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I. Methods of Integration

1. The indefinite integral

We recall some facts about integration from first semester calculus.

Definition 1.1. A functiony = F (x) is called anantiderivativeof another functiony =
f(x) if F ′(x) = f(x) for all x.

J 1.2Example.F1(x) = x2 is an antiderivative off(x) = 2x.
F2(x) = x2 + 2007 is also an antiderivative off(x) = 2x.
G(t) = 1

2 sin(2t+ 1) is an antiderivative ofg(t) = cos(2t+ 1). I

The Fundamental Theorem of Calculus states that if a function y = f(x) is continuous
on an intervala ≤ x ≤ b, then there always exists an antiderivativeF (x) of f , and one has

(1)
∫ b

a

f(x) dx = F (b) − F (a).

The best way of computing an integral is often to find an antiderivative F of the given
functionf , and then to use the Fundamental Theorem (1).How you go about finding an
antiderivativeF for some given functionf is the subject of this chapter.

The following notation is commonly used for antiderivatives:

(2) F (x) =

∫

f(x)dx.

The integral which appears here does not have the integration boundsa andb. It is called
an indefinite integral, as opposed to the integral in (1) which is called adefinite integral.
It’s important to distinguish between the two kinds of integrals. Here is a list of differences:

INDEFINITE INTEGRAL DEFINITE INTEGRAL

∫
f(x)dx is a function ofx.

∫ b

a
f(x)dx is a number.

By definition
∫
f(x)dx is any function

of x whose derivative isf(x).

∫ b

a
f(x)dx was defined in terms of Rie-

mann sums and can be interpreted as
“area under the graph ofy = f(x)”, at
least whenf(x) > 0.

x is not a dummy variable, for example,
∫

2xdx = x2 +C and
∫

2tdt = t2 +C
are functions of diffferent variables, so
they are not equal.

x is a dummy variable, for example,
∫ 1

0 2xdx = 1, and
∫ 1

0 2tdt = 1, so
∫ 1

0
2xdx =

∫ 1

0
2tdt.

You can always check the answer
Suppose you want to find an antiderivative of a given functionf(x) and after a long and
messy computation which you don’t really trust you get an “answer”, F (x). You can
then throw away the dubious computation and differentiate theF (x) you had found. If
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F ′(x) turns out to be equal tof(x), then yourF (x) is indeed an antiderivative and your
computation isn’t important anymore.
J 1.3 Example.Suppose we want to find

∫
lnxdx. My cousin Bruce says it might be

F (x) = x ln x− x. Let’s see if he’s right:

d

dx
(x ln x− x) = x · 1

x
+ 1 · lnx− 1 = lnx.

Who knows how Bruce thought of this1, but he’s right! We now know that
∫

lnxdx =
x lnx− x+ C. I

About “ +C”
Let f(x) be a function defined on some intervala ≤ x ≤ b. If F (x) is an antiderivative of
f(x) on this interval, then for any constantC the functionF̃ (x) = F (x) + C will also be
an antiderivative off(x). So one given functionf(x) has many different antiderivatives,
obtained by adding different constants to one given antiderivative.

Theorem 1.4. If F1(x) andF2(x) are antiderivatives of the same functionf(x) on some
intervala ≤ x ≤ b, then there is a constantC such thatF1(x) = F2(x) + C.

Proof. Consider the differenceG(x) = F1(x) − F2(x). ThenG′(x) = F ′
1(x) − F ′

2(x) =
f(x) − f(x) = 0, so thatG(x) must be constant. HenceF1(x) − F2(x) = C for some
constant. �

It follows that there is some ambiguity in the notation
∫
f(x) dx. Two functionsF1(x)

andF2(x) can both equal
∫
f(x) dx without equaling each other. When this happens, they

(F1 andF2) differ by a constant. This can sometimes lead to confusing situations, e.g. you
can check that

∫

2 sinx cosxdx = sin2 x

∫

2 sinx cosxdx = − cos2 x

are both correct. (Just differentiate the two functionssin2 x and− cos2 x!) These two
answers look different until you realize that because of thetrig identitysin2 x+cos2 x = 1
they really only differ by a constant:sin2 x = − cos2 x+ 1.

To avoid this kind of confusion we will from now on
never forget to include the “arbitrary constant+C” in
our answer when we compute an antiderivative.

2. Standard Integrals

Here is a list of the standard derivatives and hence the standard integrals everyone should
know.

1He integrated by parts.
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∫

xn dx =
xn+1

n+ 1
+ C (n 6= −1)

∫
1

x
dx = ln |x| + C

∫

sinxdx = − cosx+ C
∫

cosxdx = sinx+ C
∫

tanxdx = − ln cosx+ C
∫

1

1 + x2
dx = arctanx+ C

∫
1√

1 − x2
dx = arcsinx+ C

(

=
π

2
− arccosx+ C

)

∫
dx

cosx
=

1

2
ln

1 + sinx

1 − sinx
+ C for − π

2
< x <

π

2
.

All of these integrals are familiar from first semester calculus (like Math 221), except
for the last one. You can check the last one by differentiation (usingln a

b = ln a − ln b
simplifies things a bit).

3. Method of substitution

The chain rule says that

dF (G(x))

dx
= F ′(G(x)) ·G′(x),

so that ∫

F ′(G(x)) ·G′(x) dx = F (G(x)) + C.

J 3.1Example.Consider the functionf(x) = 2x sin(x2 +3). It does not appear in the list
of standard integrals we know by heart. But we do notice2 that2x = d

dx(x2 + 3). So let’s
callG(x) = x2 + 3, andF (u) = − cosu, then

F (G(x)) = − cos(x2 + 3)

and
dF (G(x))

dx
= sin(x2 + 3)
︸ ︷︷ ︸

F ′(G(x))

· 2x
︸︷︷︸

G′(x)

= f(x),

so that ∫

2x sin(x2 + 3) dx = − cos(x2 + 3) + C.

I

2 You will start noticing things like this after doing several examples.
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The most transparent way of computing an integral by substitution is by introducing
new variables. Thus to do the integral

∫

f(G(x))G′(x) dx

wheref(u) = F ′(u), we introduce the substitutionu = G(x), and agree to writedu =
dG(x) = G′(x) dx. Then we get

∫

f(G(x))G′(x) dx =

∫

f(u) du = F (u) + C.

At the end of the integration we must remember thatu really stands forG(x), so that
∫

f(G(x))G′(x) dx = F (u) + C = F (G(x)) + C.

For definite integrals this implies

∫ b

a

f(G(x))G′(x) dx = F (G(b)) − F (G(a)).

which you can also write as

(3)
∫ b

a

f(G(x))G′(x) dx =

∫ G(b)

G(a)

f(u) du.

J 3.2Substitution in a definite integral.As an example we compute

∫ 1

0

x

1 + x2
dx,

using the substitutionu = G(x) = 1 + x2. Sincedu = 2xdx, the associatedindefinite
integral is

∫
1

1 + x2
︸ ︷︷ ︸

1
u

xdx
︸︷︷︸

1
2du

= 1
2

∫
1

u
du.

To find the definite integral you must compute the new integration boundsG(0) andG(1)
(see equation (3).) Ifx runs betweenx = 0 andx = 1, thenu = G(x) = 1 + x2 runs
betweenu = 1 + 02 = 1 andu = 1 + 12 = 2, so the definite integral we must compute is

∫ 1

0

x

1 + x2
dx = 1

2

∫ 2

1

1

u
du,

which is in our list of memorable integrals. So we find

∫ 1

0

x

1 + x2
dx = 1

2

∫ 2

1

1

u
du = 1

2

[
lnu
]2

1
= 1

2 ln 2.

I
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4. The double angle trick

If an integral containssin2 x or cos2 x, then you can remove the squares by using the
double angle formulas from trigonometry.

Recall that

cos2 α− sin2 α = cos 2α and cos2 α+ sin2 α = 1,

Adding these two equations gives

cos2 α =
1

2
(cos 2α+ 1)

while substracting them gives

sin2 α =
1

2
(1 − cos 2α) .

J 4.1Example.The following integral shows up in many contexts, so it is worth knowing:
∫

cos2 xdx =
1

2

∫

(1 + cos 2x)dx

=
1

2

{

x+
1

2
sin 2x

}

+ C

=
x

2
+

1

4
sin 2x+ C.

Sincesin 2x = 2 sinx cos x this result can also be written as
∫

cos2 xdx =
x

2
+

1

2
sinx cosx+ C.

I

If you don’t want to memorize the double angle formulas, thenyou can use “Complex
Exponentials” to do these and many similar integrals. However, you will have to wait until
we are in§26 where this is explained.

5. Integration by Parts

The product rule states

d

dx
(F (x)G(x)) =

dF (x)

dx
G(x) + F (x)

dG(x)

dx

and therefore, after rearranging terms,

F (x)
dG(x)

dx
=

d

dx
(F (x)G(x)) − dF (x)

dx
G(x).

This implies the formula forintegration by parts
∫

F (x)
dG(x)

dx
dx = F (x)G(x) −

∫
dF (x)

dx
G(x) dx.

J 5.1Example – Integrating by parts once.
∫

x
︸︷︷︸

F (x)

ex
︸︷︷︸

G′(x)

dx = x
︸︷︷︸

F (x)

ex
︸︷︷︸

G(x)

−
∫

ex
︸︷︷︸

G(x)

1
︸︷︷︸

F ′(x)

dx = xex − ex + C.

Observe that in this exampleex was easy to integrate, while the factorx becomes an easier
function when you differentiate it. This is the usual state of affairs when integration by
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parts works: differentiating one of the factors (F (x)) should simplify the integral, while
integrating the other (G′(x)) should not complicate things (too much).

