ag variety.

The unipotent varieties

Given a unipotent elementu 2 GL (n; C) with Jordan blocks given by the partition
=( 4;:::; -)ofn, dene an algebraic variety

B = B, = fBorel subgroups ofGL (n; C) which contain ug:

By conjugation, the structure of the subvarietyB, of the ag variety depends only
on the partition . Thus B is well de ned, as an algebraic variety.

Springer theory

It is a deep theorem of Springer [Spr] (which holds in the geradity of semisimple
algebraic groups and their corresponding Weyl groups) thdhere is an action of the
symmetric group S, on the cohomologyH (B,) of the variety B,. This action can
be interpreted nicely as follows. The imbedding

B, B induces a surjective map H (B) ! H (By):

It is a famous theorem of Borel that there is a ring isomorphis

H (B) = C[x¢::: X ]=1"; (A3:1)
where | * is the ideal generated by symmetric functions without conant term. It
follows that H (By) is also a quotient ofC[xy;::: ;X,]. From the work of Kraft [Kr],

DeConcini and Procesi [DP] and Tanisaki [Ta], one has that thideal T, which it is
necessary to quotient by in order to obtain an isomorphism

H (By) = Clxs;iii;xn]=Ty;
can be described explicitly.
The symmetric groupS, acts on the polynomial ringC[x1;::: ;Xn] by permuting

the variables. It turns out that the ideal T, remains invariant under this action, thus
yielding a well de ned action of S, on C[xy;::: ;X,]=Ty: This action coincides with
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the Springer action onH (B,). Hotta and Springer [HS] have established that, iti
IS a unipotent eIt;(ment of shape then, for every )p()ermutationw 2 Sy,

q"(wytracew HHZ(By)= K (@ (w);
where

"(w) is the sign of the permutationw,
trace(w ;H?(B,)) is the trace of the action ofw ! on H?(By),

(w) is the irreducible character of the symmetric group evaluad at w, and
K (q) is a variant of the Kostka-Foulkes polynomial, see [Mac] lIx7 Ex. 8,
and x6.

It follows from this discussion and some basic facts about éhpolynomialsK (Q)
that the top degree cohomology group irH (B ) is a realization of the irreducible
representation ofS, indexed by

S = H“(B):
This construction of the irreducible modules of5, is the Springer construction

References

See [Mac] IIx3 Ex. 1 for a description of the varietyB, and its structure. The theorem
of Borel stated in (A3.1) is given in [Bo] and [BGG]. The refances quoted in the
text above will provide a good introduction to the Springer heory. The beautiful
combinatorics of Springer theory has been studied by Barce[Ba], Garsia-Procesi
[GP], Lascoux [L], Lusztig [Lul2], Shoji [Shj], Spaltensie [Sp], Weyman [Wm], and
others.

A4. Polynomial and rational representations of GL(n; C)

If V is a GL(n; C)-module of dimensiond then, by choosing a basis oY/, we can
de ne a map
v:GL(n;C) ! GL(d;C)
g 7! (9);
where (Q) is the transformation of V that is induced by the action ofg on V. Let
g; denote the (;j ) entry of the matrix g, and
(9)x denote the k;l) entry of the matrix (g).

The map depends on the choice of the basis bf, but the following de nitions do
not.

The moduleV is a polynomial representationif there are polynomialspy (X; ), 1
k;1 d, such that

(D = Pua (g ); forall1 k;I d.

In other words (g)jx is the same as the polynomiapy evaluated at the entriesg;
of the matrix g.
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The moduleV is arational representationif there are rational functions (quotients
of two polynomials) py (X )=au (X ), 1 k;I d, such that

(D = P (G )= (g ); foralll k;I n.
Clearly, every polynomial representation is a rational one

The theory of rational representations ofGL(n;C) can be reduced to the theory
of polynomial representations ofGL(n; C). This is accomplished as follows. The
determinant det: GL(n;C) ! C de nes a 1-dimensional (polynomial) representation
of GL(n; C). Any integral power

det‘: GL(n;C) ! C
g 7! det(g)k

of the determinant also determines a 1-dimensional represation of GL(n; C). All

irreducible rational representations GL(n;C) can be constructed in the
form

det* V ;
for some k 2 Z and some irreducible polynomial representation VvV  of
GL(n; C).

There exist representations ofsL(n; C) which are not rational representations, for
example

1 Injdet(g)j

0 1

There is no known classi cation of representations @L (n; C) which are not rational.

g7!

References
See [Stel] for a study of the combinatorics of the rationalpeesentations ofGL (n; C).

