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Abstract

Abstract. In this paper we use the combinatorics of alcove walks to give a uniform
combinatorial formula for Macdonald polynomials for all Lie types. These formulas are
generalizations of the formulas of Haglund-Haiman-Loehr for Macdonald polynoimals of type
GL,,. At g = 0 these formulas specialize to the formula of Schwer for the Macdonald spherical
function in terms of positively folded alcove walks and at ¢ =t = 0 these formulas specialize
to the formula for the Weyl character in terms of the Littelmann path model (in the positively
folded gallery form of Gaussent-Littelmann).

1 Introduction

The Macdonald polynomials were introduced in the mid 1980s [Macl] [Mac2| as a remarkable
family of orthogonal polynomials generalizing the spherical functions for a p-adic group, the Weyl
characters, the Jack polynomials and the zonal polynomials. In the early 1990s Cherednik [Ch]
introduced the double affine Hecke algebra (the DAHA) and used it as a tool to prove conjectures
of Macdonald. The DAHA is a fundamental tool for studying Macdonald polynomials. Using the
DAHA, the nonsymmetric Macdonald polynomials E,, can be constructed by applying products
of “intertwining operators” 7,¥ to the generator 1 of the polynomial representation of the DAHA
(see [Hai, Prop. 6.13]), and the symmetric Macdonald polynomials P, can then be constructed
from the E, by “symmetrizing” (see [Mac3, Remarks after (6.8)]).

Of recent note in the theory of Macdonald polynomials has been the success of Haglund-
Haiman-Loehr in giving, in the type GL, case, explicit combinatorial formulas for the expan-
sion of Macdonald polynomials in terms of monomials. These formulas were conjectured by J.
Haglund and proved by Haglund-Haiman-Loehr in [HHL1] and [HHL2]. The papers [GR] and
[Hai] are excellent survey articles discussing these developments.
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Following a key idea of C. Schwer [Sc], the paper [Ra] developed a combinatorics for working
in the affine Hecke algebra, the alcove walk model. It turns out that this combinatorics is the
ideal tool for expansion of products of intertwining operators in the DAHA. These expansions,
when applied to the generator of the polynomial representation of the DAHA, give formulas
for the Macdonald polynomials which are generalizations, to all root systems, of the formulas
obtained by Haglund-Haiman-Loehr [HHL1] [HHL2] in type GL,.

It is important to note that our formula is not a strict generalization of the Haglund-Haiman-
Loehr (HHL) formula. Although the form of the terms is the same, our formula has many more
terms and, in total, many more factors appearing in the denominators. In the GL,, case there
is an integral form of the Macdonald polynomials obtained by multiplying by a factor. This
factor cancels all denominators in the HHL formula but not in ours and so the “integrality” of
the integral form is not directly visible from our formula in the way that it is visible in the HHL
formula.

At ¢ = 0 the symmetric Macdonald polynomials are the Hall-Littlewood polynomials or the
Macdonald spherical functions. These are the spherical functions for G/K, where G is a p—adic
group and K is a maximal compact subgroup. The work of Schwer [Sc, Thm. 1.1] provided
fomulas for the expansion of the Macdonald spherical functions in terms of positively folded
alcove walks. See [Ra, Thm. 4.2(a)] for a description of the Schwer formula in terms of the
alcove walk model. The formula for Macdonald polynomials which we give in Theorem 3.4
reduces to the Schwer formula at ¢ = 0.

At ¢ = t = 0 the symmetric Macdonald polynomials are the Weyl characters or Schur
functions. In this case our formula for the Macdonald polynomial specializes to the formula
for the Weyl character in terms of the Littelmann path model (in the maximal dimensional
positively folded gallery form of Gaussent-Littelmann [GL, Cor. 1 p. 62]).

It is interesting to note that, in the formulas for the symmetric Macdonald polynomials, the
negative folds and the positive folds play an equal role. It is known [GL] that the alcove walks
with only positive folds contain detailed information about the geometry of Mirkovi¢-Vilonen
intersections in the loop Grassmannian. It is tantalizing to wonder whether the alcove walks
with both positive and negative folds play a similar role in the geometry of flag varieties for
reductive groups over two dimensional local fields and whether the expansions of Macdonald
polynomials in this paper are shadows of geometric decompositions.

The papers [GL] and [Ra] explain how the combinatorics of alcove walks is almost equivalent
to the combinatorics of crystal bases and Kashiwara operators (at least for the positively folded
alcove walks of maximal dimension). Our expansions of Macdonald polynomials in terms of
alcove walks give insight into possible relationships between Macdonald polynomials and crystal
and canonical bases.