Another example:sinx = d
dx(− cosx) so

∫

x sinxdx = x(− cosx) −
∫

(− cosx) · 1 dx == −x cosx+ sinx+ C.

I

J 5.2Example – Repeated Integration by Parts.Sometimes one integration by parts is not
enough: sincee2x = d

dx (1
2e

2x) one has

Be careful with all
the minus signs that
appear when you
integrate by parts.

∫

x2
︸︷︷︸

F (x)

e2x
︸︷︷︸

G′(x)

dx = x2 e
2x

2
−
∫
e2x

2
2xdx

= x2 e
2x

2
−
{
e2x

4
2x−

∫
e2x

4
2 dx

}

= x2 e
2x

2
−
{
e2x

4
2x− e2x

8
2 + C

}

=
1

2
x2e2x − 1

2
xe2x +

1

4
e2x − C

The same procedure will work whenever you have to integrate
∫

P (x)eax dx

whereP (x) is a polynomial, anda is a constant. Each time you integrate by parts, you get
this

∫

P (x)eax dx = P (x)
eax

a
−
∫
eax

a
P ′(x) dx

=
1

a
P (x)eax − 1

a

∫

P ′(x)eax dx.

You have replaced the integral
∫
P (x)eax dx with the integral

∫
P ′(x)eax dx. This is the

same kind of integral, but it is a little easier since the degree of the derivativeP ′(x) is less
than the degree ofP (x). I

J 5.3Example – My cousin Bruce’s computation.Sometimes the factorG′(x) is “invisi-
ble”. Here is how you can get the antiderivative oflnx by integrating by parts:

∫

lnxdx =

∫

lnx
︸︷︷︸

F (x)

· 1
︸︷︷︸

G′(x)

dx

= lnx · x−
∫

1

x
· xdx

= x lnx−
∫

1 dx

= x lnx− x+ C.

You can do
∫
P (x) ln xdx in the same way ifP (x) is a polynomial. I
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6. Reduction Formulas

Consider the integral

In =

∫

xneax dx.

Integration by parts gives you

In = xn
1

a
eax −

∫

nxn−1 1

a
eax dx

=
1

a
xneax − n

a

∫

xn−1eax dx.

We haven’t computed the integral, and in fact the integral that we still have to do is of the
same kind as the one we started with (integral ofxn−1eax instead ofxneax). What we
have derived is the followingreduction formula

In =
1

a
xneax − n

a
In−1 (R)

which holds for alln.
Forn = 0 the reduction formula says

I0 =
1

a
eax, i.e.

∫

eax dx =
1

a
eax + C.

Whenn 6= 0 the reduction formula tells us that we have to computeIn−1 if we want to
find In. The point of a reduction formula is that the same formula also applies toIn−1,
andIn−2, etc., so that after repeated application of the formula we end up withI0, i.e., an
integral we know.
J 6.1Example.To compute

∫
x3eax dx we use the reduction formula three times:

I3 =
1

a
x3eax − 3

a
I2

=
1

a
x3eax − 3

a

{
1

a
x2eax − 2

a
I1

}

=
1

a
x3eax − 3

a

{
1

a
x2eax − 2

a

(
1

a
xeax − 1

a
I0

)}

Insert the known integralI0 = 1
ae
ax + C and simplify the other terms and you get

∫

x3eax dx =
1

a
x3eax − 3

a2
x2eax +

6

a3
xeax − 6

a4
eax + C.

I

J 6.2Reduction formula requiring two partial integrations.Consider

Sn =

∫

xn sinxdx.

Then forn ≥ 2 one has

Sn = −xn cosx+ n

∫

xn−1 cosxdx

= −xn cosx+ nxn−1 sinx− n(n− 1)

∫

xn−2 sinxdx.

Thus we find the reduction formula

Sn = −xn cosx+ nxn−1 sinx− n(n− 1)Sn−2.
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Each time you use this reduction, the exponentn drops by 2, so in the end you get either
S1 orS0, depending on whether you started with an odd or evenn. I

J 6.3A reduction formula where you have to solve forIn. We try to compute

In =

∫

(sinx)n dx

by a reduction formula. Integrating by parts twice we get

In =

∫

(sinx)n−1 sinxdx

= −(sinx)n−1 cosx−
∫

(− cosx)(n − 1)(sinx)n−2 cosxdx

= −(sinx)n−1 cosx+ (n− 1)

∫

(sinx)n−2 cos2 xdx.

We now usecos2 x = 1 − sin2 x, which gives

In = −(sinx)n−1 cosx+ (n− 1)

∫
{
sinn−2 x− sinn x

}
dx

= −(sinx)n−1 cosx+ (n− 1)In−2 − (n− 1)In.

You can think of this as an equation forIn, which, when you solve it tells you

nIn = −(sinx)n−1 cosx+ (n− 1)In−2

and thus implies

In = − 1

n
sinn−1 x cos x+

n− 1

n
In−2. (S)

Since we know the integrals

I0 =

∫

(sinx)0dx =

∫

dx = x+ C andI1 =

∫

sinxdx = − cosx+ C

the reduction formula(S) allows us to calculateIn for anyn ≥ 0. I

J 6.4A reduction formula which will be handy later.In the next section you will see how
the integral of any “rational function” can be transformed into integrals of easier functions,
the hardest of which turns out to be

In =

∫
dx

(1 + x2)n
.

Whenn = 1 this is a standard integral, namely

I1 =

∫
dx

1 + x2
= arctanx+ C.

Whenn > 1 integration by parts gives you a reduction formula. Here’s the computation:

In =

∫

(1 + x2)−n dx

=
x

(1 + x2)n
−
∫

x (−n)
(
1 + x2

)−n−1
2xdx

=
x

(1 + x2)n
+ 2n

∫
x2

(1 + x2)n+1
dx
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Apply
x2

(1 + x2)n+1
=

(1 + x2) − 1

(1 + x2)n+1
=

1

(1 + x2)n
− 1

(1 + x2)n+1

to get
∫

x2

(1 + x2)n+1
dx =

∫ {
1

(1 + x2)n
− 1

(1 + x2)n+1

}

dx = In − In+1.

Our integration by parts therefore told us that

In =
x

(1 + x2)n
+ 2n

(
In − In+1

)
,

which you can solve forIn+1. You find the reduction formula

In+1 =
1

2n

x

(1 + x2)n
+

2n− 1

2n
In.

As an example of how you can use it, we start withI1 = arctanx + C, and conclude
that

∫
dx

(1 + x2)2
= I2 = I1+1

=
1

2 · 1
x

(1 + x2)1
+

2 · 1 − 1

2 · 1 I1

= 1
2

x

1 + x2
+ 1

2 arctanx+ C.

Apply the reduction formula again, now withn = 2, and you get
∫

dx

(1 + x2)3
= I3 = I2+1

=
1

2 · 2
x

(1 + x2)2
+

2 · 2 − 1

2 · 2 I2

= 1
4

x

(1 + x2)2
+ 3

4

{

1
2

x

1 + x2
+ 1

2 arctanx

}

= 1
4

x

(1 + x2)2
+ 3

8

x

1 + x2
+ 3

8 arctanx+ C.

I

7. Partial Fraction Expansion

A rational function is one which is a ratio of polynomials,

f(x) =
P (x)

Q(x)
=
pnx

n + pn−1x
n−1 + · · · + p1x+ p0

qdxd + qd−1xd−1 + · · · + q1x+ q0
.

Such rational functions can always be integrated, and the trick which allows you to do
this is called apartial fraction expansion.The whole procedure consists of several steps
which are explained in this section. The procedure itself has nothing to do with integra-
tion: it’s just a way of rewriting rational functions. It is in fact useful in other situations,
such as finding Taylor series (see Part II of these notes) and computing “inverse Laplace
transforms” (see MATH 319.)

Reduce to a proper rational function
A proper rational function is a rational functionP (x)/Q(x) where the degree ofP (x)
is strictly less than the degree ofQ(x). the method of partial fractions only applies to
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proper rational functions. Fortunately there’s an additional trick for dealing with rational
functions that are not proper.

If P/Q isn’t proper, i.e. ifdegree(P ) ≥ degree(Q), then you divideP byQ, with result

P (x)

Q(x)
= S(x) +

R(x)

Q(x)

whereS(x) is the quotient, andR(x) is the remainder after division. In practice you would
do a long division to findS(x) andR(x).
J 7.1Example.Consider the rational function

f(x) =
x3 − 2x+ 1

x2 − 1
.

Here the numerator has degree 3 which is more than the degree of the denominator (which
is 2). To apply the method of partial fractions we must first doa division with remainder.
One has

x +1 = S(x)
x2 − x x3 −2x +2

x3 −x2

x2 −2x
x2 −x

−x +2 = R(x)

so that

f(x) =
x3 − 2x+ 1

x2 − 1
= x+ 1 +

−x+ 2

x2 − 1
When we integrate we get

∫
x3 − 2x+ 1

x2 − 1
dx =

∫ {

x+ 1 +
−x+ 2

x2 − 1

}

dx

=
x2

2
+ x+

∫ −x+ 2

x2 − 1
dx.

The rational function which still have to integrate, namely−x+2
x2−1 , is proper, i.e. its numer-

ator has lower degree than its denominator. I

Partial Fraction Expansion: The Easy Case
To compute the partial fraction expansion of a proper rational functionP (x)/Q(x) you
must factor the denominatorQ(x). Factoring the denominator is a problem as difficult as
finding all of its roots; in Math 222 we shall only do problems where the denominator is
already factored into linear and quadratic factors, or where this factorization is easy to find.

