Combinatorics in affine flag varieties

James Parkinson
Institut fur Mathematische Strukturtheorie
Technische Universitat Graz
Steyrergasse 30/111, A-8010 Graz Austria
parkinson@weyl.math.tu-graz.ac.at

Arun Ram
Department of Mathematics
University of Wisconsin
Madison, WI 53706 USA
ram@math.wisc.edu
and
Department of Mathematics and Statistics
University of Melbourne

Parkville VIC 3010 Australia

Cristoph Schwer
Mathematisches Institut Universitat zu Koln
Weyertal 86-90, 50931 Koln, Germany
cschwer@math.uni-koeln.de

Dedicated to Gus Lehrer on the occasion of his 60" birthday

Abstract

The Littelmann path model gives a realisation of the crystals of integrable representations
of symmetrizable Kac-Moody Lie algebras. Recent work of Gaussent-Littelmann [GL] and
others [BG] [GR] has demonstrated a connection between this model and the geometry of
the loop Grassmanian. The alcove walk model is a version of the path model which is
intimately connected to the combinatorics of the affine Hecke algebra. In this paper we
define a refined alcove walk model which encodes the points of the affine flag variety. We
show that this combinatorial indexing naturally indexes the cells in generalized Mirkovic-
Vilonen intersections.

AMS Subject Classifications: Primary 20G05; Secondary 17B10, 14M15.



1 Introduction

A Chevalley group is a group in which row reduction works. This means that it is a group with
a special set of generators (the “elementary matrices”) and relations which are generalisations of
the usual row reduction operations. One way to efficiently encode these generators and relations
is with a Kac-Moody Lie algebra g. From the data of the Kac-Moody Lie algebra and a choice
of a commutative ring or field F the group G(F) is built by generators and relations following
Chevalley-Steinberg-Tits.

Of particular interest is the case where [ is the field of fractions of o, the discrete valuation
ring o is the ring of integers in F, p is the unique maximal ideal in 0 and k = o/p is the residue
field. The favourite examples are

F=C((t) o = C[[t]] k=C,
F = Qp 0= Zp k= Fp,
F=Fq((1)) o = TFy[[1]] k=T,

where ), is the field of p-adic numbers, Z, is the ring of p-adic integers, and F, is the finite field
with ¢ elements. For clarity of presentation we shall work in the first case where F = C((?)).
The diagram

G = G(C(1))
F ul ul
Ul gives K = G(EC[t]) == G (1.1)
Y= k=o/p ul ul ul
I = evi }y(B(C) = B(C)

where B(C) is the “Borel subgroup” of “upper triangular matrices” in G(C). The loop group is
G = G(C((t))), I is the standard Iwahori subgroup of G,

G(C)/B(C) is the flag variety,
(1.2)
G/I s the affine flag variety, and G/K is the loop Grassmanian.

The primary tool for the study of these varieties (ind-schemes) are the following “classical”
double coset decompositions, see [Stl, Ch. 8] and [Macl, §(2.6)]

Theorem 1.1. Let W be the Weyl group of G(C), W =W x hz the affine Weyl group, and
U~ the subgroup of “unipotent lower triangular” matrices in G(F) and h% the set of dominant
elements of by. Then

Bruhat

decomposition G = |—| Buwb K= |—| fwl
weW weWw
Twahori _
decomposition G = |—|~ Twl G = I—l Ul
weW veW
Cartan _ Twasawa
decomposition G = I—I Kix K G = I—l Ut K decomposition

AVent wY €Ebz



In this paper we shall refine the Littelmann path model (in its alcove walk form, see [Ra]) by
putting labels on the paths to provide a combinatorial indexing of the points in the affine flag
variety. This combinatorial method of expressing the points of G/I gives detailed information
about the structure of the intersections

U wInlwl  with v,weW. (1.3)

The corresponding intersections in G/K have arisen in many contexts. Most notably, the set of
Mirkovié-Vilonen cycles of shape NV and weight 11" is the set of irreducible components of the
closure of U"t,vK N KtyvK in G/K,

MV(AY)yw =Ir(U-t,vK N Kty K),

and
when £ =T, Cardg/x (U t,wK N Kty K) is

(up to some easily understood factors) the coefficient of the monomial symmetric function m,,v
in the expansion of the Macdonald spherical function Pyv.
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2 Borcherds-Kac-Moody Lie algebras

This section reviews definitions and sets notations for Borcherds-Kac-Moody Lie algebras. Stan-
dard references are the book of Kac [Kac], the books of Wakimoto [Wakl][Wak2], the survey
article of Macdonald [Mac3] and the handwritten notes of Macdonald [Mac2]. Specifically, [Kac,
Ch. 1] is a reference for §2.1, [Kac, Ch.3 and 5] for §2.2, and [Kac, Ch. 2] for §2.3.

2.1 Constructing a Lie algebra from a matrix

Let A = (ai;) be an n x n matrix. Let
r = rank(A), ¢ = corank(A), so that r+¢=n. (2.1)

By rearranging rows and columns we may assume that (a;;)i<ij<r is nonsingular. Define a
C-vector space

b’ has basis hq,...,h,, and

h=h oo, where 0 has basis d1, ..., ds. (2.2)
Define a1, ...,a, € h* by
ai(hj) = ai;  and  ai(dj) = iy, (2.3)
and let B
h =1/, where c={heb' | aih)=0forall 1 <i<n} (2.4)



Let ¢1...,co € §’ be a basis of ¢ so that hy,...,h,,c1,...,¢ce,d1,...,ds is another basis of h and
define k1,...,Kk¢ € h* by

Iii(h]’) = O, Ki(Cj) = 5ija and Hi(dj) =0. (25)
Then ay,...,an, k1, ..., k¢ form a basis of h*.
Let a be the Lie algebra given by generators b, eq,...,en, f1,..., fn and relations
[h, h'] =0, lei, fi] = dizhi, [h, ei] = ai(h)ei, [, fi] = —ai(h) fi, (2.6)

for h,h' € h and 1 < i,j < n. The Borcherds-Kac-Moody Lie algebra of A is
g= %, where tis a the largest ideal of a such that tNh = 0. (2.7)

The Lie algebra a is graded by
Q= Za;,  bysetting deg(e;) = ai, deg(f;)=—a, deg(h) =0, (2.8)
i=1
for h € h. Any ideal of a is Q-graded and so g is Q-graded (see [Mac2, (1.6)] or [Mac3| p. 81]),

g=0g0D (@ ga> , where go ={z €g]|[h,z] =a(h)z}, and

aER
R={a|a#0and g, # 0} is the set of roots of g.