This research was partially supported by the National Science Foundation (NSF) under
grant DMS-0353038 at the University of Wisconsin, Madison. We thank the NSF for continuing
support of our research. This paper was completed while the authors were in residence at the
special semester in Combinatorial Representation Theory at Mathematical Sciences Research
Institute (MSRI). It is a pleasure to thank MSRI for hospitality, support and a wonderful
and stimulating working environment. A. Ram thanks S. Griffeth for many many instructive
conversations about double affine Hecke algebras and Macdonald polynomials.

2 Double Weyl groups, braid groups and Hecke algebras

In this section we review the basic definitions and notations for affine Weyl groups and double
affine Hecke algebras following the expositions in [Ra], [Ch], [Mac4] and [Hai]. Following the



definitions we prove Theorem 2.2, a formula for the expansion of products of intertwining op-
erators in the DAHA. This formula is a “lift into the DAHA” of the expansions of Macdonald
polynomials given in Section 3.

2.1 Double affine Weyl groups

Let bz be a Z-lattice with an action of a finite subgroup Wy of GL(hz) generated by reflections.
Then Wy acts on b7 by

(wp, AY) = (mw™AY),  where (A, p) = p(\Y) for AV € bz peby  (21)

Let Rt C b} and (RY)™ C bz denote fixed choices of the positive roots and the positive coroots
so that the reflections s, in Wy act on bz and on b7, by

sad = A — (N, a)a and sa) =AY — (A, a)aV, respectively. (2.2)
The groups y
X={XF|pehy} and Y ={Y* |\ bz} (2.3)
with
XHEXY = XFH and YNy =yt (2.4)

are the groups b7 and bz respectively, except written multiplicatively, and the semidirect product
Wo i (X x V) = {XPwY | we Wy, puebi, A € bz} (2.5)

has additional relations
wX* = X"Mw and wY =Y, (2.6)

for w € Wy, p € b, and XY € by.
__ Assume that the action of Wy on hc = C ®z bz is irreducible. The double affine Weyl group
W is the universal central extension of Wy x (X x Y). If e is the smallest integer such that

(AV,n) € 1Z for all \Y € bz and p € b}, then W is presented by
W = {¢*X"wY™ | ke 1Z, e b\ € bz, w e Wo}
with (2.4), (2.6) and
XY A = gAYy N X for e b, AY € by, (2.7)
The subgroup {¢"X*Y*" | k € %Z, w € bz, AV € bz} is a Heisenberg group and
W= {X"w|pehiweW} and WY ={wY" |AY € bz we Wy} (2.8)
are affine Weyl groups inside w. Letting
g=X°=v (2.9)
and extending the notation of (2.6) gives actions of WV on b} + Z3§ and W on bz @ Zd with

YN = — (u, A0 and XHAY =AY — (Y, p)d. (2.10)



Let ¢ € R be the highest root and ¢V € RY the highest coroot and let

so = Y‘pvs@ and sq = X¥s,v. (2.11)
Let
ap=—¢+6, oy =—¢'+d,  (dpu)=0, (A\,§) =0,  (dd) =0, (2.12)
so that
sop = p— (i, a Yavg and sgAY =AY — (A, ag)ay . (2.13)

The alcoves of b = R ®z by, are the connected components of

b\ U 0@ where 5 ={zebi|(z,a¥)=—j}.  (214)
aVe(RV)t,jeZ

The action of W = {X"w | p € b3, w € Wy} on b given by

Xt v=v+upu and w- V= w, for w € Wy, p € by and v € by, (2.15)
sends alcoves to alcoves; s, ..., s, are the reflections in the walls hag sy f)arvz of the fundamental
alcove

l={ze€by | (x,a)f) >0, fori=0,1,...,n} and (2.16)
¢(v) = (number of hyperplanes between 1 and v) (2.17)
is the length of v € W. Let QV be the set of length zero elements of W. The affine Weyl group
W has an alternate presentation by generators sy, sy, ..., sy and QV with relations
(S;/)Q = 17 8;/8}/ = S}/S;/ ) and g\/S;/(gV)—l - S;-/V(i)7 for g\/ € Qv? (218)
m;/j m;/j

where W/ml\; is the angle between haiv and f)aﬂv and oV denotes the permutation of the ho‘z‘v
induced by the action of ¢gv. If QY x bk is |QV] copies of bj; (sheets), with QY acting by
switching sheets then there is a bijection

W «— {alcoves in Q" x b} (2.19)

and we will often identify v € W with the corresponding alcove in QY x h. The pictures
illustrating this bijection in type SLs are displayed in the appendix.
The periodic orientation is the orientation of the hyperplanes f)awrkd such that

(a) 1 is on the positive side of h*” for oV € (RY)T,
(2.20)
(b) b +kd and " have parallel orientations.