In the easiest partial fractions problems, all the roots ofQ(x) are reall and distinct, so
the denominator is factored into distinct linear factors, say

P (x)

Q(x)
=

P (x)

(x − a1)(x− a2) · · · (x− an)
.

To integrate this function we find constantsA1, A2, . . . , An so that

P (x)

Q(x)
=

A1

x− a1
+

A2

x− a2
+ · · · + An

x− an
. (#)

Then the integral is
∫
P (x)

Q(x)
dx = A1 ln |x− a1| +A2 ln |x− a2| + · · · +An ln |x− an| + C.
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One way to find the coefficientsAi in (#) is called themethod of equating coefficients.
In this method we multiply both sides of (#) withQ(x) = (x−a1) · · · (x−an). The result
is a polynomial of degreen on both sides. Equating the coefficients of these polynomial
gives a system ofn linear equations forA1, . . . ,An. You get theAi by solving that system
of equations.

Another much faster way to find the coefficientsAi is theHeaviside Trick3. Multiply
equation(#) by x− ai and then plug in4 x = ai. On the right you are left withAi so

Ai =
P (x)(x − ai)

Q(x)

∣
∣
∣
∣
x=ai

=
P (ai)

(ai − a1) · · · (ai − ai−1)(ai − ai+1) · · · (ai − an)
.

J 7.2Example continued.To integrate
−x+ 2

x2 − 1
we factor the denominator,

x2 − 1 = (x− 1)(x+ 1).

The partial fraction expansion of
−x+ 2

x2 − 1
then is

−x+ 2

x2 − 1
=

−x+ 2

(x− 1)(x+ 1)
=

A

x− 1
+

B

x+ 1
. (†)

Multiply with (x − 1)(x+ 1) to get

−x+ 2 = A(x+ 1) +B(x − 1) = (A+B)x + (A−B).

The functions ofx on the left and right are equal only if the coefficient ofx and the constant
term are equal. In other words we must have

A+B = −1 andA−B = 2.

These are two linear equations for two unknownsA andB, which we now proceed to
solve. Adding both equations gives2A = 1, so thatA = 1

2 ; from the first equation one
then findsB = −1 −A = − 3

2 . So

−x+ 2

x2 − 1
=

1/2

x− 1
− 3/2

x+ 1
.

Instead, we could also use the Heaviside trick: multiply (†) with x− 1 to get

−x+ 2

x+ 1
= A+B

x− 1

x+ 1

Take the limitx→ 1 and you find

−1 + 2

1 + 1
= A, i.e.A =

1

2
.

Similarly, after multiplying (†) with x+ 1 one gets

−x+ 2

x− 1
= A

x+ 1

x− 1
+B,

and lettingx→ −1 you find

B =
−(−1) + 2

(−1) − 1
= −3

2
,

as before.

3 Named after OLIVER HEAVISIDE, an electrical engineer in the late 19th and early 20ieth century.
4 More properly, you should take the limitx → ai. If you multiply both sides withx − ai and then set

x = ai, then you have effectively multiplied both sides of the equation with zero!
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Either way, the integral is now easily found, namely,
∫
x3 − 2x+ 1

x2 − 1
dx =

x2

2
+ x+

∫ −x+ 2

x2 − 1
dx

=
x2

2
+ x+

∫ {
1/2

x− 1
− 3/2

x+ 1

}

dx

=
x2

2
+ x+

1

2
ln |x− 1| − 3

2
ln |x+ 1| + C.

I

Partial Fraction Expansion: The General Case
Buckle up.

When the denominatorQ(x) contains repeated factors or quadratic factors (or both) the
partial fraction decomposition is more complicated. In themost general case the denomi-
natorQ(x) can be factored in the form

(4) Q(x) = (x− a1)
k1 · · · (x− an)

kn(x2 + b1x+ c1)
`1 · · · (x2 + bmx+ cm)`m

Here we assume that the factorsx − a1, . . . ,x − an are all different, and we also assume
that the factorsx2 + b1x+ c1, . . . ,x2 + bmx+ cm are all different.

It is a theorem from advanced algebra that you can always write the rational function
P (x)/Q(x) as a sum of terms like this

(5)
P (x)

Q(x)
= · · · + A

(x− ai)k
+ · · · + Bx+ C

(x2 + bjx+ cj)`
+ · · ·

How did this sum come about?
For each linear factor(x− a)k in the denominator (4) you get terms

A1

x− a
+

A2

(x− a)2
+ · · · + Ak

(x− a)k

in the decomposition. There are as many terms as the exponentof the linear factor that
generated them.

For each quadratic factor(x2 + bx+ c)` you get terms

B1x+ C1

x2 + bx+ c
+

B2x+ C2

(x2 + bx+ c)2
+ · · · + Bmx+ Cm

(x2 + bx+ c)`
.

Again, there are as many terms as the exponent` with which the quadratic factor appears
in the denominator (4).

In general, you find the constantsA..., B... andC... by the method of equating coeffi-
cients.
J 7.3Example.To do the integral

∫
x2 + 3

x2(x+ 1)(x2 + 1)2
dx

apply the method of equating coefficients to the form

x2 + 3

x2(x+ 1)(x2 + 1)2
=
A1

x
+
A2

x2
+

A3

x+ 1
+
B1x+ C1

x2 + 1
+
B2x+ C2

(x2 + 1)2
. (EX)

Solving this last problem will require solving a system of seven linear equations in the
seven unknownsA1, A2, A3, B1, C1, B2, C2. A computer program likeMaple can do
this easily, but it is a lot of work to do it by hand. In general,the method of equating
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coefficients requires solvingn linear equations inn unknowns wheren is the degree of the
denominatorQ(x).

See Problem 27 for a worked example where the coefficients arefound. I

!!
Unfortunately, in the presence of quadratic factors or repeated linear fac-
tors the Heaviside trick does not give the whole answer; you must use
the method of equating coefficients.

!!
Once you have found the partial fraction decomposition(EX) you still have to integrate

the terms which appeared. The first three terms are of the form
∫
A(x− a)−p dx and they

are easy to integrate:
∫

Adx

x− a
= A ln |x− a| + C

and ∫
Adx

(x− a)p
=

A

(1 − p)(x − a)p−1
+ C

if p > 1. The next, fourth term in(EX) can be written as
∫
B1x+ C1

x2 + 1
dx = B1

∫
x

x2 + 1
dx+ C1

∫
dx

x2 + 1

=
B1

2
ln(x2 + 1) + C1 arctanx+ Cintegration const.

While these integrals are already not very simple, the integrals
∫

Bx+ C

(x2 + bx+ c)p
dx with p > 1

which can appear are particularly unpleasant. If you reallymust compute one of these,
then complete the square in the denominator so that the integral takes the form

∫
Ax +B

((x+ b)2 + a2)p
dx.

After the change of variablesu = x + b and factoring out constants you have to do the
integrals

∫
du

(u2 + a2)p
and

∫
u du

(u2 + a2)p
.

Use the reduction formula we found in example 6.4 to compute this integral.
An alternative approach is to use complex numbers (which areon the menu for this

semester.) If you allow complex numbers then the quadratic factorsx2 + bx + c can be
factored, and your partial fraction expansion only contains terms of the formA/(x − a)p,
althoughA anda can now be complex numbers. The integrals are then easy, but the answer
has complex numbers in it, and rewriting the answer in terms of real numbers again can be
quite involved.

8. Problems

Basic Integrals

8.1. Evaluate the following integrals. They shouldn’t require fancy substitutions, integra-
tion by parts, or partial fraction expansions.
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(i )
∫

(6x5 − 2x−4 − 7x+ 3/x− 5 + 4ex + 7x) dx

(ii )
∫ (x

a
+
a

x
+ xa + ax + ax

)

dx

(iii )
∫ (√

x− 3
√
x4 +

7
3
√
x2

− 6ex + 1

)

dx

(iv )
∫ 4

−2

(3x− 5) dx (v)
∫ 2

1

x−2 dx

(vi )
∫ 1

0

(1 − 2x− 3x2) dx (vii )
∫ 2

1

(5x2 − 4x+ 3) dx

(viii )
∫ 0

−3

(5y4 − 6y2 + 14) dy (ix )
∫ 1

0

(y9 − 2y5 + 3y) dy

(x)
∫ 4

0

√
xdx (xi )

∫ 1

0

x3/7 dx

(xii )
∫ 3

1

(
1

t2
− 1

t4

)

dt (xiii )
∫ 2

1

t6 − t2

t4
dt

(xiv )
∫ 2

1

x2 + 1√
x

dx (xv)
∫ 2

0

(x3 − 1)2 dx

(xvi )
∫ 1

0

u(
√
u+ 3

√
u) du (xvii )

∫ 1

−1

3

t4
dt

(xviii )
∫ 2

1

(x+ 1/x)2 dx (xix )
∫ 3

3

√

x5 + 2dx

(xx)
∫ −1

1

(x− 1)(3x+ 2) dx (xxi )
∫ 4

1

(
√
t− 2/

√
t) dt

(xxii )
∫ 8

1

(

3
√
r +

1
3
√
r

)

dr (xxiii )
∫ 1

0

u

1 + u
du

(xxiv )
∫ 0

−1

2x− 3

x+ 4
dx (xxv)

∫ −2

−5

1 − σ

1 + σ2
dσ

(xxvi )
∫ 0

−1

(x+ 1)3 dx (xxvii )
∫ −2

−5

x4 − 1

x2 + 1
dx

(xxviii )
∫ 2

0

eat dt (xxix )
∫ 2

0

2t dt

(xxx)
∫ e

1

x2 + x+ 1

x
dx (xxxi )

∫ 9

4

(√
x+

1√
x

)2

dx

(xxxii )
∫ 1

0

(
4
√
x5 +

5
√
x4
)

dx (xxxiii )
∫ 8

1

x− 1
3
√
x2

dx

(xxxiv )
∫ π/3

π/4

sin t dt (xxxv)
∫ π/2

0

(cos θ + 2 sin θ) dθ

(xxxvi )
∫

√
3

1

6

1 + x2
dx (xxxvii )

∫ 0.5

0

dx√
1 − x2

(xxxviii )
∫ 8

4

(1/x) dx (xxxix )
∫ ln 6

ln 3

8ex dx

(xl )
∫ 9

8

2t dt (xli )
∫ −e

−e2

3

x
dx

8.2.Compute the following integrals.
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(i )
∫ 3

−2

|x2 − 1| dx (ii )
∫ 2

−1

|x− x2| dx (iii )
∫ 2

−1

(x− 2|x|) dx

(iv )
∫ 2

0

(x2 − |x− 1|) dx (v)
∫ 2π

0

∣
∣sin θ

∣
∣ dθ

8.3.
∫ 2

0

f(x) dx wheref(x) =

{

x4, if 0 ≤ x < 1,

x5, if 1 ≤ x ≤ 2.