A5. Schur-Weyl duality and Young symmetrizers
Let V be the usualn-dimensional representation ofSL(n; C) on column vectors of
length n, that is
V =spanflby;::: ;g where b =(0;:::;0;1,0;:::;0);
and the 1 inh appears in theith entry. Then
V X =spanfh, b,jl 050 ng
is the span of the words of lengthk in the letters b (except that the letters are

separated by tensor symbols). The general linear gro@l (n; C) and the symmetric
group S¢ act onV X by

g(v1 Vk) = gv gW; and (v Vk) =V V (k)

whereg 2 GL(n;C), 2 S, andvy;:::;w 2 V. (We have chosen to make the
Sg-action a right action here, one could equally well choosedhaction of Sy to be a
left action but then the formula would be (v1 Vk) = Vo1 Voo1gl)
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The following theorem is the amazing relationship betweerhé group Sy and the
group GL (n; C) which was discovered by Schur [Scl] and exploited with sushiccess
by Weyl [Wy1].

Theorem A5.1. (Schur-Weyl duality)

(@) The action of Sy on V * generatesEndgn.c)(V ¥).
(b) The action of GL(n; C) onV * generatesEnds, (V ¥).

This theorem has the following important corollary, which povides a intimate cor-
respondence between the representation theory 8f and someof the representations
of GL(n; C) (the ones indexed by partitions ofk).

Corollary A5.2. As GL(n;C) S bimodules
M

vk= Vv s;
Tk
where V is the irreducible GL(n; C)-module andS is the irreducible Sy-module
indexed by .

If is a partition of k, then the irreducible GL (n; C)-representationV is given by
V =V *P(T)N(T);

where T is a tableau of shape and P(T) and N(T) are as de ned in Section 2,
QuestionC.

A6. The Borel-Weil-Bott construction

Let G = GL(n;C) and let B = B,, be the subgroup of upper triangular matrices in
GL(n; C). A line bundle onG=B is a pair (L; p) whereL is an algebraic variety and
p is a map (morphism of algebraic varieties)

p:L! G=B;

such that the bers of p are lines and such thatL is a locally trivial family of lines.
In this de nition, bers means the set *(x) for x 2 G=B and lines means one-
dimensional vector spaces. For the de nition ofocally trivial family of lines see [Sh]
Chapt. VI x1.2. By abuse of language, a line bundld(p) is simply denoted byL.
Conceptually, a line bundle onG=B means that we are putting a one-dimensional
vector space over each point iG=B.

A global sectionof the line bundleL is a map (morphism of algebraic varieties)
s:G=B!L

such that p s is the identity map on G=B. In other words a global section is any
possible \right inverse map" to the line bundle.
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Each partition = ( 4;:::; ,) determines a character (i.e. 1-dimensional repre-
sentation) of the groupT, of diagonal matrices inGL (n; C) via
00 t, 0 0 11
0 t :
%% ’ O§§ =L G
0 0 t,

Extend this character to be a character oB = B, by letting ignore the strictly
upper triangular part of the matrix, thatis (u) =1, forall u2 U,. LetL be the
ber product G g , i.e. the set of equivalence classes of paig, ¢, g2 G,c2 C,
under the equivalence relation

(gb;9 (g; (b Hc);  forallb2 B.
ThenL =G g with the map
p: G & ! G=B
(g;9 7! gB

is a line bundle onG=B:
The Borel-Weil-Bott theorem says that the irreducible repesentationvV of GL,(C)
is
V = HY%G=B;L ):

whereH®(G=B;L ) is the space of global sections of the line bundle .

References

See [FH] and G. Segal's article in [CMS] for further informa@n and references on
this very important construction.

A7. Complex semisimple Lie algebras

A nite dimensional complex semisimple Lie algebiia a nite dimensional Lie algebra
g over C such that rad(g) = 0. The following theorem classi es all nite dimensional
complex semisimple Lie algebras.

Theorem A7.1.

(a) Every nite dimensional complex semisimple Lie algebrg is a direct sum of
complex simple Lie algebras.

(b) There is one complex simple Lie algebra corresponding to leaaf the following
types

An 1; Bn; Cn; Din; Eer Ez; Eg Fa; G
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The complex simple Lie algebras of type&,,, B,, C, and D, are the ones otlassical
type and they are

Type A, 1: sl(in;C)=fA2 M,(C)jTr(A)=0g;
Type By: so2n+1;C)= fA2 M,.1 (C) jA+ At =0g;
Type C,: sp(2n; C) = fA 2 M,,(C) j AJ + JA' =0g;
Type Dy: so2n) = fA2 M5 (C)jA+ At =0g;

whereJ is the matrix of a skew-symmetric form on a 2-dimensional space.

Let g be a complex semisimple Lie algebra. £artan subalgebraof g is a maximal
abelian subalgebra of g. Fix a Cartan subalgebrah of g. If V is a nite dimensional
g-module and : h! C is any linear function, de ne

V =fv2V jhv= (h)v; forall h2 hg:

The spaceV is the -weight spaceof V. It is a nontrivial theorem (see [Se2]) that

M
V = V
2P

where P is a Z-lattice in h which can be identi ed with the Z-lattice P which is
de ned below in Appendix A8. The vector spacén is the space of linear functions
from hto C.