The pictures in the appendix illustrate the periodic orientation for type SLs.

A similar “pictorial” viewpoint applies to the group WV acting on  x hr where hr = R®7zbz
and Q is the set of length zero elements of WV. Then WV has an alternate presentation by
generators Sg, S1,...,S, and £} with relations

s7=1, 88 = 8Si -, and gsig ! = S0(i), for g € Q, (2.21)

where m/m;; is the angle between h® and h® and o denotes the permutation of the h* induced
by the action of g.



2.2 Double affine braid groups
The double affine braid group B is the group generated by Ty, ..., T,, Q and X with relations

,_ZXTJ :,_TJCTZ, g,-rigil :Ta'(i)a gX'u :Xg#ga (222)
N—— =

for g € , and
T, XH = X5k, if (u,a)) =0,
T, XHPT, = X5t if (o)) =1,

where the action of WV on b ® Z¢ is as in (2.10). The element

fori=0,1,...,n, (2.23)

q= X% isin the center of B. (2.24)

For w € WV, view a reduced word w = gs;, ---s;, as a minimal length path p from the
fundamental alcove to w in hr and define

+1, if the kth step of pis _|
Y=g (T

i), with € = (2.25)

—1, if the kth step of pis ]

o ¥

with respect to the periodic orientation (see (2.20) and the pictures in the appendix). For v € W,
view a reduced word v = g'sy, -+ s} as a minimal length path p" from the fundamental alcove
to v in hp and define

- | +
—1, ifthe kthstepof p¥is _{ 5 ,
v Vv .
XU =g"(T)H)5 - (T;))%, with ¢ = . U (2.26)
+1, if the kth step of p¥ is 4 .,
Let T) =T;, for i = 1,2,...,n,
gV =Xy o ()T =XCTY,  g=Y9iT,), . Thy=Y? Tl (2.27)

where ¢ and ¢ are as in (2.11) and, using the action in (2.15), wy = g" -0 and wy is the longest
element of the stabilizer of wy in Wy.

The following theorem, discovered by Cherednik [Ch, Thm. 2.2], is proved in [Mac4, 3.5-3.7],
in [Io], and in [Hai, 4.13-4.18].

Theorem 2.1. (Duality) Let Y4 = ¢q~'. The double braid group B is generated by Ty , Ty , ..., Ty,
QY and Y with relations

— \% VAV
T =TYTY -, 'Y (gY) =T, g VY =YTN Y, (2.28)

for g¥ € QV, and

VA ysY AV v ; Vo
’TZY =Y Tzv ’lf<>\ ,az>_§)7 fori:O,l,...,n, (229>

IOV, )

(T) YA (TY) =y
where the action of W on bz & Zd is as in (2.10).

)



2.3 Double affine Hecke algebras

Let RY = (RY)T U (—(RY)") be the set of coroots and fix parameters cgv, indexed by Y €
RY + Zd, such that for all w € W and Y € RY + Zd,

Cav = Cyupv. Set tgv =¢°¥ and t; = tay- (2.30)

The double affine Hecke algebra H is the group algebra CB of the double braid group with the
additional relations

T2 = (2 —t7VHT 41, fori=0,1,...,n. (2.31)

(2

The double affine Hecke algebra H has bases
(T X" |weW, pebyozs), {YNTY |weWY, AV € by o Zd},

and
(" XPT, YN | we Wo, \Y €bg,uebh ke lz)

(see [Hai, Prop. 5.4 and Cor. 5.8]).
In the presence of (2.31) the relations (2.29) are equivalent to

v AV
VYN =y TY 4 (tf - t{é)m, fori=0,1,...,n. (2.32)
In turn (2.32) is equivalent to
YN =ysN eV fori=0,1,...,n, (2.33)
where o o .
=y U oy BLEWEE (234
Using that the 7,” satisfy the braid relations and that
g'YN =y gV write 7',LXY’\v = Y“’)‘VTQJ/, for w e W.
Let w € W and let w = s, -+ s}, be a reduced word for w. For k =1,...,¢ let
By =ssi, - sxc“a;; and tgy = tiy, (2.35)

so that the sequence 3/, 3) ,..., 0y is the sequence of labels of the hyperplanes crossed by the
walk w™! = s}/s? ... For example, in Type A, with w = sy sysy s3sysysys) the picture
is