(2.9)

The multiplicity of a root a € R is dim(g,) and the decomposition of g in ([2.9) is the decompo-
sition of g as an h-module (under the adjoint action). If

nt is the subalgebra generated by eq,...,e,, and
n~ is the subalgebra generated by fi,..., fn,

then (see [Mac3, p. 83| or [Kac, §1.3])

g=n @hont and Hh=gg, n" = @ G, n = @ 9o, (2.10)
a€ERT a€Rt
where .
R+ = Q+ NR with Q+ = ZZZ()OJZ'. (211)
i=1

Let ¢ and ? be as in and . Then
0 acts on g’ = [g, g] by derivations,  ¢= Z(g) = Z(g),
g=n"@hodnt =a/r=¢ %0,
g=n"®hon" =gg], (2.12)

g=n"obont =g/

and g’ is the universal central extension of g’ (see [Kac, Ex. 3.14]).



2.2 Cartan matrices, sl, subalgebras and the Weyl group

A Cartan matriz is an n x n matrix A = (a;;) such that
a;j € Z, ay; = 2, a;; <0ifi# 7, a;; # 0 if and only if aj; # 0. (2.13)
When A is a Cartan matrix the Lie algebra g contains many subalgebras isomorphic to sly. For
1 < i < n, the elements e; and f; act locally nilpotently on g (see [Mac3|, p. 85] or [Mac2, (1.19)]
or [Kac, Lemma 3.5]),
span{e;, fi, hi} = slo, and 3; = exp(ade;) exp(—adf;) exp(ade;) (2.14)
is an automorphism of g (see [Kac, Lemma 3.8]). Thus g has lots of symmetry.
The simple reflections s;: h* — b* and s;: h — h are given by
sid =X — Ah) oy and sih = h — a;(h)h;, for 1 <i <mn, (2.15)
Aeb*, hebh, and
5i8a = Os;a and S;h = s;h, forae R, heb.
The Weyl group W is the subgroup of GL(h*) (or GL(h)) generated by the simple reflections.

The simple reflections on b are reflections in the hyperplanes

n

b ={heh ai(h) =0}, and e=p"=[p.

i=1
The representation of W on h and h* are dual so that

Mwh) = (w™A)(h),  forwe W, Xebh* heb.

The group W is presented by generators sy, ..., s, and relations
s? =1 and $iSjSi -+ = SjSiS; " (2.16)
—_—

m;; factors m;; factors

for pairs ¢ # j such that a;ja;; < 4, where m;; = 2,3,4,6 if a;;a;; = 0,1,2, 3, respectively (see
[Mac2l (2.12)] or [Kac, Prop.3.13]).
The real roots of g are the elements of the set

R = U Wy, and Rim = R\Rye (2.17)
i=1

is the set of imaginary roots of g. If @« = way; is a real root then there is a subalgebra isomorphic
to sly spanned by

ea = We;, fo=wf;, and h, = Why, (2.18)
and s, = ws;w~! is a reflection in W acting on b and h* by

SaA = A — A(hq) and Sah =h — a(h)hqg, respectively. (2.19)
Let hg = R-span{hi,...,hp,d1,...,d¢}. The group W acts on hg and the dominant chamber
C={\"ebr|(a;,\)>0forall<i<n} (2.20)

is a fundamental domain for the action of W on the Tits cone
X = U wC = {h € br | (a, h) < 0 for a finite number of o € RT}. (2.21)

weWw

X = bp if and only if W is finite (see [Kac, Prop. 3.12] and [Mac2l (2.14)]).



2.3 Symmetrizable matrices and invariant forms

A symmetrizable matriz is a matrix A = (a;j) such that there exists a diagonal matrix
E = diag(eq,...,en), € € Ry, such that A€ is symmetric. (2.22)

If (,): g x g — C is a g-invariant symmetric bilinear form then

(hiy h) = (les, fil, h) = —(fi, [ei, h]) = (fi, ci(h)ei) = ci(h){ei, fi),

so that
(hi, h) = a;(h)e;, where e; = (eq, fi)- (2.23)

Conversely, if A is a symmetrizable matrix then there is a nondegenerate invariant symmetric bi-
linear form on g determined by the formulas in (2.23) (see [Mac2, (3.12)] or [Kac, Theorem 2.2]).
If A is a Cartan matrix and (,): h x h — C is a W-invariant symmetric bilinear form then

<hi,h> = —<Sihz‘, h> = —<hi, Sih> = —(hi,h — Oéz(h)hl> = —<hz‘, h> + Oéi(h)<hi,hi>,

so that
(hi, h) = a;(h)e;, where €& = 3(hi, hy). (2.24)

In particular, o;(hj)e; = (hi, hj) = (hj, hi) = aj(h;)e; so that A is symmetrizable. Conversely,
if A is a symmetrizable Cartan matrix then there is a nondegenerate W-invariant symmetric
bilinear form on h determined by the formulas in (2.24) (see [Mac2, (2.26)]).