Let C[P] be the group algebra of. It can be given explicitly as

C[P] = C-sparfe j 2 Pg; with multiplication ee =e* ,for ; 2P,
where thee are formal variables indexed by the elements &f. The character of a
g-module is

X
char(V) = dim(V )e :
2P

References

Theorem (A7.1) is due to the founders of the theory, Cartan ahKilling, from the
late 1800's. The beautiful text of Serre [Se2] gives a revieaf the de nitions and
theory of complex semisimple Lie algebras. See [Hul] forther details.

A8. Roots, weights and paths

To each of the \types”, A,, By, etc., there is an associated hyperplane arrangement
A in R":
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Hyperplane arrangement forA,

The spaceR" has the usual Euclidean inner produch; i. For each hyperplane in the
arrangementA we choose two vectors orthogonal to the hyperplane and paimg in

opposite directions. This set of chosen vectors is calledethoot systemR associated
to A.

Root system forA,

There is a convention for choosing the lengths of these vexddut we shall not worry
about that here.

S
Choose a chamber (connected componer@) of R"n ., H.

A chamber for A,
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For each root 2 R we say that is positive if it points toward the same side of
the hyperplane asC is and negativeif points toward the opposite side. It is standard
notation to write

> 0 if is a positive root, and < 0 if is a negative root.

The positive roots which are associated to hyperplanes whiform the walls of C are
the simple rootsf 4;:::; ng. The fundamental weightsare the vectorsf! ;::: ;! g
in R" such that
H; J-—i= i, Where r= ﬁ

Then

X X

P= Z!'; and P* = N!;; where N=Z g;

i=1 i=1
are the lattice of integral weightsand the cone ofdominant integral weights respec-
tively.

(@]
(e} (e} e} e} © ©
Lattice of integral weights Cone of dominant integral weigts

There is a one-to-one correspondence between the irredleilbepresentations ofgy
and the elements of the con®™ in the lattice P.
Let be a pointin P*. Then the straight line path from 0 to is the map
[0:1] ! R"
t 7! t:

Path from O to
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The setP s given by

P =ffi, fi, J1 050k ng
wheref;::: ;f, are the path operators introduced in [Li2]. These paths migHook
like

Path in P

They are always piecewise linear and end in a point iA.

References

The basics of root systems can be found in [Hul]. The referenior the path model
of Littelmann is [Li2].
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Appendix B
B1. Coxeter groups, groups generated by reflections, and Weyl
groups
A Coxeter groupis a groupW presented by generator§ = fs;;::: ;s,g and relations
s?2=1; forda i n,

(sisj)™ =1, forl i6j n,
where eachm;; is either 1 or a positive integer greater than 1.
A re ection is a linear transformation ofR" which is a re ection in some hyperplane.

A nite group generated by re ectionsis a nite subgroup of GL(n; R) which is gen-
erated by re ections.

Theorem B1.1. The nite Coxeter groups are exactly the nite groups geneted by
re ections.

A nite Coxeter group is irreducible if it cannot be written as a direct product of
nite Coxeter groups.

Theorem B1.2. (Classi cation of nite Coxeter groups)

(a) Every nite Coxeter group can be written as a direct productfarreducible nite
Coxeter groups.

(b) There is one irreducible nite Coxeter group correspondingo each of the fol-
lowing \types"

A, 1; Bn; Dn; Eg; E7; Eg; F4; Hsz; Hg; 1x(m):

The irreducible nite Coxeter groups ofclassical typeare the ones of type#\,, 1;B,
and D,, and the others are the irreducible nite Coxeter groups oéxceptional type

(a) The group of type A, 1 is the symmetric groupsS,.

(b) The group of type B, is the hyperoctahedral group Z=27) 0S,, the wreath
product of the group of order 2 and the symmetric grouf®,. It has order 2'nl!.

(c) The group of type D, is a subgroup of index 2 in the Coxeter group of typB,,.

(d) The group of type I ,(m) is a dihedral group of order .

A nite group W generated by re ections inR" is crystallographicif there is a lattice
in R" which is stable under the action ofW. The crystallographic nite Coxeter
groups are also calleWeyl groups The irreducible Weyl groups are the irreducible
nite Coxeter groups of types

An 1; Bn; Dn; Eg; E7; Eg Fa Gy = 1,(6):

References

The most comprehensive reference for nite groups generdtby re ections is [Boul].
See also the book of Humphreys [HuZ2].
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B2. Complex reflection groups

A complex re ectionis an invertible linear transformation of C" of nite order which
has exactly one eigenvalue that is not 1. Acomplex re ection groupis a group
generated by complex re ections inC". The nite complex re ection groups have
been classi ed by Shepard and Todd [ST]. Each nite complexerection group is
either

(&) G(r; p;n) for some positive integers; p; n such that p dividesr, or
(b) one of 34 other \exceptional" nite complex re ection groups.