AVAREA VAR VAR VAR VAR V4

/ 1
e

i |
BAVAVAVAVAAN.
NININN/N

/N /N /N /N /NN

hﬁgv hﬁg hﬁX hﬁg f)ﬁzv bﬁlv




Let v € WY. An alcove walk of type i1,...,1, beginning at v is a sequence of steps, where a
step of type j is

_ 4 _ 4 - + - +
== b —
z z85 z z85 z z85 z z8j

positive j-crossing negative j-crossing positive j-fold negative j-fold

Let B(v,w) be the set of alcove walks of type @/ = (i1,...,ip) beginning at v. For a walk
p € B(v, W) let

ft(p) ={k | the kth step of p is a positive fold},

f7(p) ={k | the kth step of p is a negative fold}, (2.36)

and
end(p) = endpoint of p  (an element of W). (2.37)
Theorem 2.2. Let v,w € W, let w = Sz‘vl . SXe be a reduced word for w and let ﬁzva L BY be

as defined in (2.35). Then, in H,

120 71/2 B 3Y
Z xend(p) H 5k (1 tﬁg) H (1 tﬁv)y g
» 1—Y—f 11—V ’
peB(v,w) kef*(p) kef=(p)
where the sum is over all alcove walks of type W = (i1,...,1i¢) beginning at v.

Proof. The proof is by induction on the length of w, the base case being the formulas in (2.34).
To do the induction step let p € B(v, @),

21— tgv) 1/2(1—15 YA

+(p) = u ~(p) — Py

o=\ 1l = F o= —
kef+(p) kef=(»)

and let
p1,p2 € B(v,Wsj) be the two extensions of p by a step of type j

(by a crossing and a fold, respectively). Let z = end(p). By induction, a term in X771 is
XZFH(p)F~ (p)7) = X717}/ (s;F* () (s;F~ ()
Rt
X* T’]\/ + Jl - — (8jF+(p))(SjF_(p)), if X785 — XZTJV,
- i

N 20—y

X~ ((T]V)l vy ) (st+(p)) (st’(p)), if X#% = XZ(TjV)*1

— j

— xend(p) pt (p1)F~ (p1) + xend(p2) pt+ (p2)F~ (p2).

The last step of ps is
i + —_
=3 if X#5 =X ZT]-V, and =

+
if X*% = X*(T;)~!

z85 z85




3 Macdonald polynomials

In this section we use Theorem 2.2 to give expansions of the nonsymmetric Macdonald polyno-
mials £, (Theorem 3.1) and the symmetric Macdonald polynomials P, (Theorem 3.4).

Let H be the double affine Hecke algebra (defined in (2.31)) and let H be the subalgebra of
H generated by Tp,...,T, and Q. The polynomial representation of H is

C[X] = Indg(l) = C-span{¢"X"1 | k € 1Z, 1 € b3} (3.1)

with

T;1 = t3/21 and gl=1, forgeQ. (3.2)
The monomials X#1, u1 € b3, form a Cg*'/¢]-basis of C[X]. Another favourite C[g*/¢]-basis

of C[X] is the basis of nonsymmetric Macdonald polynomials

{E, | nebzt, where E, =7y,,,1 (3.3)

with X#m the minimal length element in the coset X*W,. Note that 7,71 = 0 for w € Wy since
V1=0fori=1,2,...,n.

If b is the set of dominant integral coweights (analogous to (h%)" defined in (3.8)), \Y € b
and Y = Siy - Si

, is a reduced word, then

1 1
YyMN1=1, . C Tl =12 t21 = q%(0i1+"'+0ig)1 = q% Laent calra)y = oA pe)

since (\Y, ) is the number of hyperplanes parallel to h® which are between YA and 1. If
A € bz then Y = pV — vV for some p¥, vV € b} and so, for all AV € by,

Y1 = ¢gMpelq where p. = 3 Z Ca L. (3.4)
a€Rt

More generally, if X#m is the minimal length element of the coset X*W{ then

YN E, = YN 7xuml = mxun Y™ X TN = g, Yy AT )
= TXummel,\vQ—()\V,ml — q<m*1,\V,pc>—(,\wu)7-Xum1 _ q<,\v,mpc—u)E#

AV,X?”"”'PJE

= q< s
where, in the last line, the action of W on b7, is as in (2.15). Thus the E,, are eigenvectors for
the action of the Y on the polynomial representation C[X].