If 2o € 9o, Yo € §—a then [xavya] € [ga,g,a] C go="hand <ha [xaayaD = _<[xouh]7ya> =
a(h)(Za; Ya), so that

[Tas Ya| = (Tas Ya) Do where (h,h.) = a(h) for all h € h (2.25)
determines h) € h. If & € Ry and eq, fo, ha are as in (2.18) then
ha = [eomfa] = <eomfo¢>hx and <€Oé7 fa> = %<homha>- (226)

Let
o = (eq, fa)a = 5 {ha, ha)or so that a”(h) = (h, ha)- (2.27)

Use the vector space isomorphism

b — b . .

h — <h, > . . VS * V

ha o to identify Q" = E_l Zh; and Q" = E_l Loy (2.28)
hy — o« = =

and write

OV, =p(hy) i A =MaY 4+ Mal and by =Athi 4o+ Apha. (2.29)



3 Steinberg-Chevalley groups

This section gives a brief treatment of the theory of Chevalley groups. The primary reference is
[St] and the extensions to the Kac-Moody case are found in [T1].

Let A be a Cartan matrix and let R, be the real roots of the corresponding Borcherds-Kac-
Moody Lie algebra g. Let U be the enveloping algebra of g. For each o € Ry, fix a choice of e,
in (a choice of w). Use the notation

1

3't?’ei+--~ , in U[[t]]

1
Zo(t) = exp(teq) =1+ €4 + gt%i +

Then
To(t)zo(u) = xo(t + u) in U[[t, u]].

Following [Ti, 3.2], a prenilpotent pair is a pair of roots a, € Ry such that there exists
w,w € W with
wa,wB € RE and wa,w'B3 € —RE.

This condition guarantees that the Lie subalgebra of g generated by g, and gg is nilpotent. Let
@, 3 be a prenilpotent pair and let e, € g, and eg € gg be as in (2.18]). By [St, Lemma 15] there
are unique integers C’i’ﬁ such that

Ta(t)2p(u) = 25(u)Ta(t)Ta+5(Cy 1) T20+5(Co t u)Tarap(Coljut?) -
Let F be a commutative ring. The Steinberg group
St is given by generators x,(f) for a € Rye, f € F,

and relations

zo(f1)za(f2) = za(fi + f2), for o € R, and (3.1)

Ta(f)2s(f2) = 2(f2)7a(f1)Tarp(Cy s 1f2)T2048(Co s f1 f2) Tasap(Cyafif3) -+ (3.2)
for prenilpotent pairs a, 8. In St define

na(9) = 2a(9)7—a(—9 )2a(9), na=na(l), and hev(g) =nalg)ng', (3.3)

for « € Ry and g € F*.
Let hz be a Z-lattice in h which is stable under the W-action and such that

hz 2 QY, where QY = Z-span{hi,...,hn}
with hi,...,h, asin (2.2)). With
T given by generators hyv(g) for \Y € hz, g € F*, and relations

hav(g1)hav(g2) = hav(g1g2)  and  hav(g)huv(g) = havyuv(9), (3.4)

the Tits group
G is the group generated by St and T

with the relations coming from the third equation in (3.3]) and the additional relations

I (9)za( v (9) ™ = 2a(g? ) and iy (g = heov(9). (3.5)



For a, B € Rye let €43 = £1 be given by
Sa(€p) = €apes,p; where 5o = exp(ade, ) exp(—adf,) exp(adey)
(see [CC, p.48] and [T4, (3.3)]). By [Stl, Lemma 37] (see also [T, §3.7(a)])
na(9)2(Fnal9) " = ze.8(eapg™ 7 f),  hav(@zs(fhav(9) Tt =259 f),  (3.6)
and  14(9)hav (9)na(9) ™! = hsav(9). (3.7)
Thus G has a symmetry under the subgroup
N generated by T and the ny(g) for a € Rye, g € F*. (3.8)

If F is big enough then N is the normalizer of T in G [St, Ex. (b) p.36] and, by [St, Lemma 27],
the homomorphism

N — W

na(g) — Sa

Remark 3.1. [T, §3.7(b)] If hz = Q" and the first relation of (3.5)) holds in St then there is a
surjective homomorphism ¢ : St — G. By [Stl, Lemma 22], the elements

1 and  na(g)ngthav(9)

is surjective with kernel T'. (3.9)

Nnahyv (g)n;lhso)\v (g)

automatically commute with each xg(f) so that ker(¢)) C Z(St). In many cases St is the
universal central extension of G (see [T, 3.7(c)] and [Stl Theorems 10,11,12]).

Remark 3.2. The algebra g’ = [g,g] in (2.12)) is generated by e,, a € Rye. A g-module V is
integrable if ey, o € Rye, act locally nilpotently so that

zo(c) = exp(ceq), for o € Ry, c € C, (3.10)

are well defined operators on V. The Chevalley group Gy is the subgroup of GL(V') generated
by the operators in . To do this integrally use a Kostant Z-form and choose a lattice in the
module V (see [T, §4.3-4] and [St, Ch.1]). The Kac-Moody group is the group G generated
by symbols

Zo(c), @ € Rye,c€C, with relations zo(c1)za(c2) = zo(c1 + c2)

and the additional relations coming from forcing an element to be 1 if it acts by 1 on every
integrable g’ module. This is essentially the Chevalley group Gy for the case when V is the
adjoint representation and so Gk C Aut(g’). There are surjective homomorphisms

St(C) -» Gy — Gy.
See [Kac, Exercises 3.16-19] and [Ti, Proposition 1].