Let r;p;d and n be positive integers such thatpd = r. The complex re ection
group G(r; p; n) is the set ofn  n matrices such that

(&) The entries are either O orth roots of unity,
(b) There is exactly on nonzero entry in each row and each cofun,
(c) The dth power of the product for the nonzero entries is 1.

The group G(r; p; n) is a normal subgroup ofG(r; 1; n) of index p and
iG(r;p;n)j = dr" In!:
In addition
(@) G(1;1;n) = S, the symmetric group orWeyl group of typeA, 1,
(b) G(2;1;n) is the hyperoctahedral groupr Weyl group of typeB,,
(c) G(r; 1,n) = (Z=rZ) 0S,, the wreath product of the cyclic group of order with

Sh,
(d) G(2;2;n) is the Weyl group of typeD,.

Partial results for G(r; 1;n)

The following are answers to the main question@a-c) for the groupsG(r; 1;n) =
(Z=rZ) 0S,. For the generalG(r; p; n) case see [HR2].

I. What are the irreducible G(r; 1;n)-modules?

(a) How do we index/count them?
There is a bijection

r-tuples = ( ®;:::; () of partitions L
! Irreducible representations

P .
suchthat [, j ®j=n
(b) What are their dimensions?
The dimension of the irreducible representatiol© is given by

dim (C ) = # of standard tableaux of shape
Y Y 1
= n! —;
i=1 x2 (i)
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where hy is the hook length at the boxx. A standard tableau of shape
=( ®;:::; Myis any lling of the boxes of the O with the numbers
1;2;:::;n such that the rows and the columns of each® are increasing.
(c) What are their characters?
A Murnaghan-Nakayama type rule for the characters of the gugps G(r; 1; n)
was originally given by Specht [Spc]. See also [Osi] and [HR2

References

The original paper of Shepard and Todd [ST] remains a basicfeeence. Further
information about these groups can be found in [HR2]. The ades [OS], [Leh],
[Ste3], [Mal] contain other recent work on the combinatorg of these groups.

B3. Hecke algebras and \Hecke algebras" of Coxeter groups

Let G be a nite group and let B be a subgroup ofG. The Hecke algebraf the pair
(G;B) is the subalgeb(ra

)
X
H(G;B) = agg a3 2 C; andag = a, if BgB = BhB:
092G
of the group algebra ofG. The elements
1 X
W= oo g,
J JgZBWB

asw runs over a set of representatives of the double cos&#G=B, form a basis of
H(G;B).

Let G be a nite Chevalley group over the eld F, with g elements and x a Borel
subgroupB of G. The pair (G;B) determines a pair (V; S) where W is the Weyl

group of G and S is a set of simple re ections iflW (with respect to B). The lwahori-

Hecke algebraorresponding toG is the Hecke algebrad (G; B): In this case the basis
elementsT,, are indexed by the elementsv of the Weyl group W corresponding to
the pair (G;B) and the muétiplication Is given by

< Tsw; if “(sw) > (w),
TsTw = .
(@ DTw+ qTew; if (sw) <™ (w),

if sis a simple re ection in W. In this formula "(w) is the length of w, i.e. the
minimum number of factors needed to writev as a product of simple re ections.

A particular example of the Iwahori-Hecke algebra occurs ven G = GL(n; F,) and

B is the subgroup of upper triangular matrices. Then the Weyl @up W, is the
symmetric group S,, and the simple re ections in the setS are the transpositions

si = (i;i +1), 1 i n 1. In this case the algebraH (G;B) is the lwahori-
Hecke algebra of typd\, ; and (as we will see later) can be presented by generators
Ti;:::: Ty 1 and relations
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TiTy =TT, forji jj> 1,
TiTi+1 Ti = Ti+1 TiTi+1; for 1 i n 2!
T2=(q 1T +q, for2 i n.

See Section B5 for more facts about the Iwahori-Hecke algabrof typeA. In particu-
lar, these Iwahori-Hecke algebras also appear as tensor powentralizer algebras, see
Theorem B5.3. This is some kind of miracle: the lwahori-Heelalgebras of typeA are
the only Iwahori-Hecke algebras which arise naturally asnsor power centralizers.

In view of the multiplication rules for the lwahori-Hecke afjebras of Weyl groups it
is easy to de ne a \Hecke algebra" for all Coxeter groups\W; S), just by de ning it
to be the algebra with basésTW, w 2 W, and multiplication
< Tsw; if " (sw) > (w),
TsTw = |
S (@ DTw+ qTsw; if (sw) <7 (w),

if s2 S. These algebras are not true Hecke algebras except wh&nis a Weyl group.