Retain the notation of (2.36-2.37) so that if w = s, --- s/ is a reduced word then B(v, &)
denotes the set of alcove walks of type @ = (i1, ...,i¢) beginning at v. For p € B(v,w) define

the weight wt(p) and the final direction ¢(p) of p by
xend(®) — XWt(p)T;/(p), with wt(p) € b, and p(p) € W. (3.5)
In other words, wt(p) is the “hexagon where p ends”. For w € W define

Voo eV

tzlu/2 = tz-11/2 t1/2 ifw=s +s;, is a reduced word. (3.6)

R V) il

If B = s, sY ay, are as defined in (2.35) then, by (3.4),

ik+1 k

V81 = y-(=V+id) g — qjq(”/v,pﬁl’ if ﬁl\c/ =V +jd



with ¥ € RY, j € Z. By (2.30) and the definition of p. in (3.4), the constant ¢©" 7<) is a

monomial in the symbols t; 2 To simplify the notation for these constants write ¢’ q<“/v’pC> =
q<_51¥"06> so that
y-Bi1 = q<*[5,¥,pc>1. (3.7)

Theorem 3.1. Let u € b and let w = X#m be the minimal length element in the coset XHWj.
Fiz a reduced word & = sy, --- sy, forw andlet B/,..., By be as defined in (2.35). With notations
as in (3.5-3.7) the nonsymmetric Macdonald polynomial

_1
tﬁ; (1-— tﬁg)
1— q<_ﬁ]\c/7pc>

1
2 (1 _ tﬂz)q<—ﬁ1\€/70c>

™
R )
efo@ L4

peB(i kef+(p)

where the sum is over the set B(fi) = B(1,W) of alcove walks of type i1, ..., iy beginning at 1.

Proof. Since E, = Ty, 1,

end(p)y _ vwt@) TV 1 _ ywwt(p)s3 AVq _(Yope)
X Pl_X pT(P(p)l_X pt;(p)]. and Y 1—q P ].7

applying the formula for 7xu,, in Theorem 2.2 to 1 gives the formula in the statement. O

Remark 3.2. From the expansion of E, in Theorem 3.1, the nonsymmetric Macdonald poly-

nomial £, has top term t71n/2X # where X#m is the minimal length representative of the coset

XH"Wpy. This term is the term corresponding to the unique alcove walk in B(f) with no folds.
Remark 3.3. If w = X#m = 32/1 e sl-vz is a reduced word for the minimal length element of
the coset X#Wy then w™! = 322 e siv1 is a walk from 1 to w™! which stays completely in the

dominant chamber. This has the effect that the roots ), ..., ) are all of the form —y¥ + jd
with v € (RY)T (positive coroots) and j € Z~q. The height of a coroot vV is

ht(y") = (v¥,p),  where p=1> o

aER
In the case that all the parameters are equal (t; = t = ¢¢ for i = 0,...,n) the values which
appear in Theorem 3.1,
q<_ﬁl¥”’°> = qWV_jd”’c> = qjtht(vv), have positive exponents (in Zx).
The set of dominant integral weights is
()T ={neby | (uaf)y>0fori=1,...,n}. (3.8)

Recall the notation for ¢ > from (3.6). For p € (h3)", the symmetric Macdonald polynomial
(see [Mac3, Remarks after (6.8)]) is

_1
P,=10E, where lo= Y tulTu, (3.9)
weWy

so that T;19 = t;/Qlo for i = 1,2...n, and 1p has top term T, with coefficient 1. The
symmetric Macdonald polynomials are Wy-symmetric polynomials in X# which are eigenvectors
for the action of Wy-symmetric polynomials in the Y.



Theorem 3.4. Let i € (h7)" and let XFm = s, --- s}, be a reduced word for the minimal length
element X*m in the coset XFWy. Let B), ..., be as defined in (2.35) and let

P(iE) = |J Blv,w)

veWy

be the set of alcove walks of type W = (i1,...,i¢) beginning at an element v € Wy. Then the
symmetric Macdonald polynomial

2 (~BY pc)
I\C/(l_tﬁ;\c/)q L Pc

I
R )
efo L4

_1
tﬂ; (1-— tﬁlz)
1— q<_ﬁ]\€/7pc>

1 1
_ wt(p),5 3%
Pu= Y xvwez 2o 11
peP(ii) kef+(p)

where 1(p) is the initial alcove of the path p.
Proof. The expression
1 1
1p = Z twa X", gives P,=1E, = Z twOQUX”T)\é#ml,
veWy veWo
which is computed by the same method as in Theorem 2.2 and Theorem 3.1. O