Remark 3.3. [St, Lemma 28] In the setting of Remark let Ty, be the subgroup of Gy
generated by hov(g) for a € Rye, g € F*. Then

)
hay(g1) -~ hay(gn) =1 if and only if gy"o‘lV) cogime) =1 for all weights p of V,
Z(Gy) = {hay(g1) -+ hay(gn) | g - glf@) =1 for all § € R},
and if F is big enough

Tv = {hyy(g1) - hoy(gn) | g1, -, gn €F*},

where wy, ... ,w, is a Z-basis of the Z-span of the weights of V' [Stl Lemma 35].

n



4 Labeling points of the flag variety G/B

In this section we follow [St, Ch.8] to show that the points of the flag variety are naturally
indexed by labeled walks. This is the first step in making a precise connection between the
points in the flag variety and the alcove walk theory in [Ral.

Let G be a Tits group as in over the field F = C. The root subgroups

Xo ={za(c) | c€ C}, for a € Ry, satisfy wXpw ! = Xy, (4.1)

for w € W and 8 € Rye, since hov (c)Xghav(c) ™! = X5 and naXgngt = Xs 5. As a group X, is
isomorphic to C (under addition).
The flag variety is G/ B, where the subgroup

B is generated by T and x,(f) for « € R, f € C. (4.2)
Let w € W. The inversion set of w is
Rw)={a € R} |wa ¢ R, and l(w) = Card(R(w)) (4.3)

is the length of w. View a reduced expression @ = s;, - - - s, in the generators in (2.16) as a walk
in W starting at 1 and ending at w,

1 — 8, — 88y, — o —— S-S, =W. (4.4)

Letting z;(c) = xq,(c) and n; = ny, (1), the following theorem shows that

BwB = {x;, (cl)n,alxm(@)n; . ”IL’Z'Z(Cg)nZ-_ZlB | c1,...,c0 € C} (4.5)
so that the G/B-points of BwB are in bijection with labelings of the edges of the walk by
complex numbers ¢y, ..., c,. The elements of R(w) are

Br=cau, Po=8i0y, ..., Bo=si S 0, (4.6)

and the first relation in (3.6) gives

Ziy (cl)ni_llxi2 (02)717;1 .- 'CCZ'[(Cg)ni_Zl =g, (£c1) - 28, (Fce)nw, (4.7)

-1 -1
where n,, = n;, n, -

Theorem 4.1. [St, Thm. 15 and Lemma 43| Let w € W and let n,, be a representative of w
m N. If

R(w) ={b1,...,0¢} then {zp,(c1) - xg,(ce)nw | c1,...,c0 € C}
1s a set of representatives of the B-cosets in BwB.

Proof. The conceptual reason for this is that

BwB = H Xo | nwB = ny H wala H waloz B
a€R;, w-lagRl wlae Rk
=nw| [J] Aww|B=| J] ¥ |nB
w-lagR a€R(w)

= {xzg,(c1) - xp,(co)nwB | c1,...,c0 € F}.



Since R, may be infinite there is a subtlety in the decomposition and ordering of the product
of X, in the second “equality” and it is necessary to proceed more carefully. Choose a reduced
decomposition w = s;, ---s;, and let (1, ..., B¢ be the ordering of R(w) from (4.6]).

Step 1: Since R(w) C Ry there is an inclusion
{xp,(c1) - xg,(ce)nwB | c1,...,c0 € C} C BwB.

To prove equality proceed by induction on 4.
Base case: Suppose that w = s;. Let « € R and ¢,d € C. If ¢ = 0 or «, @ is a prenilpotent

pair then, by relation (3.2)),

To(d)za, (c)nj_lB = o, ()n;

; 'B, for some ¢ € C. (4.8)

If o, o is not a prenilpotent pair and ¢ # 0 then «, —«; is a prenilpotent pair and, by (3.2)),

To(d)Ta; ()n; ' B = 2a(d)z_a,(c"")B = x_a,(c"")B = z4,(c)n; ' B.

Thus {zq, (c)nj_lB | c € C} is B-invariant and so Bs;B = {4, (c)nj_lB | c € C}.

Induction step: If w = s;, ---s;, is reduced and if ¢(ws;) > ¢(w) then, by induction,

BwsjB C BwB - BsjB = {xs,(c1) - xg, (Cg)a:wa].(c)nwnj_lB | c1y...ye0,c € F}

so that Bws;B = {xg,(c1) -~ 25, (cex1)nws; B | c1, ..., ceq1 € C} with By = way.
Step 2: Prove that BwB = BuB if and only if w =v by induction on ¢(w).

Base case: Suppose that £(w) = 0. Then BwB = BvB implies that v € B so that there is
a representative n, of v such that n, € BN N. Then ijg - R;g since n, Xon, = x,, € B for
o € RYE. So {(v) = 0. Thus, by ([2.16), v = 1.

Induction step: Assume BwB = BvB and s; is such that {(ws;) < £(w). Since BuB-Bs;jB C
BvB U Bus;B (see [St, Lemma 25],

BwsjB C BwB - BsjB = BvB - Bs;B C BuvB U BvsjB = BwB U Bvs;B.

Thus, by induction, ws; = w or ws; = vs;j. Since ws; # w, it follows that w = v.