8.4.
∫ π

−π
f(x) dx wheref(x) =

{

x, if −π ≤ x ≤ 0,

sinx, if 0 < x ≤ π.

Basic Substitutions

8.5.Use a substitution to evaluate the following integrals.

(i )
∫ 2

1

u du

1 + u2
(ii )

∫ 2

1

xdx

1 + x2
(iii )

∫ π/3

π/4

sin2 θ cos θ dθ

(iv )
∫ 3

2

1

r ln r
, dr (v)

∫
sin 2x

1 + cos2 x
dx (vi )

∫
sin 2x

1 + sinx
dx

(vii )
∫ 1

0

z
√

1 − z2 dz (viii )
∫ 2

1

ln 2x

x
dx (ix )

∫ √
2

ξ=0

ξ(1 + 2ξ2)10 dξ

(x)
∫ 3

2

sinρ
(
cos 2ρ)4 dρ (xi )

∫

αe−α
2

dα (xii )
∫
e

1
t

t2
dt

Review of the Inverse Trigonometric Functions

8.6. The inverse sine functionis the inverse function to the (restricted) sine function, i.e.
whenπ/2 ≤ θ ≤ π/2 we have

θ = sin−1(y) ⇐⇒ y = sin θ.

WARNING: sin−1(y) 6=6=6= (sin y)−1. The inverse sine function is sometimes calledarcsine
function and denotedθ = arcsin(y).
(i ) If y = sin θ, expresssin θ, cos θ, andtan θ in terms ofy when0 ≤ θ < π/2.
(ii ) If y = sin θ, expresssin θ, cos θ, andtan θ in terms ofy whenπ/2 < θ ≤ π.
(iii ) If y = sin θ, expresssin θ, cos θ, andtan θ in terms ofy when−π/2 < θ < 0.

(iv ) Evaluate
∫

dy
√

1 − y2
using the substitutiony = sin θ, but give the final answer in

terms ofy.

8.7.Express in simplest form:

(i ) cos(sin−1(x)); (ii ) tan

{

arcsin
ln 1

4

ln 16

}

; (iii ) sin
(
2 arctanu

)

8.8.Draw the graph ofy = f(x) = arcsin
(
sin(x)

)
, for −2π ≤ x ≤ +2π. Make sure you

get the same answer as your graphing calculator (orMaple , orMatlab , orOctave , etc.
if you use a computer.)

8.9.Evaluate these indefinite integrals:
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(i )
∫

dx√
1 − x2

(ii )
∫

dx√
4 − x2

(iii )
∫

xdx√
1 − 4x4

and these definite ones:

(iv )
∫ 1/2

−1/2

dx√
4 − x2

(v)
∫ 1

−1

dx√
4 − x2

(vi )
∫

√
3/2

0

dx√
1 − x2

8.10. Use the change of variables formula to evaluate
∫

√
3/2

1/2

dx√
1 − x2

first using the

substitutionx = sinu and then using the substitutionx = cosu.

8.11.The inverse tangent functionis the inverse function to the (restricted) tangent func-
tion, i.e. forπ/2 < θ < π/2 we have

θ = tan−1(w) ⇐⇒ w = tan θ.

WARNING: tan−1(w) 6= (tanw)−1. The inverse tangent function is sometimes called
arctangent functionand denotedθ = arctan(w).
(i ) If w = tan θ, expresssin θ andcos θ in terms ofw when

(ii ) 0 ≤ θ < π/2; (iii ) π/2 < θ ≤ π; (iv ) −π/2 < θ < 0.

(v) Evaluate
∫

dw

1 + w2
using the substitutionw = tan θ, but give the final answer in terms

of w.

8.12.Evaluate these indefinite integrals:

(i )
∫

dx

x2 + 1
, (ii )

∫
dx

x2 + a2
, (iii )

∫
dx

7 + 3x2
,

and these two definite ones: (iv )
∫ √

3

1

dx

x2 + 1
, (v)

∫ a
√

3

a

dx

x2 + a2
.

Integration by Parts and Reduction Formulae

8.13.Evaluate
∫

xn lnxdx wheren 6= −1.

/ Answer:
Z

xn ln x dx =
xn+1 ln x

n + 1
−

xn+1

(n + 1)2
+ C. .

8.14.Evaluate
∫

eax sin bxdx wherea2 + b2 6= 0. [Hint: Integrate by parts twice.]

/ Answer:
Z

eax sin bxdx =
eax

a2 + b2
(a sin bx − b cos bx) + C. .

8.15.Evaluate
∫

eax cos bxdx wherea2 + b2 6= 0.

/ Answer:
Z

eax cos bx dx =
eax

a2 + b2
(a cos bx + b sin bx) + C. .

8.16.Prove the formula
∫

xnex dx = xnex − n

∫

xn−1ex dx
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and use it to evaluate
∫

x2ex dx.

8.17.(i ) Prove the formula
∫

sinn xdx = − 1

n
cosx sinn−1 x+

n− 1

n

∫

sinn−2 xdx, n 6= 0

(ii ) Evaluate
∫

sin2 xdx. Show that the answer is the same as the answer you get using

the half angle formula.

(iii ) Evaluate
∫ π

0

sin14 xdx.

8.18.Prove the formula
∫

cosn xdx =
1

n
sinx cosn−1 x+

n− 1

n

∫

cosn−2 xdx, n 6= 0

and use it to evaluate
∫ π/4

0

cos4 xdx.

8.19.(i ) Prove the formula
∫

xm(lnx)n dx =
xm+1(lnx)n

m+ 1
− n

m+ 1

∫

xm(ln x)n−1 dx, m 6= −1.

and use it to evaluate

(ii )
∫

lnxdx, (iii )
∫

(lnx)2 dx, (iv )
∫

x3(ln x)2 dx.

(v) Evaluate
∫

x−1 lnxdx by another method. [Hint: the solution is short!]

8.20.For an integern > 1 derive the formula
∫

tann xdx =
1

n− 1
tann−1 x−

∫

tann−2 xdx

Using this, find
∫ π/4

0

tan5 xdx by doing just one explicit integration.

8.21.Use the reduction formula from example 6.4 to compute

(i )
∫

dx

(1 + x2)3
(ii )

∫
dx

(1 + x2)4
(iii )

∫
xdx

(1 + x2)4
(iv )

∫
1 + x

(1 + x2)2
dx.

[Hint:
∫
x/(1 + x2)ndx is easy.]

8.22. The reduction formula from example 6.4 is valid for alln 6= 0. In particular,n
does not have to be an integer, and it does not have to be positive. Find a relation between∫
√

1 + x2 dx and
∫

dx√
1 + x2

by settingn = − 1
2 .

Integration of Rational Functions

8.23.Express each of the following rational functions as a polynomial plus a proper ratio-
nal function. (See§7 for definitions.)
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(i )
x3

x3 − 4
, (ii )

x3 + 2x

x3 − 4
, (iii )

x3 − x2 − x− 5

x3 − 4
,

(iv )
x3 − 1

x2 − 1
.

8.24.Factor the following rational functionsf(x). [Hint: f(0) = f(1) = f(2) = 0.]
(i ) f(x) = 16x5 − 16x4 − 56x3 + 40x2 + 16x
(ii ) f(x) = 16x9 − 48x8 + 32x7 − 25x5 + 75x4 − 50x3

8.25. Write ax2 + bx + c in the forma(x + p)2 + q, i.e. find p andq in terms ofa,
b, andc (this procedure, which you might remember from high school algebra is called
“completing the square.”). Then evaluate the integrals

(i )
∫

dx

x2 + 6x+ 8
, (ii )

∫
dx

x2 + 6x+ 10
, (iii )

∫
dx

5x2 + 20x+ 25
.

8.26.(i ) Use the method of equating coefficients to find numbersA, B, C such that

x2 + 3

x(x + 1)(x− 1)
=
A

x
+

B

x+ 1
+

C

x− 1

and then evaluate the integral
∫

x2 + 3

x(x + 1)(x− 1)
dx.

/ Answer: We add

A

x
+

B

x + 1
+

C

x − 1
=

A(x + 1)(x − 1) + Bx(x − 1) + Cx(x + 1)

x(x + 1)(x − 1)

=
(A + B + C)x2 + (C − B)x − A

x(x + 1)(x − 1)
.