References

For references on Hecke algebras see [CR2] (Vol I, Sectior). 1Eor references on
Iwahori-Hecke algebras see [Boul] Chpt. I¥2 Ex. 23-25, [CR2] Vol. 11x67, and
[Hu2] Chpt. 7. The article [Cu] is also very informative.

B4. \Hecke algebras" of the groups G(r;p;n)

Let g and up; us;:::;u, 1 be indeterminates. LetH. 1., be the algebra over the eld
C(uo;ug;:::;ue 1;0) given by generatorsTy; Ty;::: ; T,, and relations

(1) TT =TT forji jj>1,

(2) TiTisr Ti = Tiwa TiTiwg; for 2 i n 1;

() TiToTiTy = ToT ToTy;

(4) (Ty uo)(Ty wug)) (T u 1)=0;

B) (Ti o(Ti+qhH=0; for2 i n
Upon settingg=1and u; 1 = ' %, where is a primitive rth root of unity, one
obtains the group algebraCG(r; 1;n). In the special case where = 1 and ug = 1,
we haveT; = 1, and Hy.1.n is isomorphic to an Iwahori-Hecke algebra of typ&, ;.

The caseH,1., whenr =2, ug= p, andu; = p 1, is isomorphic to an Iwahori-Hecke
algebra of typeB,.

Now suppose thatp and d are positive integers such thapd = r. Let xg *;::: ;X5 "
be indeterminates, let" = &P be a primitive pth root of unity and specialize the

variablesup;::: ;u, 1 according to the relation

TR l:p
Ud+kp+1 = Xi s
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where the subscripts on theu; are taken modr. The \Hecke algebra"H,,., corre-
sponding to the grougs(r; p; n) is the subalgebra oH 1., generated by the elements

=T, a=T,'T,Ty; and a=T; 2 i n

Upon specializingxi=p = kP, where is a primitive rth root of unity, H,., becomes
the group algebraCG(r; p;n). Thus H..,., is a \gq-analogue" of the group algebra of
the group G(r; p; n).

References

The algebrasH,. 1., were rst constructed by Ariki and Koike [AK], and they were
classi ed as cyclotomic Hecke algebras of typg®,, by Browe and Malle [BM] and the
representation theory ofH ., was studied by Ariki [Ari]. See [HR2] for information
about the characters of these algebras.

B5. The Ilwahori-Hecke algebras Hy(qg) of type A

A k-braid is viewed as two rows ok vertices, one above the other, anll strands that
connect top vertices to bottom vertices in such a way that e&cvertex is incident to
precisely one strand. Strands cross over and under each atirethree-space as they
pass from one vertex to the next.

R TR

We multiply k-braidst; andt, using the concatenation product given by identifying
the vertices in the top row oft, with the corresponding vertices in the bottom row

of t; to obtain the product t;t,.
) )

tit, = j —|”
f{/}

Given a permutationw 2 S we will make ak-braid T,, by tracing the edges in
order from left to right across the top row. Any time an edge tht we are tracing
crosses an edge that has been already traced we raise the pee Yy so that the edge
being traced goes under the edge which is already there. Apiplg this process to all
of the permutations in S produces a set ok! braids.

XA K

Fix g2 C. The lwahori-Hecke algebraH(qg) of type Ax ; is the span of thek!
braids produced by tracing permutations inS, with multiplication determined by
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the braid multiplication and the following identity.

/\/=(q 1) +q\/\:

This identity can be applied in any local portion of the braid

Theorem B5.1. The algebraH(q) is the associative algebra oveC presented by
generatorsTy;::: ; Ty 1 and relations

TiTy =TT, for ji jj> 1,
TiTi+1 Ti = Ti+1 Ti Ti+1, for 1 i n 2,
T?=(q 1T +q, for2 i n.

The Ilwahori-Hecke algebra of typeA is a g-analogue of the group algebra of the
symmetric group. If we allow ourselves to be imprecise (abtaihe limit) we can write

lim Hk(CI) = CS:
q 1

Let g be a power of a primeG = GL(n;F,) where F is the nite eld with q
elements. LetB be the subgroup of upper triangular matrices irG and let 15 be
the trivial representation of B induced to G, i.e. the G-module given by

1S = C-sparfgB j g2 Gg;

where G acts on the cosets by left multiplication. Using the descripn, seexB3,
of H,(g) as a double coset algebra one gets an action kf,(q) on 15, by right
multiplication. This action commutes with the G action.

Theorem B5.2.  (a) The action of H,(g) on 15 generatesEndg(1$):
(b) The action of G on 1§ generatesEndy, ¢ (15):

This theorem gives a \duality" between GL(n; Fq) and H,(q) which is similar to
a Schur-Weyl duality, but it diers in a crucial way: the representation 1S is not
a tensor power representation, and thus this is not yet reaing H,(q) as a tensor
power centralizer.