Step 3: Let us show that if z,, (cl)n;1 Ty, (cz)n;elB = Ta, (c’l)n;1 Ty, (c@)nile, then

¢; =c, fori=1,2,...,£. The left hand side of
Tovy (02)712-_21 e xié(Cg)ni_llB = ny, xi, (¢} — cl)ni_ll . ~xi£(c})nile

isin Bs;, -+ - s;,B. If ¢ # ¢1 then nl-_llazil (i —c1)n;, € Bs;, B and the right hand side is contained
in
ni_llmil(cll —c1)niy, Bsi, - -+ si,B C Bs;B - Bsj, ---s;,B = Bs;, ---s;,B.
By Step 2 this is impossible and so ¢] = ¢;. Then, by induction, ¢; = ¢; for i =1,2,...,¢.
Step 4: From the definition of R(w) it follows that if o, € R(w) and a 4+ [ € Ry then

a+ (€ R(w) and if a, f € R(w) then a, 8 form a prenilpotent pair. Thus, by [St, Lemma 17],
any total order on the set R(w) can be taken in the statement of the theorem. O

Remark 4.2. Suppose that A € h* is dominant integral and M () is an (integrable) highest
weight representation of G generated by a highest weight vector v; Then the set Bva;\r
contains the vector wvy and is contained in the sum @, M(\), of the weight spaces with
weights > wA. This is another way to show that if w # v then BwB # BvB and accomplish

Step 2 in the proof of Theorem

10



5 Loop Lie algebras and their extensions

This section gives a presentation of the theory of loop Lie algebras. The main lines of the theory
are exactly as in the classical case (see, for example, [Mac2l §4] and [Kac, ch. 7]) but, following
recent trends (see [Ga]. [GK], [GR] and [Rou]) we treat the more general setting of the loop Lie
algebra of a Kac-Moody Lie algebra.

Let go be a symmetrizable Kac-Moody Lie algebra with bracket [,]o: go ® go — go and
invariant form (,)o: go X go — C. The loop Lie algebra is

aolt,t ] =C[t,t Y ®cgo  with bracket [t t"y]o = ™[z, y]o,

for z,y € go. Let

g=golt,t " JOCc®Cd, g =golt,t ']®Cc, § =golt,t”"] = é
where the bracket on g is given by
[tz t"y] = "z, y]o + Smtnom{z, y)oc, ce Z(g), [d,t™z] = mt™x. (5.1)
By [Kac, Ex. 7.8], ¢’ is the universal central extension of g’. An invariant symmetric form on g
is given by
(c,d) =1, (c,t™y) = (d,t™y) =0, (c,c) =(d,d) =0, (5.2)
and
b ) .f = 07
(g = § Bl Tt (5.3
0, otherwise,

for x,y € go, m,n € Z.
Fix a Cartan subalgebra hg of go and let

h=ho®Cced Cd, b" = bo @ Cc, b’ = bo. (5.4)
As in , let hy,...,hp,d1,...,ds be a basis of hg and let

{h1,...,hn,dy,...,dg,c,d} be a basis of h and
{wi,...,wn,01,...,00,Ao,d} the dual basis in h*

so that
6(ho) =0, d(c)=0, 6(d)=1, and  Ag(ho) =0, Ao(c) =1, Ao(d)=0. (5.6)
Let R be as in . As an h-module

0= Do | ©| D s | @b, where h=bho&CcoCd, (5.7)
acR kGZ?so
k€EZ
Oathks =t"Ga;  Grs=t"ho, and R = (R+Z6)UZss (5.8)

is the set of roots of g.
Let a € Rye with a = wa; and fix a choice of e,, f, and hy, in (2.18]) (choose w). Then

€_a+ks = tkfom f—a-i—k:é = t_keaa h—a+k6 = —hq + ]€<€om fa>007 (5-9)
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span a subalgebra isomorphic to sly. If go = ny @© ho @ nS' is the decomposition in (2.10]) and

nt is the subalgebra generated by na” and e_q ks for o € Rye, k € Z~0, and
n~ is the subalgebra generated by ny and f_,4xs for a € Rye, k € Z~o,

then

g=n @®hont with nt=nf® @ Fatks and n~ =n; @ @ ot ks

acRU{0} acRU{0}
k€Z~q k€Z<o

The elements e_q1 k5 and f_q1xs in (5.9) act locally nilpotently on g because f, and e, act
locally nilpotently on gg. Thus

5 ks = exp(ad t® f,) exp(—ad t%e,) exp(ad t* £,) (5.10)
is a well defined automorphism of g and
S—a+ké88 = Os o458 a0d  S_aipsh = s_aqsh, (5.11)
for h € h and 3 € R, where S—atks: H* — b and s_o4ks: h — b are given by
S—atksA = A — Mh—qiks)(—a+kd) and s_giksh =h — (—a+ kd)(h)h—_atks, (5.12)

for A € b* and h € h. The Weyl group of g is the subgroup of GL(h*) (or GL(h)) generated by
the reflections s_,1 ks,

Wagt = (S—atks | @ € Rye, k € Z). (5.13)
Noting that bh*=h5&CAy P Cs and b =hod Cc®d Cd, use (5.12) to compute
5_arks(A) = A+ Aha)(—a + k6), 5_arks(h) = h+ a(h)(—ha + klea, fa)oc),
S—a+ks((Ao) = Ao — kl{ea, fa)o(—a + kd), s_atrs(me) =me,
S_atks(md) = mo, S—atks(bd) = bd — kl(—hg + k{eq, fa)oC).

for A € b5, h € ho, m,¢ € C. For a € Rye and k € Z

define tgov € Wag by S_aiks = tkaVS—as (5.14)
and use and ( - ) to compute
thav(A) = A — A(khy)d, trav (h) = h — kaV (h)c,
trav (CNg) = EAO + lkaV El (khay kha)od, trav(me) =
tkav (m ) tka\/ (€ ) d + gkhoé - E%Uﬁha, kha>()c

Then tkavtjgy (5\) = lkhy, (5\ — X(jhﬁ)é) =\— X\(kha +jh5)<5, and

travtigy (CAo) = tiav ((Ag + €58Y — €4 (jhg, Fha)od)
= (Ao + Cka” — (1 (khq, kho)od + €53Y — €BY (kha)S — €1 (jhg, jhs)od
= (Ao + ((ka” + jBY) — €4 {kho + jhg, kha + jhg)od.