The numerators must be equal, i.e.

x2 + 3 = (A + B + C)x2 + (C − B)x − A

for all x, so equating coefficients gives a system of three linear equations in three unknownsA, B,
C:

8

>

<

>

:

A + B + C = 1

C − B = 0

−A = 3

soA = −3 andB = C = 2, i.e.

x2 + 3

x(x + 1)(x − 1)
= −

3

x
+

2

x + 1
+

2

x − 1

and hence
Z

x2 + 3

x(x + 1)(x − 1)
dx = −3 ln |x| + 2 ln |x + 1| + 2 ln |x − 1| + constant. .

(ii ) Do this problem using the Heaviside trick.
/ Answer: To solve

x2 + 3

x(x + 1)(x − 1)
=

A

x
+

B

x + 1
+

C

x − 1
,

multiply by x:
x2 + 3

(x + 1)(x − 1)
= A +

Bx

x + 1
+

Cx

x − 1

and plug inx = 0 to getA = −3; then multiply byx + 1:

x2 + 3

x(x − 1)
=

A(x + 1)

x
+ B +

C(x + 1)

x − 1
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and plug inx = −1 to getB = 2; finally multiply by x − 1:

x2 + 3

x(x + 1)
=

A(x − 1)

x
+

B(x − 1)

x + 1
+ C,

and plug inx = 1 to getC = 2. .

8.27.Find the integral
∫

x2 + 3

x2(x− 1)
dx.

/ Answer: Apply the method of equating coefficients to the form

x2 + 3

x2(x − 1)
=

A

x
+

B

x2
+

C

x − 1
.

In this problem, the Heaviside trick can still be used to findC andB; we getB = −3 andC = 4.
Then

A

x
−

3

x2
+

4

x − 1
=

Ax(x − 1) + 3(x − 1) + 4x2

x2(x − 1)

soA = −3. Hence
Z

x2 + 3

x2(x − 1)
dx = −3 lnx +

3

x
+ 4 ln(x − 1) + constant.

.

8.28.Evaluate the following integrals:

(i )
∫

x3 dx

x4 + 1
(ii )

∫
x5 dx

x2 − 1
(iii )

∫
x5 dx

x4 − 1

(iv )
∫

e3x dx

e4x − 1
(v)

∫
ex dx√
1 + e2x

(vi )
∫

ex dx

e2x + 2ex + 2

(vii )
∫

dx

x(x2 + 1)
(viii )

∫
dx

x(x2 + 1)2
(ix )

∫
dx

x2(x− 1)

(x)
∫

1

(x− 1)(x− 2)(x− 3)
dx (xi )

∫
x2 + 1

(x− 1)(x− 2)(x− 3)
dx

(xii )
∫

x3 + 1

(x− 1)(x− 2)(x− 3)
dx

8.29.(i ) Compute
∫ 2

1

dx

x(x − h)
whereh is a small positive number.

(ii ) What happens to your answer to (i ) whenh→ 0+ ?

(iii ) Compute
∫ 2

1

dx

x2
.

Miscellaneous and Mixed Integrals

8.30.Find the area of the region bounded by the curves

x = 1, x = 2, y =
2

x2 − 4x+ 5
, y =

x2 − 8x+ 7

x2 − 8x+ 16
.

8.31.Let P be the piece of the parabolay = x2 on which0 ≤ x ≤ 1.
(i ) Find the area betweenP, thex-axis and the linex = 1.
(ii ) Find the length ofP.

8.32.Let a be a positive constant and

F (x) =

∫ x

0

sin(aθ) cos(θ) dθ.
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[Hint: use a trig identity forsinA cosB, or wait until we have covered complex exponen-
tials and then come back to do this problem.]
(i ) FindF (x) if a 6= 1.
(ii ) FindF (x) if a = 1. (Don’t divide by zero.)

8.33.Find
∫

dx

x(x − 1)(x− 2)(x− 3)
and

∫
(x3 + 1) dx

x(x − 1)(x− 2)(x− 3)
.

8.34.Evaluate the following integrals:

(i )
∫ a

0

x sinxdx (ii )
∫ a

0

x2 cosxdx

(iii )
∫ 4

3

xdx√
x2 − 1

(iv )
∫ 1/3

1/4

xdx√
1 − x2

(v)
∫ 4

3

dx

x
√
x2 − 1

(vi )
∫

xdx

x2 + 2x+ 17

(vii )
∫

x4

(x2 − 36)1/2
dx (viii )

∫
x4

x2 − 36
dx

(ix )
∫

x4

36 − x2
dx (x)

∫
x4

(36 − x2)3/2
dx

(xi )
∫

(x2 + 1) dx

x4 − x2
(xii )

∫
(x2 + 3) dx

x4 − 2x2

(xiii )
∫

dx

(x2 − 3)1/2
(xiv )

∫

ex(x+ cos(x)) dx

(xv)
∫

(ex + ln(x)) dx (xvi )
∫

dx

(x+ 5)
√
x2 + 5x

(xvii )
∫

3x2 + 2x− 2

x3 − 1
dx (xviii )

∫
x4

x4 − 16
dx

(xix )
∫

x

(x− 1)3
dx (xx)

∫
4

(x− 1)3(x+ 1)
dx

(xxi )
∫

1√
1 − 2x− x2

dx (xxii )
∫

dx√
x2 + 2x+ 3

(xxiii )
∫ e

1

x lnx dx (xxiv )
∫ e3

e2
x2 lnxdx

(xxv)
∫ e

1

x(ln x)3 dx (xxvi )
∫

arctan(
√
x) dx

(xxvii )
∫

x(cos x)2 dx (xxviii )
∫ π

0

√

1 + cos(6w) dw

8.35. You don’t always have to find the antiderivative to find a definite integral. This
problem gives you two examples of how you can avoid finding theantiderivative.
(i ) To find

I =

∫ π/2

0

sinxdx

sinx+ cosx

you use the substitutionu = π/2 − x. The new integral you get must of course be equal
to the integralI you started with, so if youadd the old and new integralsyou get2I. If
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you actually do this you will see that the sum of the old and newintegrals isveryeasy to
compute.

(ii ) Use the same trick to find
∫ π/2

0

sin2 xdx

8.36.Graph the equationx
2
3 + y

2
3 = a

2
3 . Compute the area bounded by this curve.

8.37. THE BOW-TIE GRAPH. Graph the equationy2 = x4 − x6. Compute the area
bounded by this curve.

8.38.THE FAN-TAILED FISH. Graph the equation

y2 = x2

(
a− x

a+ x

)

a > 0.

Find the area enclosed by the loop. (HINT: Rationalize the denominator of the integrand. )

8.39.Find the area of the region bounded by the curves

x = 2, y = 0, y = x ln
x

2

8.40. Find the volume of the solid of revolution obtained by rotating around thex−axis
the region bounded by the linesx = 5, x = 10, y = 0, and the curve

y =
x√

x2 + 25
.

8.41.Find the integral
∫

sec θ dθ =

∫
dθ

cos θ
in four ways.

(i ) Verify the answer given in the table in Section 2.
(ii ) Show that

1

cosx
= secx =

sec2 x+ secx tanx

secx+ tanx
and observe that the numerator is the derivative of the denominator.
(iii ) Show that

1

cosx
=

cosx

cos2 x
=

cosx

1 − sin2 x
,

and apply the substitutionu = sinx followed by a partial fraction decomposition to com-

pute
∫

dx

cosx
.

(iv ) Show that the substitution5

u = tan
θ

2
leads to the formulas

cos θ =
1 − u2

1 + u2
, sin θ =

2u

1 + u2
, dθ =

2 du

1 + u2
.

Then evaluate
∫

sec θ dθ =

∫
dθ

cos θ
using partial fractions. Hints:

tan(θ/2) = sin θ/2)/ cos(θ/2),

cos θ = cos(2θ/2) = cos2(θ/2) − sin2(θ/2),

sin θ = sin(2θ/2) = 2 sin(θ/2) cos(θ/2),

5This is called theWeierstrass substitution. It transforms an integral of a rational function ofsin θ andcos θ

into a rational function ofu; the rational function ofu can be integrated using the method of partial fractions. The
method is usually to complicated to carry out by hand, but thesubstitution is important in advanced mathematics.
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and the value of one trig function determines the values of all up to a sign.

(v) Are the four answers the same?
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II. Taylor’s Formula and Infinite Series

All continuous functions which vanish atx = a
are approximately equal atx = a
but some are more approximately equal than others.

9. Taylor Polynomials

Definition 9.1. The Taylor polynomial of a functiony = f(x) of order6 n at a pointa is
the polynomial

Pn(x; a, f) = f(a) + f ′(a)(x − a) +
f ′′(a)

2!
(x− a)2 + · · · + f (n)(a)

n!
(x− a)n.

In sigma notation the Taylor polynomial is written

Pn(x; a, f) =
n∑

k=0

f (k)(a)

k!
(x− a)k.

We usually abbreviatePn(x; a, f) to Pn(x; a) or even justPn(x).

Note that the zeroth order Taylor polynomial is just a constant,

P0(x) = f(a),

while the first order Taylor polynomial is

P1(x) = f(a) + f ′(a)(x − a).

This is exactly thelinear approximation off(x) for x close toa which was derived in
1st semester calculus. The Taylor polynomial generalizes this first order approximation by
providing “higher order approximations” tof .

For many functionsf(x) the Taylor polynomialsPn(x) give better and better approx-
imations as you add more terms (i.e. as you increasen). For this reason the limit when
n→ ∞ is often considered, which leads to theinfinite sum

P∞(x) = f(a) + f ′(a)(x − a) +
f ′′(a)

2!
(x− a)2 +

f ′′(a)

3!
(x− a)3 + · · ·

or, in Sigma notation,

P∞(x) =

∞∑

k=0

f (k)(a)

k!
(x− a)k.