Remark 3.5. The Hall-Littlewood polynomials or Macdonald spherical functions are P,(0,t)
and the Schur functions or Weyl characters are s, = P,(0,0). In the first case the formula in
Theorem 3.4 reduces to the formula for the Macdonald spherical functions in terms of positively
folded alcove walks as given in [Sc, Thm. 1.1] (see also [Ra, Thm. 4.2(a)]). In the case ¢ =t = 0,
the formula in Theorem 3.4 reduces to the formula for the Weyl characters in terms of maximal
dimensional positively folded alcove walks (the Littelmann path model) as given in [GL, Cor. 1
p. 62].

4 Examples

4.1 Type A;

The Weyl group Wy = (s1 | s2 = 1) has order two and acts on the lattices

bz = Zw' and b} = Zw by siw’ = —w’ and sjw=-—w, (4.1)
and
o' =a' =20, p=a=2w, and (WY a)=1. (4.2)
N N B

I I I I
X—Bw X—wsl X stl X X3w81 XBw

VoV oV V.V Vv \ V.V VoV oV
515051 5150 51 1 S0 5051 505150
| l | |
| | | ! I
X%  X7@ 51 1 X%s1 X X2

bav—I—Zd bav—I—d bav bozv—d haV—Qd bav—i’)d
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The double affine braid group Bis generated by Ty, T1, 9, X¥, and ¢'/2, with relations

To=gTg™t, ¢*=1, q=X°

(4.3)
gX¥ = ¢ /2X g, TiX“T) = X%, and ToX “Tp)=q 'X“.
In the double affine braid group
g=Y¥'1TY T =Y9TTY, gV =X¢Ty, (TY) ' = XTY. (4.4)

At this point, the following Proposition, which is the Type A; case of Theorem 2.1, is easily
proved by direct computation.

Proposition 4.1. (Duality). Let Y% = q~'. The double affine braid group B is generated by
Ty, 1Y, 9", Y« and q'/2 with relations

Yi=q¢,  (¢)=1 T =¢"TV(s") "
'Y =g Py oy T =y and (TY) T Y (TY) T = gy
The double affine Hecke algebra H is CB with the additional relations
T? = (2 —t7VYHT 41, fori=0,1, and to=t =t=q" (4.5)
Using (4.5), the relations in Proposition (4.1) give

yw —y-w’
NS

\

v =g Py g My = YT (12— 12 and

\%

\Y
VywY 1y —wY gV 12 oy (YO gV
TYYY = ¢ty ' Ty + (112 —t /)< T .

With Y* = ¢Y* and Y** =Y %, then

1

/ =g',  and 'ﬂ—fr—w”—t“%<yd,w

), for i =0, 1.

To illustrate Theorem 2.2, note that X 2 = sYsy is a reduced word and

21—t
i = (m sl >> 0

1—y—of
1201 — ¢ 12(1 — ¢) 21—t (V21— )Yy
NV vV vy—1
=0T+ Ty T ) ey T Ty 1—y-al
121 — 1) 12(1 — ¢) 121 —t) (V21— )Yy
o —2w \/7 2wV
=X Ty P Ty ey T\ Ty ey 11—y~ '

_ _ _ _ _ AV
X72w \/t 1/2(1 - t) XQwTVt 1/2(1 — t) t 1/2(1 _ t) t 1/2(1 B t)Y %o
-y ']~ y—soaf 1—y—sof 1_y-of



The polynomial representation is defined by
T.1=t/?1, and g¢l=1.

In this case
1

pe=gca  and WO = (X% | e Zso} U{X¥sY | £ € Zg}, (4.6)

is the set of minimal length coset representatives of WV /W.
Applying the expansion of 7)1y to 1 and using

Y1 = gV 1 = ¢¢°1 = qt1, and y sl = yelt2dy — 2ye’y = g%,

t12(1 ) 21 —t) (V21— (V21— t)gt
— X—Zw 1/2 X2w 1/2
it 1—qt + t 1—q?t + 1—q%t 1—qt

L 1t 1t 1=t \ ((1-1t)q
- X 2w X2w
+1—qt+ 1—q2t+<1—q2t><1—qt>

Since 1¢ = Tlv +¢71/2 the symmetric Macdonald polynomial Py, = 19F5, = 1070\/ 1is