This computation shows that ty,vtjgv = tjovirgv. Thus, if Wy is the Weyl group of go and
Q* = Z-span{ay,...,a,} then

Wag = {t)\v’w | A\ e Q" we Wo} with vty = vy and  wtyv = tyavw, (5.15)
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for w € Wy, \V, " € Q*.
Since Co is W,g-invariant, the group W,g acts on h*/Cé and W,g acts on the set

(b5 + Ao +C8)/Cs — b}

A+ Ag+Co — A (5'16)
and the W,g-action on the right hand side is given by
5a(A) = A = Aha)a and thav(A) = A + kaV, for A € hy. (5.17)

Here b is a set with a Wyg-action, the action of Wyg is not linear.

6 Loop groups and the affine flag variety G/I

This section gives a short treatment of loop groups following [Stl, Ch. 8] and [Macll, §2.5 and
2.6]. This theory is currently a subject of intense research as evidenced by the work in [Gal,
IGK], [Rem], [Roul, |[GR].

Let gop be a symmetrizable Kac-Moody Lie algebra and let hz be a Z-lattice in hy that
contains QY = Z-span{hy, ..., h,}.

The loop group is the Tits group G = Go(C((t))) (6.1)

over the field F = C((t)). Let K = Go(C[[t]]) and Go(C) be the Tits groups of gy and hz over
the rings CI[t]] and C, respectively, and let B(C) be the standard Borel subgroup of Go(C) as

defined in (4.2)). Let
U~ be the subgroup of G generated by x_,(f) for « € R, and f € C((t)), (6.2)

and define the standard Iwahori subgroup I of G by

G = Go(C((t))

Ul ]

K = GoC[]) == Go(C) (6.3)
Ul Ul Ul

I = evy(BO) = B(O)

The affine flag variety is G/I.
For a + jé € Rye + Z6 and ¢ € C, define

Taris(c) = zalct) and ta = hyv (1), (6.4)

and, for ¢ € C*, define
Natj6(€) = Tatjs(€)—a—js(—¢")Tatjs(c), (6.5)
Notjs = Natis(1),  and  hiayjsyv (€) = nayjs(c)ng | js (6.6)

analogous to (3.3).
The group

W = {t)\vw | A e bz, w € Wo} with vty = thvyyy and wtyv = tyavw, (6.7)
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acts on b @ Co by
v(p+ ko) =vp+ kd and tawv(p+ ko) =p+ (k— (A, 1) (6.8)
for v € Wy, AV € bz, p € b, and k € Z. Then nojs(c) = t_jovna(c) = nalct?),
natg+ks(c)ng’ = nawp(ct')ng' = ts,p(ca,6ct") = Ty, (5+45)(€a,50)

for a € Ry, and, for \V € bz,

tavapins (Ot = zapks(t™ D) = 2y | (g1) (0)-
Thus the root subgroups
Xotjs = {Tatjs(c) | c € C} satisfy anﬂﬂw_l = Xu(atjs) (6.9)

for w € W and a + j0 € Rpe + 7. These relations are a reflection of the symmetry of the group
G under the group defined in (3.8):

N = N(C((t))) generated by na(g), hav(g), for g € C((t))*, (6.10)

a € Ry, and \V € bz. The homomorphism N — W, from (3.9) lifts to a surjective homomor-
phism (see [Macll, p.26 and p. 28])

N — w
Natjs — t_javSa with kernel H generated by hy(d), d € C][[t]]*.

tyv — tX
Define } )
Rl = (R, + Z500) U (—RL 4+ Z+¢6) and RY = —R}E +7Z6 (6.11)
so that N
Xorjs C 1T if and only if ~a+j6€ R, and

~ (6.12)
Xotjs CUT if and only if a+j6 € RY.

Note that R, U (—RL) = RY U (—RY) = Ry, + Z4.

7 The folding algorithm and the intersections U vl N [wl

In this section we prove our main theorem, which gives a precise connection between the alcove
walks in [Ra] and the points in the affine flag variety. The algorithm here is essentially that
which is found in [BD| and, with our setup from the earlier sections, it is the ‘obvious one’. The
same method has, of course, been used in other contexts, see, for example, [C].

A special situation in the loop group theory is when g is finite dimensional. In this case, the
extended loop Lie algebra g defined in is also a Kac-Moody Lie algebra. If Gy is the Tits
group of go and G = Go(C((t))) is the corresponding loop group then the subgroup I defined in
differs from the Borel subgroup of the Kac-Moody group Gxjs for g only by elements of
T, and the affine flag variety of G coincides with the flag variety of Ggjps. Thus, in this case,
Theorem provides a labeling of the points of the affine flag variety.

Suppose that gg is a finite dimensional complex semisimple Lie algebra presented as a Kac-
Moody Lie algebra with generators ei,...,en, fi,---, fn,h1,...,hy, and Cartan matrix A =
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(ai(hj))y<; <n- Let ¢ be the highest root of R (the highest weight of the adjoint representation),
ﬁX —%Jr =

€y € 8o, [o €0-p suchthat (ey, fo)o =1,

and let

€y = e*lp+§ = tf<p7 fO = f*<p+5 = tilecpn hO = [607f0] = [tx—<p7tilxtp] = _hgo + &
as in (5.9). The magical fact is that, in this case, g = go[t,t !] ® Cc @ Cd is a Kac-Moody Lie
algebra with generators eq,...,en, fo,---, fn, Ros-- -, hn,d and Cartan matrix

AW = (i(h)geij<pn>  Where ag=—p+35 and ho=—hy+c, (7.1)
where § is as in (5.6) (see [Kac, Thm.7.4]).
The alcoves are the open connected components of
hr\ U H_qyjs, where H_,4j5 = {acv €hr | (x¥,a) =j}.
—a+jER],

Under the map in (5.16]) the chambers wC' of the Tits cone X (see (2.20) and (2.21))) become
the alcoves. Each alcove is a fundamental region for the action of Wog on hr given by (5.17))

and W,g acts simply transitively on the set of alcoves (see [Kac, Prop.6.6]). Identify 1 € Wyg
with the fundamental alcove

Ag={z" €br | {zY,0;) >0 forall 0 <i<n}

to make a bijection
Wag < {alcoves}.