6 A polynomialP (x) is said to haveordern if it has the form

P (x) = c0 + c1x + c2x2 + . . . + cnxn

and havedegreen if cn 6= 0. Recalln! = 1 · 2 · 3 · · ·n, and by definition0! = 1
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This expression is called theTaylor series7 for f(x) atx = a. In §17 below we will make
sense of the “sum of infinitely many numbers” and see that it isoften true thatP∞(x) =
f(x).

If g(x) = f(a + x), we can use the Taylor polynomial ofg(x) at 0 to approximate
f(x) nearx = a. For example, to approximatef(x) =

√
x for x near9 we might as well

approximateg(x) =
√

9 + x for x near0. For this reason we usually takea = 0 in which
case we writePn(x) instead ofPn(x; 0), and we get a slightly simpler formula

Pn(x) = f(0) + f ′(0)x+
f ′′(0)

2!
x2 + · · · + f (n)(0)

n!
xn,

or, in Sigma notation,

Pn(x) =

n∑

k=0

f (k)(0)

k!
xk.

Similarly for the Taylor series whena = 0

P∞(x) = f(0) + f ′(0) +
f ′′(0)

2!
x2 +

f ′′(0)

3!
x3 + · · ·

or, in Sigma notation,

P∞(x) =

∞∑

k=0

f (k)(0)

k!
xk.

Theorem 9.2. The Taylor polynomialPn(x; a, f) has the following property: it is the only
polynomialP (x) of ordern whose value and whose derivatives of orders1, 2, . . . , andn
are the same as those off atx = a, i.e. it is the only polynomial of ordern for which

P (a) = f(a), P ′(a) = f ′(a), P ′′(a) = f ′′(a), . . . , P (n)(a) = f (n)(a)

holds.

Proof. We do the casea = 0, for simplicity. Letn be given, and let’s take a polynomial
P (x) of ordern, say,

P (x) = a0 + a1x+ a2x
2 + a3x3 + · · · + anx

n,

and let’s see what its derivatives look like. They are:

P (x) = a0 + a1x + a2x
2 + a3x

3 + a4x
4 + · · ·

P ′(x) = a1 + 2a2x + 3a3x
2 + 4a4x

3 + · · ·
P (2)(x) = 1 · 2a2 + 2 · 3a3x + 3 · 4a4x

2 + · · ·
P (3)(x) = 1 · 2 · 3a3 + 2 · 3 · 4a4x + · · ·
P (4)(x) = 1 · 2 · 3 · 4a4 + · · ·

When you setx = 0 all the terms which have a positive power ofx vanish, and you are
left with the first entry on each line, i.e.

P (0) = a0, P ′(0) = a1, P (2)(0) = 2a2, P (3)(0) = 2 · 3a3, etc.

and in general

P (k)(0) = k!ak for 0 ≤ k ≤ n.

7Whena = 0 this is also called theMaclaurin series.
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Fork ≥ n + 1 the derivativesp(k)(x) all vanish of course, sinceP (x) is a polynomial of
ordern. If we wantP to have the same values and derivatives atx = 0 of orders1,,. . . ,n
as the functionf , then we must havek!ak = P (k)(0) = f (k)(0) for all k ≤ n. Thus

ak =
f (k)(0)

k!
for 0 ≤ k ≤ n.

�

J 9.3 Example: Compute the Taylor polynomials of order 0, 1 and 2 off(x) = ex at
a = 0, and plot them.One has

f(x) = ex =⇒ f ′(x) = ex =⇒ f ′′(x) = ex,

so that
f(0) = 1, f ′(0) = 1, f ′′(0) = 1.

Therefore the first three Taylor polynomials off(x) = ex ata = 0 are

x

y=e
x

y=e

y=1

y=1+x
2

y=1+x+x  /2

−2  1−2 −1  1−2 −1  1−2 −1  1−2 −1

 0.5

 1

 1.5

 2

 2.5

 3

 0.5

 1

 1.5

 2

 2.5

 3

 0.5

 1

 1.5

 2

 2.5

 3

 0.5

 1

 1.5

 2

 2.5

 3

 0.5

 1

 1.5

 2

 2.5

 3

 1

 1.5

 2

 2.5

 3

−2 −1  1−1

FIGURE 1. Polynomials approximatingex nearx = 0

P0(x) = 1

P1(x) = 1 + x

P2(x) = 1 + x+
1

2
x2.

The graphs are found in Figure 1. As you can see from the graphs, the Taylor polynomial
P0(x) of order 0 is close toex for smallx, by virtue of the continuity ofex

The Taylor polynomial of order 0, i.e.P0(x) = 1 captures the fact thatex by virtue of
its continuity does not change very much ifx stays close tox = 0.

The Taylor polynomial of order 1, i.e.P1(x) = 1 + x corresponds to the tangent line to
the graph off(x) = ex, and so it also captures the fact that the functionf(x) is increasing
nearx = 0.

ClearlyP1(x) is a better approximation toex thanP0(x).
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The graphs of bothy = P0(x) andy = P1(x) are straight lines, while the graph of
y = ex is curved (in fact, convex). The second order Taylor polynomial captures this
convexity. In fact, the graph ofy = P2(x) is a parabola, and since it has the same first
and second derivative atx = 0, its curvature is the same as the curvature of the graph of
y = ex atx = 0.

So it seems thaty = P2(x) = 1 + x+ x2/2 is an approximation toy = ex which beats
bothP0(x) andP1(x). I

J 9.4Example: Find the Taylor polynomials off(x) = sinx. When you start computing
the derivatives ofsinx you find

f(x) = sinx, f ′(x) = cosx, f ′′(x) = − sinx, f (3)(x) = − cosx,

and thus

f (4)(x) = sinx.

So after four derivatives you’re back to where you started, and the sequence of derivatives
of sinx cycles through the pattern

sinx, cosx, − sinx, − cosx, sinx, sinx, cosx, − sinx, − cosx, sinx, . . .

on and on. Atx = 0 you then get the following values for the derivativesf (j)(0),

j 1 2 3 4 5 6 7 8 · · ·
f (j)(0) 0 1 0 −1 0 1 0 −1 · · ·

This gives the following Taylor polynomials

P0(x) = 0

P1(x) = x

P2(x) = x

P3(x) = x− x3

3!

P4(x) = x− x3

3!

P5(x) = x− x3

3!
+
x5

5!

Note that sincef (2)(0) = 0 the Taylor polynomialsP1(x) andP2(x) are the same! The
second order Taylor polynomial in this example is really only a polynomial of order 1. In
general the Taylor polynomialPn(x) of any function is a polynomial of degree at mostn,
and this example shows that the degree can sometimes be strictly less. (See Footnote 6 in
§9.) I

10. Some special Taylor polynomials

Here is a list of functionsf(x) whose Taylor polynomialsPn(x) = Pn(x; 0, f) are
sufficiently regular that you can write a formula for thenth term.
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7

−2π −π
π 2π

P

P

P

P

1

3

5

FIGURE 2. Taylor polynomials off(x) = sinx

f(x) = ex, Pn(x) = 1 + x+
x2

2!
+
x3

3!
+ · · · + xn

n!
.

f(x) = sinx, P2n+1(x) = x− x3

3!
+
x5

5!
− x7

7!
+ · · · + (−1)n+1 x2n+1

(2n+ 1)!
.

f(x) = cosx, P2n(x) = 1 − x2

2!
+
x4

4!
− x6

6!
+ · · · + (−1)n

x2n

(2n)!
.

f(x) =
1

1 − x
, Pn(x) = 1 + x+ x2 + x3 + x4 + · · · + xn. (Geometric Series)

f(x) = ln(1 + x), Pn(x) = x− x2

2
+
x3

3
− x4

4
+ · · · + (−1)n+1x

n

n
.

All of these Taylor polynomials can be computed directly from the definition, by re-
peatedly differentiatingf(x).

11. The Remainder Term

The Taylor polynomialPn(x) is almost never exactly equal tof(x), but often it is a
good approximation, especially ifx is small. To see how good the approximation is we
define the “error term” or, “remainder term”.

Definition 11.1. If f is ann times differentiable function on some interval containinga,
then

Rn(x; a, f) = f(x) − Pn(x; a, f)

is called thenth order remainder (or error) term in the Taylor polynomial of f .
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We usually writeRn(x; a) instead ofRn(x; a, f). If a = 0, as will be the case in most
examples we do, then we writeRn(x) instead ofRn(x; a).
J 11.2Example.If f(x) = sinx then we have found thatP3(x) = x− 1

6x
3, so that

R3(x) = sinx− x+ 1
6x

3.

This is a completely correct formula for the remainder term,but it’s rather useless: there’s
nothing about this expression that suggests thatx− 1

6x
3 is a much better approximation to

sinx than, say,x+ 1
6x

3. I

The usual situation is that there is no simple formula for theremainder term.
J 11.3 An unusual example, in which there is a simple formula forRn(x). Consider
f(x) = 1 − x+ 3 x2 − 15 x3. Then you find

P2(x) = 1 − x+ 3 x2, so thatR2(x) = f(x) − P2(x) = −15 x3.

The moral of this example is this:Given a polynomialf(x) you find itsnth order Taylor
polynomial by taking all terms of degree≤ n in f(x); the remainderRn(x) then consists
of the remaining terms. I

J 11.4Another unusual, but important example where you can computeRn(x). Consider
the function

f(x) =
1

1 − x
.

Then repeated differentiation gives

f ′(x) =
1

(1 − x)2
, f (2)(x) =

1 · 2
(1 − x)3

, f (3)(x) =
1 · 2 · 3
(1 − x)4

, . . .

and thus

f (n)(x) =
1 · 2 · 3 · · ·n
(1 − x)n+1

.