Py, = 19F5, = (Tlv + t_1/2)7'a/1

121 —¢ 121 — )y~
- <T1VTOV pry TR0 ey e DA YR

1—-Y~% 1—-Y-

~1/2 ~1/2
_ (X—2w+t1/2t 2(1-1) +t_1/2X2wT1v+t_1/2t /(1—t)qt> 1

1—gqt 1—qt
_ 1—t (1—-1t)q _ 1—+¢
— (X 2w - v XQUJ ASLVA ) I X?w X 2w 1 - " \1.
( +1_qt+ +1_qt> ( + +(+q)1_qt
—
The corresponding paths in P(2w) are
| <+ | | | | =] | | | | | > | [ | |~ |
) 1 T ) 1 ) 1 T ) 1 I 1 T I 1 1 ) T 1 1
X—Qw 1-t X2w q(l — t)
1—1tq 1—1tq

4.2 Type A,
The Weyl group Wy = (s1, 82 | 87 = 53 = 1, 515281 = s25152) acts on the lattices
bz = Zw{ + Zwy and by = Zw1 + Zwa, (4.7)

where s; and s are the reflections in the hyperplanes determined by

af =20 —wy, oy =—w! +2wy, o =2w —wy, and ay=—wi+ 2ws, (4.8)

with (WY, aj) = 05, and (w;, o) = d;;. In this case,

Y = alv + oy, and p =1+ as. (4.9)
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The double affine braid group Bis generated by Ty, 11,75, g, X“1, X“2 and ¢'/3, with rela-
tions

1T, = T;TiT5, for 1 # j,
XHXA = XPHA = XAXH, for y1, A € b3,
TiX%2 = X2Ty, ToX® = XTy, Ty X Ty = X-wrter TpX@eTy = X@1—w2 (4.10)
=1, gXw =gAXTteg gx@ = @RX g,
gTog™" =T, gTig™ =Ty, gTog™" = To.
The formula (2.27) gives
g=YUIT'Ty, P =Y, T =Y T (4.11)

g =X, (¢ = XL, ()T =X T T (4.12)

At this point, the following Proposition, which is the Type As case of Theorem 2.1, is easily
proved by direct computation.

Proposition 4.2. (Duality). Let Y% = q~'. The double affine braid group B is generated by
T, TY, Ty, gV, Yr, Y¥? and ¢*/3, with relations

(TY) 'y (1Y)~ =yl ted (1) Ty (T )Tl = vl e
(TY)" 'y =y (1)L, (1Y)t =yl (1y) Y
(gV)3 — 17 g\/Yu)}/ — q71/3yfwi/+w%/gva g\/Yw%/ — q72/3yfw¥gvj
9T (g =1, ¢TIV (") =T  and  ¢'TY (") =Ty

To give a concrete example of Theorem 3.4 let us compute the symmetric Macdonald poly-
nomial P, where p = a1 + as. Since

19 = Xs18281 t*1/2X8152 + t71/2X8281 + 7572/2)(51 + t72/2X32 + 7573/27
and X?m = s§ is the minimal length element of the coset X*Wj,
P,=10E, = 1y7j1

—1/2
_ (X818281 _'_tfl/QXSlsQ _’_t71/2X8231> (TS/_'_ tli$;;)> 1

~1/2 —ay
n <t72/2X51 4§22y +t’3/2) (Tv)f1+t 12(1 -ty L
0 11—y

_ <X81525180 + t—1/2X518250 + t—1/2X5251so + t—2/2XS180 + t—2/2X5280 + t_3/2XSO> 1

—1/2
+ (Xslszsl _|_t*1/2X8182 _’_t71/2X3251> t / (1 — t)
1—Y 2%
—1/2 —ay
+ (H/?XS1 22X +t’3/2) G DY
1—-Y %

13



Since Y™ 1 = Y¥'~d1 = gy to31 = 241,

P X wop 4 tfl/QXslsngZ\/ + t71/2X3231pT1\/ L
P H22XSPTYTY + 722X 2P TV TY + 732X PTY Ty T
121 —¢
+ (DT + 7 PLTY + T P ) —(t2q )
t=12(1 - t)t%q
—2/2mV —2/2mV —3/2
+ (2P Ty /)W1
= (XWoP 4 XS182p 1 XS281P 4 Y81 4 XS2P 4 XY ]
V21—t t=12(1 — t)t?
+ <t3/2 1 l/2 —|—t1/2> : _(t2 )1 4 (t_1/2+t_1/2+t_3/2) 1(_ t2q) a4

11—t
= <X“’0P+X5132P+X5281P+X31P + X2 4+ XP + (t—|—2—|—2tq—|—q)71 — t2q> 1.