For example, when gy = sls,

HOL2+5 Hocg H7a2+25 H7a2+46

R
asace




The alcoves are the triangles and the (centres of) hexagons are the elements of Q.
Let w € Wyg. Following the discussion in (4.4)-(4.6]), a reduced expression @ = s;, - - - 55, is
a walk starting at 1 and ending at w,

VAN NNININININININININS
FAVAVAVAVAVAVAVAVAVAVAVAVAN
JAVAVAN i v v vt 0 0505 S VAVAY
NNNINNINININININNS

Hpg, Hp, Hg,
and the points of
Twl = {z;, (cl)n;lla:i2 (CQ)n,;l . -xi[(Cg)n;elI | c1,...,¢c0 € C} (7.3)
are in bijection with labelings of the edges of the walk by complex numbers ¢y,...,¢,. The
elements of R(w) = {B1,...,0;} are the elements of R!, corresponding to the sequence of

hyperplanes crossed by the walk.
The labeling of the hyperplanes in ([7.2)) is such that neighboring alcoves have
H’Uaj
’041_)”5]' with va; € RL, if v is closer to 1 than vs;. (7.4)

The periodic orientation (illustrated in (7.2))) is the orientation of the hyperplanes H, ks such
that

+

Tre)

(a) 1 1is on the positive side of H, for « € R

(b) Hatks and H, have parallel orientiations.

This orientation is such that
H’UCMJ’

va € RYif and only if v;’_;“’%'. (7.5)

Together, (7.4)) and (7.5 provide a powerful combinatorics for analyzing the intersections
U~vI N Iwl. We shall use the first identity in (3.3)), in the form

=2 o(cHza(—c)hav(c) (main folding law), (7.6)

xa(c)na

to rewrite the points of Twl given in (7.3) as elements of U~ vI. Suppose that
xil(cl)n;ll e xil(q)nfgl = T, (]) -+ - T, () Msb, where b € I, (7.7)

v € Wog and n, = nj_ll . nj_kl if v = s;, -5, is a reduced word, and v1,...,v € R% so that

Ty, (€h) - xy,(cp) € U Th(in the procedure described in (7.8)-(7.10) will compute ¢;,, € C,
Vel v e W and v41 € RY so that

1 1

Ly (Cl)ni_ll T Ty (Cﬁ)ni_g Ly (C)n]_ = Ty (Cll) L7 (CZ)J?WH (Cé-l-l)nv/b,'
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Keep the notations in . Since bxj(c)nj_l € Is;I there are unique ¢ € C and b’ € I such
that bxj(c)n;1 = mj(é)njflb’ and
ziy (cr)ng, i, (o), wj(e)ng !t = 2y, (c)) - q (p)uba(c)ny !
=y (¢h) -, (o (@ Y.
Hya,
Case 1: If va,; € RY, U;};fusj, then ., (c]) - -xw(c%)nvxj(é)n;lb’ is equal to

C
Loy, (€)) - -+ 24, (€)) Zoa; (£E) N0, b € U ws;I N Tws;l.

In this case, yp41 = voy, v = vsj, and

H’Uaj HUOIJ
v ;p ] becomes ;F v, (7.8)
z +é
Hvaj

Case 2: Ifva; ¢ RY and é £0, V% :_PU, then
(&

Ly (Cll) T Ty (Clé)nvwaj (E)nj_lb/ =Ty (C ) ©r Ty (C )nvw—aj (671)1'0(]' (_E)ha;/ (E)b/

Hvaj HUO‘J’
=+ - |+
vsi v becomes >V (7.9)
¢ et

H’UO{j
Case 3: If va; ]:2% and ¢ =0, Y% (__LTJFU, then

Ly (Cll) T xw(cé)nvmaj (0>”j_lb/ =Ty (0/1) ©r Ty (Clé)nvm—ozj (O)Hj_lb,

=2y, (c1) -+ 2y, (c'e):cWH(O)nvsjb’ € U vs;I N Tws;l,

where .41 = —vaj. So
Hvaj Hvaj

vi_| "o becomes V% :_};r” (7.10)
0 0
We have proved the following theorem.

Theorem 7.1. If w € Wag and & = s;, - -+ 54, is a minimal length walk to w define

labeled folded paths p of type W
which end in v

P(w), = { } forv e Wag,
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where a labeled folded path of type W is a sequence of steps of the form

HWJ‘ Hw‘i Hvaj
Uﬁ;’—;w”} =", v :_‘%”, where the kth step has j = i.
-

Viewing U~ vI N ITwl as a subset of G/I, there is a bijection

P(wW)y «— U vINIwl.

8 An example

For the group G = SL3(C((t))),

1 0 c 0 0 0 10
Zor ()= [0 1 0] hoy(c)=10 ¢ 0, m=([-10 0],
0 1 0 0 1 0 01
100 1 0 0 1 0 0
Tay(C 01 ¢ 0O ¢ 0|, ng={0 0 1],
0 0 1 0 0 ¢! 0 -1 0
1 00 ¢l 00 —t~1
Taglc) =10 1 0 0 1 0}, no
ct 0 1 0 0 c