Consequently,

f (n)(0) = n! =⇒ 1

n!
f (n)(0) = 1,

and you see that the Taylor polynomials of this function are really simple, namely

Pn(x) = 1 + x+ x2 + x3 + x4 + · · · + xn.

But this sum should be really familiar: it is just theGeometric Sum(each term isx times
the previous term). Its sum is given by8

Pn(x) = 1 + x+ x2 + x3 + x4 + · · · + xn =
1 − xn+1

1 − x
,

which we can rewrite as

Pn(x) =
1

1 − x
− xn+1

1 − x
= f(x) − xn+1

1 − x
.

The remainder term therefore is

Rn(x) = f(x) − Pn(x) =
xn+1

1 − x
.

I

8Multiply both sides with1 − x to verify this, in case you had forgotten the formula!
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12. Lagrange’s Formula for the Remainder Term

Theorem 12.1.Let f be ann+1 times differentiable function on some intervalI contain-
ing x = 0. Then for everyx in the intervalI there is aξ between0 andx such that

Rn(x) =
f (n+1)(ξ)

(n+ 1)!
xn+1.

(ξ between0 andx means either0 < ξ < x or x < ξ < 0, depending on the sign ofx.)

This theorem (including the proof) is similar to the Mean Value Theorem. The proof is
a bit involved. It appears at the end of this chapter.

There are calculus textbooks which, after presenting this remainder formula, give a
whole bunch of problems which ask you to findξ for given f andx. Such problems
completely miss the point of Lagrange’s formula. The point is thateven though you usually
can’t compute the mystery pointξ precisely, Lagrange’s formula for the remainder term
allows you toestimateit. Here is the most common way to estimate the remainder:

Theorem 12.2(Estimate of remainder term). If f is ann+ 1 times differentiable function
on an interval containingx = 0, and if you have a constantM such that

∣
∣
∣f (n+1)(t)

∣
∣
∣ ≤M for all t between0 andx,

then

|Rn(x)| ≤
M |x|n+1

(n+ 1)!
.

Proof. We don’t know whatξ is in Lagrange’s formula, but it doesn’t matter, for wherever
it is, it must lie between0 andx so that our assumption implies|f (n+1)(ξ)| ≤M . Put that
in Lagrange’s formula and you get the stated inequality. �

J 12.3How to computee to a few decimal places.Considerf(x) = ex. We computed
the Taylor polynomials before. If you setx = 1, then you gete = f(1) = Pn(1)+Rn(1),
and thus, takingn = 8,

e = 1 +
1

1!
+

1

2!
+

1

3!
+

1

4!
+

1

5!
+

1

6!
+

1

7!
+

1

8!
+R8(1).

By Lagrange’s formula there is aξ between0 and1 such that

R8(1) =
f (9)(ξ)

9!
19 =

eξ

9!
.

(remember:f(x) = ex, so all its derivatives are alsoex.) We don’t really know whereξ is,
but since it lies between0 and1 we know that1 < eξ < e. So the remainder termR8(1)
is positive and no more thane/9!. Estimatinge < 3, we find

1

9!
< R8(1) <

3

9!
.

Thus we see that

1 +
1

1!
+

1

2!
+

1

3!
+ · · · + 1

7!
+

1

8!
+

1

9!
< e < 1 +

1

1!
+

1

2!
+

1

3!
+ · · · + 1

7!
+

1

8!
+

3

9!

or, in decimals,
2.718 281 . . . < e < 2.718 287 . . .

I
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J 12.4Error in the approximationsinx ≈ x. In many calculations involvingsinx for
small values ofx one makes the simplifying approximationsinx ≈ x, justified by the
known limit

lim
x→0

sinx

x
= 1.

Question: How big is the error in this approximation?
To answer this question, we use Lagrange’s formula for the remainder term again.
Let f(x) = sinx. Then the first order Taylor polynomial off is

P1(x) = x.

The approximationsinx ≈ x is therefore exactly what you get if you approximatef(x) =
sinx by its first order Taylor polynomial. Lagrange tells us that

f(x) = P1(x) +R1(x), i.e. sinx = x+R1(x),

where, sincef ′′(x) = − sinx,

R1(x) =
f ′′(ξ)

2!
x2 = − 1

2 sin ξ · x2

for someξ between0 andx.
As always with Lagrange’s remainder term, we don’t know where ξ is precisely, so we

have to estimate the remainder term. The easiest (but not thebest: see below) way to do
this is to say that no matter whatξ is, sin ξ will always be between−1 and1. Hence the
remainder term is bounded by

(¶) |R1(x)| ≤ 1
2x

2,

and we find that
x− 1

2x
2 ≤ sinx ≤ x+ 1

2x
2.

Question: How small must we choosex to be sure that the approximationsinx ≈ x isn’t
off by more than1% ?

If we want the error to be less than1% of the estimate, then we should require1
2x

2 to
be less than1% of |x|, i.e.

1
2x

2 < 0.01 · |x| ⇔ |x| < 0.02

So we have shown that, if you choose|x| < 0.02, then the error you make in approximating
sinx by justx is no more than1%.

A final comment about this example: the estimate for the errorwe got here can be
improved quite a bit in two different ways:

(1) You could notice that one has| sinx| ≤ x for all x, so if ξ is between0 andx, then
| sin ξ| ≤ |ξ| ≤ |x|, which gives you the estimate

|R1(x)| ≤ 1
2 |x|

3 instead of12x
2 as in(¶).

(2) For this particular function the two Taylor polynomialsP1(x) andP2(x) are the
same (becausef ′′(0) = 0). SoP2(x) = x, and we can write

sinx = f(x) = x+R2(x),

In other words, the error in the approximationsinx ≈ x is also given by thesecondorder
remainder term, which according to Lagrange is given by

R2(x) =
− cos ξ

3!
x3 | cos ξ|≤1

=⇒ |R2(x)| ≤ 1
6 |x|

3,

which is the best estimate for the error insinx ≈ x we have so far.
I
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13. The limit as x→ 0, keepingn fixed

Lagrange’s formula for the remainder term lets us write a functiony = f(x), which is
defined on some interval containingx = 0, in the following way

(6) f(x) = f(0) + f ′(0)x+
f (2)(0)

2!
x2 + · · · + f (n)(0)

n!
xn +

f (n+1)(ξ)

(n+ 1)!
xn+1

Note that the last term contains theξ from Lagrange’s theorem, which depends onx, and
of which you only know that it lies between0 andx.

Here is an IMPORTANT THEOREM which is very helpful when you want to compute
Taylor polynomials.

Theorem 13.1. If f(x) andg(x) aren times differentiable functions and ifPn(x; 0, f) =
Pn(x; 0, g), then

(7) lim
x→0

f(x) − g(x)

xn
= 0.

Conversely, if the functionsf(x) andg(x) satisfy (7) then they have the samenth order
Taylor polynomials.

In other words, if two functions have the samenth order Taylor polynomial, then their
difference is much smaller thanxn for small enoughn.

14. Little-oh

Landau introduced the following notation which many peoplefind useful. By definition

“o(xn)” is an abbreviation for any functionh(x) which satisfies

lim
x→0

h(x)

xn
= 0.

So you can rewrite (7) as

f(x) − g(x) = o(xn) (x→ 0), or f(x) = g(x) + o(xn), (x→ 0)

The last equation is pronounced as “f(x) is equal tog(x) plus little-oh ofxn asx goes to
zero.” The intuitive interpretation is thatf(x) andg(x) are almost the same, and that they
differ by something which is negligible compared toxn, at least for very small values ofx.

With Landau’s notation Theorem 13.1 says that twon times differentiable functions
f(x) andg(x) have the samenth order Taylor polynomial if and only if

f(x) = g(x) + o(xn) (x→ 0)

The nice thing about Landau’s little-oh is that you can compute with it, as long as you obey
the following (at first sight rather strange) rules which will be proved in class

xn · o(xm) = o(xn+m) (x→ 0)

o(xn) · o(xm) = o(xn+m) (x→ 0)

xm = o(xn) (x→ 0) if n < m

o(xn) + o(xm) = o(xn) (x→ 0) if n < m

o(Cxn) = o(xn) (x→ 0) for any constantC

J 14.1Example: prove one of these little-oh rules.Let’s do the first one, i.e. let’s show
thatxn · o(xm) is o(xn+m) asx→ 0. Remember, if someone writesxn · o(xm), then the



36

n
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 1 0.5

y=x
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54

FIGURE 3. How the powers stack up

o(xm) is an abbreviation for some functionh(x) which satisfieslimx→0 h(x)/x
m = 0. So

thexn · o(xm) we are given here really is an abbreviation forxnh(x). We then have

lim
x→0

xnh(x)

xn+m
= lim

x→0

h(x)

xm
= 0, sinceh(x) = o(xm).

I

J 14.2Can you see thatx3 = o(x2) by looking at the graphs of these functions?A picture
is of course never a proof, but have a look at figure 3 which shows you the graphs ofy = x,
x2, x3, x4, x5 andx10. As you see, whenx approaches0, the graphs of higher powers of
x approach thex-axis (much?) faster than do the graphs of lower powers.