The following result gives a true analogue of the Schur-Wewluality for the lwahori-
Hecke algebra of typéA, it realizesH(q) as a tensor power centralizer. Assume that
g2 Cis not 0 and is not a root of unity. Let Uysl,, be the Drinfel'd-Jimbo quantum
group of type A, ; and let V be the n-dimensional irreducible representation of
Ugsln with highest weight ! ;. There is an action, see [CP], ofi(¢?) on V * which
commutes with the Ugsl, action.

Theorem B5.3. (@) The action of Hi(¢?) on V * generatesEndy,s, (V ¥):
(b) The action of Ugsl, on V * generatesEndy, g2)(V *):

Theorem B5.4. The Iwahori-Hecke algebra of typdy 1, Hk(Q), is semisimple if
and only if g6 0 and g is not aj th root of unity forany 2 j n.
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Partial results for H(q)

The following results giving answers to the main questionda-c) for the Iwahori-
Hecke algebras of typé\ hold whenq is such that Hy(q) is semisimple.

I. What are the irreducible Hy(g)-modules?

(&) How do we index/count them?

Partitions of n I

There is a bijection

11 . .
Irreducible representations H

(b) What are their dimensions?

The dimension of the irreducible representatioid is given by

dim (H ) = # of standard tableaux of shape
n!
= Q——;

X2 hX
where h, is the hook length at the boxx in

(c) What are their characters?

For each partition =( 4; ,;:::; -)ofklet ( )be the character of the
irreducible representationH evaluated at the elementT where s the

permutation

Then the character ( ) is given by
X
()= wt(T)
T
where the sum is over all standard tableaux T of shape and

Y
wt (T)=  f(@i;T);
i=1
where
( 1, ifi62B()andi+1isswofi,

f(i;T)= 0, ifi;i+162B(),i+lisneofi,and i+2 isswofi+1,

q; otherwise,

and B( )=f 1+ ,+ + 1 k g Inthe formula for f (i; T),
sw means strictly south and weakly west anche means strictly north and
weakly east.
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References

The book [CP] contains a treatment of the Schur-Weyl dualitytype theorem given
above. See also the references there. Several basic reswutshe lwahori-Hecke
algebra are given in the book [GHJ]. The theorem giving the phcit values of q such
that Hy(q) is semisimple is due to Gyoja and Uno [GU]. The character fimula given
above is due to Roichman [Ro]. See [Ra3] for an elementary pfo

B6. The Brauer algebras Bk (x)

Fix x 2 C: A Brauer diagram onk dots is a graph on two rows ofk-vertices, one
above the other, andk edges such that each vertex is incident to precisely one edge
The product of two k-diagramsd; and d, is obtained by placingd, aboved, and
identifying the vertices in the bottom row of d; with the corresponding vertices in
the top row of d,. The resulting graph containsk paths and some numbec of closed
loops. Ifd is the k-diagram with the edges that are the paths in this graph but wh
the closed loops removed, then the produckd, is given byd;d, = ©°d. For example,

if
d; = — and d,= / 7L/M ;
— /_ — —

The Brauer algebraB(x) is the span of thek-diagrams with multiplication given
by the linear extension of the diagram multiplication. The @nension of the Brauer
algebra is

dm(Bx(x))=2k!"=2k 1)2k 3) 3 1,
since the number ok-diagrams is (X)!!.
The diagrams inB(x) which have all their edges connecting top vertices to botto
vertices form a symmetric groupSy. The elements

i i+1 i i+1

L X el T2
1 i k 1, generate the Brauer algebr®(x).
Theorem B6.1. The Brauer algebraBy(x) has a presentation as an algebra by gen-
erators S;S,; 1 1. iS¢ 1, €1.6: .. ;6 1 and relations
s$=1;, €=xe; es=se=¢e; 1 i k I
SiS = SiSi; Si§ =¢€s; e =¢ge; ji jj>1
SiSi+1Si = Si+1S5iSi+1;, €6+16 = 6, €+1664+4 = €41, 1 i k 2

Si€+1€ = Si+1€, €+16Si+1 = €41 S, 1 i k 2
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There are two di erent Brauer algebra analogues of the Schuiveyl duality the-
orem, Theorem A5.1. In the rst one the orthogonal groupO(n; C) plays the same
role that GL(n; C) played in the S¢-case, and in the second, the symplectic group
Sp(2n; C) takes the GL(n; C) role.

Let O(n;C) = fA 2 M,(C) j AA! = | g be the orthogonal group and letv be the
usual n-dimensional representation of the grou®(n; C). There is an action of the
Brauer algebraB(n) on V ¥ which commutes with the action ofO(n; C) on V k.