The set P(p) contains 12 alcove walks,

and

The Hall-Littlewood polynomial and the Weyl character are
P,(0,t) =m,+ (2+1t)(1 —1) and sp = P,(0,0) =m, +2,

where m,, = X001+ X152 1 X251 4 X1 1 X2 1 XP.
The expression X192 gy = sys3 sy is a reduced word for the minimal length element in the

coset X*1%2PTVy and Theorem 2.2 is illustrated by

t_1/2(1 —t) fl/?(l_t)
T = (Tlv + T vy 'y =T + 7'2\/71 —y oy 7

=121 —¢ 20— V20—t V21—t
Y ) B ) e ) ) Ll k) |
1—Y— 1 — Yy —s20{ 1-Y~% 11—y s
t=1/2(1 — 1) TV 21—t V2 —t) Y21 —t)
1— }/'750042v + 127 1— Y*SOSQO&Y 0 1— stoag 1— Y*SOSQO&Y
VAV Y vt V21—t vt V21— t)

NV v,V
=171y + TV 719

B )
1— stoszalv

( V)flt_l/Q(l B t) t_1/2(1 B t)
0 1— stoag 1 — Y*SOSQCM}/

21—y ¢1/2(1 — )
Vv \4 \4
T e Ty ey TR @)
N Tvt_1/2(1 — Y% 1/2(1 —¢)
2 1-—y-a 1 —y-sosaf
21—y~ 21— 1) Y21 1)
1—Y~®%  1-Y 0% ]_Y i

—50520)
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where the eight terms in this expansion correspond to the eight alcove walks in B(1, sy sy sy) =

B(s1s2p) pictured below. Applying the expansion of 77’7y to 1 and using

Y91 =Y¥ 1 =21, Y031 = Yo —41 = g1,
(4.13)
and Y 052001 = V¥ 2] = ¢2¢%1,
computes
—-1/2 -1/2 —-1/2 2, 4—1/2
Es oy = Xsls2pt1/2 +tt / (1 _t) +X51ptt / (1 _t) +t1/2t / (1 _t)t qt / (1 _t)
152 1 —1t2q 1—tq 1—1t%q 1—tq
N stptt—l/Q(l —t) tl/Qt_l/Q(l —t2qt= V21 —1)
1 —t2¢? 1—1t2q 1—1t2¢%
+Xpt:g/gt—l/?(l — )2 =) | VP =g P =) 21— t)
1—tq 1 —t2¢? 1 —t%q 1—tq 1 —t2¢2
1—1¢ 1—t 1—t)g(1—1 1—t
_ t1/2 <X5152p+ ( 2) +Xslp( ) —|—t( Q)q( ) _|_X52p ( - )2
1 —t4q 1—tq 1—t*q 1 —1tq 1 —t4q
1—t 1—t 1—1) (1—t¢ 1—t)g(1—1t) (1—1
L0000 (-0 (-0 0-0a0-0 (-0,
1—t2q 1 —1t4q 1—-1tqg1—tq 1—-12q 1 —tq 1—1t4q

VAVAVAVIRRVAVAVAVIREVAVAVAY,
YOEE AL 6L

Xslsgpt1/2 tl/? (1 _t) Xslptl/Q (1 _t)
1—t%q 1—tq

VAVAVAVIRRVAVAVAVIREVAVAVAY.
YEL EEE ERE

£3/2 (1-1) @1 -1t)q san1/2 (1-1) /3/2 (1-t)g (1-1)
1—tqg 1—1t3q 1—t2¢2 1—1t2g 1 —t2¢2
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YK YK

Xptl/Q(l —1) (1-¢) 32 (1-t)(1-1t)g (1-1)
1—tq1—t2¢2 1—tqg 1—1t2q 1—t2¢2
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5 Appendix: The bijection between W and alcoves in type SLj

The following pictures illustrate the bijection of (2.19) for type SLs. In this case, QV =
{1,9,(g")*} 2 Z/3Z, and QY x b} has 3 sheets. The alcoves are the triangles and the (centres
of) hexagons are the elements of b7.

h(y¥+d ba; b—a§/+2d b—a2v+4d

+b7w+4d

bftpv+3d

bfnpv+2d

+

5
%" .
G
Ay,

he+d

btpv+2d

) “ A e +ad
j bapv+4d
+/- /- +/)- + /- /- + /- + /-
h—alv-i-d haY haY+2d balv+4d
Sheet 1
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