Let w = s95150525051505250 and v = 9515052515250 So that

1
\_/ ———
- ~ o o
o~ o

o o

2 0 0 01 0
w=[0 0 1 and v= [t 0 0
0 t2 0 0 0 t2

We shall use Theorem to show that the points of JwI N U~ vl are
To(er)ny Ly (ca)ny  wo(es)ng oo (ca)ny tao(cs)ng ta1 (co)ny tao(cr)ng taa(cs)ny tao(co)ng M,
with c1,...,c9 € C such that
c1=0, co=0, c3=0, c4=0, ¢5#0, ¢c6=0, c; #0, 0920;108. (8.1)
Precisely,
22(0)ny tx1(0)n] tzo(0)ng tra(0)ny tao(cs)ng to1(0)ny tro(cr)ng twa(cs)ny oo (s teg)ng *

is equal to ugvgbg, with ug € U™, vg € N, bg € I given by

1 0 0 0O 1 0
Ug = cgl — chCglcgt 1 0], vg=|—-t2 0 0
csle;t™2 01 0 0 t2 (8.2)
cgl —cy c?lcgt —chCglcg cg2c;203 '
by = —t? cscr + cst —C5 — C7_108t ,
—c e —egtetest el e terPest
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so that ug = @—ay(d1)2—p(d2)2—ay-5(d3)T—p-5(da)T—a, (d5)T—ay—25(d6) T —p—35(d7)T—a,+5(ds)
T _y—35(dg) with

d1 = d2 = d3 = d4 = 0, d5 = Cgl, dﬁ = O, d7 = 65710771, dg = —6572077168, dg =0. (8.3)

Pictorially, the walk with labels c1, ..., cg

\/

NASAVAY ASAVAVAY
NAV//AY AVATISAY
AVAVAVA
NAVL/AY

the labeled folded path with labels dy, ..., dy.
The step by step computation is as follows:

Step 1: If ¢; = 0 then

l'Q(Cl)n;l =T _qy (O)Tlgl = uqv1by, with
1 0 0
Ul = T_qy(0), nn=[(0 0 -1/, and by = 1.
01 O
Step 2: If co = 0 then, since vz (c2)v] ' = Ty (c2),
ulvlblxl(@)nfl = ulxw(@)vlnflbl = ulm,w(O)vlnflbl = ugaby, with
0 -1 0
up = u12—4,(0), vy = ’Ulnl_l =[0 0 -1 and by = 1.
1 0 0
Step 3: If c3 = 0 then, since 1)2.%‘0(63)’02_1 = Tayto(—C3),
uzvgngo(c;:,)ngl = uQara2+5(—03)v2n51b2 = ugaj,QQ,g(O)vgnalbg = u3v3bs, with
0 -1 0
Uz = U2T_q,-5(0), v3 = vgnal =1t O 01, and by = 1.
0 0 ¢!
Step 4: If ¢4 = 0 then, since v3w2(cs)vy ' = Tpp5(—ca),
U3v3b3x2(64)n51 = U3$@+5(—C4)03n51b3 = U3x_¢_5(0)03n51b3 = u4v4by, with
0 0 1
ug = u3r_,—5(0), vy = v3n2_1 =t 0 O and by = 1.
0t 1 o0
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Step 5: If c5 # 0 then by the folding law and the fact that vz _a(c5 vy = 2_a,(c5 1),

U4v4b4x0(65)n61 = U4V4T_q, (Cgl)[L‘ao(—Cg,)ha(\)/ (c5)bg = U4$_al(cg1)v4b5 = usvsbs,

where
st 00
U5 = u4$,a1(cgl), Vs = 14, and bs = l’ao(—65)ha0v (cs5)ba=1 0 1 O
—t 0 Cy

Step 6: If ¢z 'cg = 0 (so cg = 0) then

u5v5b5x1(66)nf1 = U5v5x1(cglcg)nf1b'5 = U5:U_a2_25(0)v5nflbl5 = ugugbg,

with
0 0 1 1 0 0
Ug = UsT—qa,—25(0), vg = U5n1_1 =10 —t O and b = b = 0 cgl 0
t=1 0 0 —cgt t Cs

so that b5x1(c6)nf1 = xl(cglcﬁ)nflbg.

Step 7: If c5er # 0 then, since vgz_q, (C)U6—1 = T_,_25(c),

u606bgm0(07)n51 = u6v6x0(0507)n61b/6 = u6v6x_a0(cglc;l)xao(—%cﬂhag (esc7)bg

-1 —1
= ugT—_y-25(c5 c7 )vgbr = urvrby,

where
ur = ugT_p_os(cs ez '), v7 = v, and
cs —1 0 67_1 —cglc;1 0
b = 5 d by = zay(—cser)h b = 5
c6=10 ¢ 0 an 7 = Tag(—C507) O13(0507) 6 = 0 5 0 |,
0 0 1 —cst 3 C5C7

so that b6x0(67)n61 = x0(0507)nalbg.

Step 8: No restrictions on ¢; %c5 ' eg. Since vrza, (¢)vr ! =z o, 45(—¢),

-1 -2 -1 1y -2 -1 1y
urvrbraa(cg)ny - = urvraa(cy “c; eg)ng by = urx_o, 45(—c5 "¢ cg)urng br = ugugbs,

with
0 10
-2 -1 -1
Ug = UTT o, +6(—C5 "C7 " C8), vw=vm, =0 0 t], and
tt 0 0
/ c;l —cglcfcg cglc;I
bg = by = —c5t cscr + cst —t ,

-1 -1 -2 —1 2 -1 -2 —1
—cC5 Cycgt eyt Tegt o5 — 5 Teq est

so that b7x2(68)n51 = :cg(chc;lcg)nglbe.

. -1 -1 _ _ -1
Step 9: If ¢ "ercg — ¢ g = 0 (50 ¢g = ¢; ¢g) then
b -1 _ -1 -1 —1z7 _ 0 —1bl _ b
ugvgbgwo(co)ng = ugugxo(cy crcg — ¢5 cg)ng by = usx_q,—35(0)vsng by = ugvgbg

with ug, vg and by as in ({8.2]).
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