Theorem B6.2.  (a) The action of Bx(n) on V * generatesEndo(n)(V ¥):
(b) The action of O(n; C) on V ¥ generatesEndg, n)(V ¥):

Let Sp(2n; C) be the symplectic group and letv be the usual 2 -dimensional repre-
sentation of the groupSp(2n; C). There is an action of the Brauer algebrd8y( 2n)
onV ¥ which commutes with the action ofSp(2n; C) on vV k.

Theorem B6.3.  (a) The action of Bx( 2n) onV ¥ generatesEndspizn.c)(V ¥):
(b) The action of Sp(2n; C) on V ¥ generatesEndg, ( 2n)(V *):

Theorem B6.4. The Brauer algebraB(x) is semisimple ifx 62 f 2k +3; 2k +
2.k 29

Partial results for By (x)

The following results giving answers to the main questionda-c) for the Brauer
algebras hold wherx is such that Bi(x) is semisimple.

I. What are the irreducible Bk (x)-modules?
(&) How do we index/count them?
There is a bijection
Partitions of k 2h, h=0;1;:::;bk=2c !
(b) What are their dimensions?
The dimension of the irreducible representatio® is given by

Irreducible representations B .

dim (B ) = # of up-down tableaux of shape and length k
|
= Kon ol 2
2h < Dx

whereh, is the hook length at the boxx in . An up-down tableau of shape
and length k is a sequence;(= ©@; ®: () =) of partitions, such
that each partition in the sequence di ers from the previousone by either
addingor removing a box.
(c) What are their characters?

A Murnaghan-Nakayama type rule for the characters of the Biger algebras
was given in [Ral].



COMBINATORIAL REPRESENTATION THEORY 53

References

(1) The Brauer algebra was de ned originally by R. Brauer [Br] in1937. H. Weyl
treats it in his book [Wy].

(2) The Schur-Weyl duality type theorems are due to Brauer [Br]from his original
paper. See also [Ral] for a detailed description of these Bea algebra actions.

(3) The theorem giving values ok for which the Brauer algebra is semisimple is due
to Wenzl, see [Wz2].

B7. The Birman-Murakami-Wenz| algebras BMW (r;q)

A k-tangleis viewed as two rows ok vertices, one above the other, anld strands that
connect vertices in such a way that each vertex is incident tprecisely one strand.
Strands cross over and under each other in three-space asytipass from one vertex
to the next. For example, the following are 7-tangles:

- /D == - —/

We multiply k-tanglest; andt, using the concatenation product given by identifying
the vertices in the top row oft, with the corresponding vertices in the bottom row
of t; to obtain the product tangle t;t,. Then we allow the following \moves."

Reidemeister moves Il and Il

R X A

)\
(R3) |
~= (]

Given a Brauer diagramd we will make a tangleTy tracing the edges in order from
left to right across the top row and then from left to right acioss the bottom row.
Any time an edge that we are tracing crosses and edge that hasdn already traced
we raise the pen brie y so that the edge being traced goes umdée edge which is
already there. Applying this process to all of the Brauer digrams onk dots produces
a set of (Xk)!! tangles.

X AN X A

Fix r;qg 2 C. The Birman-Murakami-Wenz| algebraBMW (r; q) is the span of
the (2k)!! tangles produced by tracing the Brauer diagrams with mtiblication de-
termined by the tangle multiplication and the Reidemeistermoves and the following
tangle identities.
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|

X o= =t |- 2

CERE

rort
O:x; where x:q ql+1:

The Reidemeister moves and the tangle identities can be apga in any appropriate
local portion of the tangle.

Theorem B7.1. Fixr;q 2 C. The Birman-Murakami-Wenzl algebraBMW ((r; q) is
the algebra generated oveZ by 1;g;; 0 ::: ; Gk 1, Which are assumed to be invertible,
subject to the relations

G00G+19 = G+10GG+1,
g9 = G ifji jj 2
(G rNg+qgNg 9=0;
Eigi 11Ei =r 1Ei and Eigi+]iEi =r lEi;
whereE; is de ned by the equation
(g ah@ E)=g gk

The BMW-algebra is ag-analogue of the Brauer algebra in the same sense that the
Iwahori-Hecke algebra of typ&\ is ag-analogue of the group algebra of the symmetric
group. If we allow ourselves to be imprecise (about the linitve can write

IimlBMWk(q”+1;q): Bi(n):
q

It would be interesting to sharpen the following theorem to rake it an if and only if
statement.

Theorem B7.2 (Wz3). The Birman-Murakami-Wenzl algebra is semisimple if is
not a root of unity andr 6 g"*! for any n 2 Z.

Partial results for BMW (r; Q)

The following results hold whenr and q are such thatBMW (r; q) is semisimple.

I. What are the irreducible BMW (r; q)-modules?

(a) How do we index/count them?
There is a bijection
Partitions of k 2h, h=0;1;:::;bk=2c !

(b) What are their dimensions?

Irreducible representations
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The dimension of the irreducible representatioWV is given by

dim (W ) = # of up-down tableaux of shape and length k
|
= K oen s 2
2h « Nx

where hy is the hook length at the boxx in , and up-down tableaux is as
in the case of the Brauer algebra, see Section B®) .
(c) What are their characters?

A Murnaghan-Nakayama rule for the irreducible charactersfahe BMW-
algebras was given in [HR1].

References

(1) The Birman-Murakami-Wenz| algebra was de ned independefyt by Birman and

Wenzl in [BW] and by Murakami in [Mul]. See [CP] for referenseto the analogue
of Schur-Weyl duality for the BMW-algebras. The articles [HR1], [LR], [Mu2], [Re],
and [Wz3] contain further important information about the BMW-algebras.

(2) Although the tangle description of the BMW algebra was alway in everybody's
minds it was Kaufmann that really made it precise see [Ka2].

B8. The Temperley-Lieb algebras TLy(x)

A TLg-diagramis a Brauer diagram onk dots which can be drawn with no crossings

of edges.
S S
L

The Temperley-Lieb algebral Ly (x) is the subalgebra of the Brauer algebr®(x)
which is the span of theT L-diagrams.

Theorem B8.1. The Temperley-Lieb algebrd L(x) is the algebra oveC given by
generatorskq; E;;::: ; Ex 1 and relations

EiEj = EjEi; if JI JJ> 1,
E,E; {<Ei = E;; and
Eiz = XE| .

Theorem B8.2. Let q2 C be such thatg+ g '+ 2 = 1=x? and let H,(q) be the
Iwahori-Hecke algebra of typéd\y ;. Then the map

Hk(q) ! TLk(x)

A TR

Ei 1

is a surjective homomorphism and the kernel of this homomaipm is the ideal gen-
erated by the elements

TiTi+1Ti + TiTi+1 + Ti+1Ti + Ti + Ti+1 + 1; for 1 i n 2.
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The Schur Weyl duality theorem forS,, has the following analogue for the Temperley-
Lieb algebras. LetUgsl, be the Drinfeld-Jimbo quantum group corresponding to the
Lie algebrasl, and let V be the 2-dimensional representation dfl;sl,. There is an
action, see [CP], of the Temperley-Lieb algebrL,(q+ g ') onV ¥ which commutes
with the action of Ugsl, onV K,

Theorem B8.3.  (a) The action of TLi(q+ q *) onV ¥ generatesEndy,q,(V *):
(b) The action of Ugsl, on V ¥ generatesEndr| g q 1y(V ¥):

Theorem B8.4. The Temperley-Lieb algebra is semisimple if and only i=x?> 6
4cod(="),forany2 ° k.

Partial results for T Ly(x)

The following results giving answers to the main questior($a-c) for the Temperley-
Lieb algebras hold wherx is such that T Li(x) is semisimple.

I. What are the irreducible T L (X)-modules?

(a) How do we index/count them?

There is a bijection

11

Partitions of k with at most two rows ! Irreducible representations

(b) What are their dimensions?
The dimension of the irreducible representatio ¢ ) is given by

dim (T® *)) = # of standard tableaux of shape (k ;")

k kK
- N N 1 -
(c) What are their characters?
The character of the irreducible representation Tk =) evaluated at
the element
_ NN NG N
o -
—{—) [~z _}
k 2h 2h
is
8 x = k 2h
- < o f h;
(k ;)(th) = * h h 1
0 if ~<h:

There is an algorithm for writing the character < +)(a) of a general
elementa 2 TLy(x) as a linear combination of the characters & ) (dy).
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The book [GHJ] contains a comprehensive treatment of the hasresults on the
Temperley-Lieb algebra. The Schur-Weyl duality theorem idreated in the book
[CP], see also the references there. The character formuigem above is derived in
[HR1].

B9. Complex semisimple Lie groups

We shall not de ne Lie groups and Lie algebras let us only retdhat a complex Lie
group is a di erential C-manifold and a real Lie group is a di erential R-manifold
and that every Lie group has an associated Lie algebra, seéV[§].

If G is a complex Lie group then the wordepresentationis usually used to refer to
a holomorphic representationi.e. the homomorphism

' G! GL(V)

determined by the moduleV should be a morphism of (complex) analytic manifolds.
Strictly speaking there are representations which are notadlomorphic but there is
a good theory only for holomorphic representations, so onsually abuses language
and assumes that representation means holomorphic repnetsgion. The terms holo-
morphic representation andcomplex analytic representatiomre used interchangeably.
Similarly, if G is a real Lie group then representation usually meansal analytic rep-
resentation See [Va] p. 102 for further details. Every holomorphic repsentation of
GL(n; C) is also rational representation, see [FH].

A complex semisimple Lie groujs a connected complex Lie grou such that its
Lie algebrag is a complex semisimple Lie algebra.
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