You should also have a look at figure 4 which exhibits the graphs of y = x2, as well
as several linear functionsy = Cx (with C = 1,12 , 1

5 and 1
10 .) For each of these linear

functions one hasx2 < Cx if x is small enough –how small is small enough depends
onC. The smaller the constantC, the closer you have to keepx to 0 to be sure thatx2

is smaller thanCx. Nevertheless, no matter how smallC is, the parabola will eventually
always reach the region below the liney = Cx. I

2

x/5

x/2

x

x

x/10

FIGURE 4. In the end (asx→ 0) the parabola always wins



37

J 14.3Example: Little-oh arithmetic is a little funny.Bothx2 andx3 are functions which
areo(x) asx→ 0, i.e.

x2 = o(x) (x→ 0) and x3 = o(x) (x→ 0)

Neverthelessx2 6= x3. So in working with little-oh we are giving up on the principle that
says that two things which both equal a third object must themselves be equal; i.e.a = b
andb = c impliesa = c, but not when you’re using little-ohs! You can also put it like this:
just because two quantities both are much smaller thanx asx → 0, they don’t have to be
equal.

In particular, you can never cancel little-ohs!!!

In other words, the following is pretty wrong

o(x2) − o(x2) = 0 (x→ 0).

Why? The twoo(x2)’s both refer to functionsh(x) which satisfylimx→0 h(x)/x
2 = 0,

but there are many such functions, and the twoo(x2)’s could be abbreviations for different
functionsh(x).

Contrast this with the following computation, which at firstsight looks wrong even
though it is actually right:

o(x2) − o(x2) = o(x2) (x→ 0).

In words: if you subtract two quantities both of which are negligible compared tox2 for
smallx then the result will also be negligible compared tox2 for smallx.

I

15. Computations with Taylor polynomials

In principle the definition ofPn(x) lets you compute as many terms of the Taylor poly-
nomial as you want, but in many (most) examples the computations quickly get out of
hand. To see what can happen go though the following example:
J 15.1How not to compute the Taylor polynomial of order 12 off(x) = 1/(1+x2). Dili-
gently computing derivatives one by one you find

f ′(x) =
−2x

(1 + x2)2
sof ′(0) = 0

f ′′(x) =
6x2 − 2

(1 + x2)3
sof ′′(0) = −2

f (3)(x) = 24
x− x3

(1 + x2)4
sof (3)(0) = 0

f (4)(x) = 24
1 − 10x2 + 5x4

(1 + x2)5
sof (4)(0) = 24 = 4!

f (5)(x) = 240
−3x+ 10x3 − 3x5

(1 + x2)6
sof (4)(0) = 0

f (6)(x) = −720
−1 + 21x2 − 35x4 + 7x6

(1 + x2)7
sof (4)(0) = 720 = 6!

...
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I’m getting tired of differentiating – can you findf (12)(x)? After a lot of work we give up
at the sixth derivative, and all we have found is

P6(x) = 1 − x2 + x4 − x6.

By the way,

f (12)(x) = 479001600
1− 78 x2 + 715 x4 − 1716 x6 + 1287 x8 − 286 x10 + 13 x12

(1 + x2)13

and479001600 = 12!. I

J 15.2The right approach to finding the Taylor polynomial ofanyorder off(x) = 1/(1+
x2). Start with the Geometric Series: ifg(t) = 1/(1 − t) then

g(t) = 1 + t+ t2 + t3 + t4 + · · · + tn + o(tn).

Now substitutet = −x2 in this limit,

g(−x2) = 1 − x2 + x4 − x6 + · · · + (−1)nx2n + o
((

−x2
)n
)

Sinceo
((
−x2

)n)
= o(x2n) and

g(−x2) =
1

1 − (−x2)
=

1

1 + x2
,

we have found
1

1 + x2
= 1 − x2 + x4 − x6 + · · · + (−1)nx2n + o(x2n)

By Theorem (13.1) this implies

P2n(x) = 1 − x2 + x4 − x6 + · · · + (−1)nx2n.

I

J 15.3Example of multiplication of Taylor series.Finding the Taylor series ofe2x/(1+x)
directly from the definition is another recipe for headaches. Instead, you should exploit
your knowledge of the Taylor series of both factorse2x and1/(1 + x):

e2x = 1 + 2x+
22x2

2!
+

23x3

3!
+

24x4

4!
+ o(x4)

= 1 + 2x+ 2x2 +
4

3
x3 +

2

3
x4 + o(x4)

1

1 + x
= 1 − x+ x2 − x3 + x4 + o(x4).

Then multiply these two

e2x · 1

1 + x
=

(

1 + 2x+ 2x2 +
4

3
x3 +

2

3
x4 + o(x4)

)

·
(
1 − x+ x2 − x3 + x4 + o(x4)

)

= 1 − x + x2 − x3 + x4 + o(x4)
+ 2x − 2x2 + 2x3 − 2x4 + o(x4)

+ 2x2 − 2x3 + 2x4 + o(x4)
+ 4

3x
3 − 4

3x
4 + o(x4)

+ 2
3x

4 + o(x4)

= 1 + x+ x2 +
1

3
x3 +

1

3
x4 + o(x4) (x→ 0)

I
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J 15.4Taylor’s formula and Fibonacci numbers.The Fibonacci numbers are defined as
follows: the first two aref0 = 1 andf1 = 1, and the others are defined by the equation

(Fib) fn = fn−1 + fn−2

So

f2 = f1 + f0 = 1 + 1 = 2,

f3 = f2 + f1 = 2 + 1 = 3,

f4 = f3 + f2 = 3 + 2 = 5,

etc.

The equation (Fib) lets you compute the whole sequence of numbers, one by one, when
you are given only the first few numbers of the sequence (f0 andf1 in this case). Such an
equation for the elements of a sequence is called arecursion relation.

Now consider the function

f(x) =
1

1 − x− x2

and let

P∞(x) = c0 + c1x+ c2x
2 + c3x

3 + · · ·
be its Taylor series.

Due to Lagrange’s remainder theorem you have, for anyn,

1

1 − x− x2
= c0 + c1x+ c2x

2 + c3x
3 + · · · + cnx

n + o(xn) (x→ 0).

Multiply both sides with1 − x− x2 and you get

1 = (1 − x− x2) · (c0 + c1x+ c2x
2 + · · · + cn + o(xn)) (x→ 0)

= c0 + c1x + c2x
2 + · · · + cnx

n + o(xn)
− c0x − c1x

2 − · · · − cn−1x
n + o(xn)

− c0x
2 − · · · − cn−2x

n − o(xn) (x→ 0)

= c0 + (c1 − c0)x+ (c2 − c1 − c0)x
2 + (c3 − c2 − c1)x

3 + · · ·
· · · + (cn − cn−1 − cn−2)x

n + o(xn) (x→ 0)

Compare the coefficients of powersxk on both sides fork = 0, 1, . . . , n and you find

c0 = 1, c1 − c0 = 0 =⇒ c1 = c0 = 1, c2 − c1 − c0 = 0 =⇒ c2 = c1 + c0 = 2

and in general

cn − cn−1 − cn−2 = 0 =⇒ cn = cn−1 + cn−2

Therefore the coefficients of the Taylor seriesP∞(x) are exactly the Fibonacci numbers:

cn = fn for n = 0, 1, 2, 3, . . .

Since it is much easier to compute the Fibonacci numbers one by one than it is to compute
the derivatives off(x) = 1/(1− x− x2), this is a better way to compute the Taylor series
of f(x) than just directly from the definition. I

J 15.5More about the Fibonacci numbers.
In this example you’ll see a trick that lets you compute the Taylor series ofany rational

function. You already know the trick: find the partial fraction decomposition of the given
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rational function. Ignoring the case that you have quadratic expressions in the denominator,
this lets you represent your rational function as a sum of terms of the form

A

(x− a)p
.

These are easy to differentiate any number of times, and thusthey allow you to write their
Taylor series.

Let’s apply this to the functionf(x) = 1/(1− x− x2) from the example 15.4. First we
factor the denominator.

1 − x− x2 = 0 ⇐⇒ x2 + x− 1 = 0 ⇐⇒ x =
−1 ±

√
5

2
.

The number

φ =
1 +

√
5

2
≈ 1.618 033 988 749 89 . . .

is called theGolden Ratio. It satisfies9

φ+
1

φ
=

√
5.

The roots of our polynomialx2 + x− 1 are therefore

x− =
−1 −

√
5

2
= −φ, x+ =

−1 +
√

5

2
=

1

φ
.

and we can factor1 − x− x2 as follows

1 − x− x2 = −(x2 + x− 1) = −(x− x−)(x − x+) = −(x− 1

φ
)(x + φ).

Sof(x) can be written as

f(x) =
1

1 − x− x2
=

−1

(x− 1
φ )(x + φ)

=
A

x− 1
φ

+
B

x+ φ

The Heaviside trick will tell you whatA andB are, namely,

A =
−1

1
φ + φ

=
−1√

5
, B =

1
1
φ + φ

=
1√
5

Thenth derivative off(x) is

f (n)(x) =
A(−1)nn!
(

x− 1
φ

)n+1 +
B(−1)nn!

(x+ φ)n+1

Settingx = 0 and dividing byn! finally gives you the coefficient ofxn in the Taylor series
of f(x). The result is the following formula for thenth Fibonacci number

cn =
f (n)(0)

n!
=

1

n!

A(−1)nn!
(

− 1
φ

)n+1 +
1

n!

B(−1)nn!

(φ)
n+1 = −Aφn+1 −B

(
1

φ

)n+1

Using the values forA andB you find

fn = cn =
1√
5

{

φn+1 − 1

φn+1

}

9To prove this, use
1

φ
=

2

1 +
√

5
=

2

1 +
√

5

1 −
√

5

1 −
√

5
=

−1 +
√

5

2
.
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I

16. Differentiating Taylor polynomials

In the §15 you learned some tricks for evaluating Taylor polynomials in a smart way.
The most powerful trick of all is the following

Theorem 16.1. The Taylor polynomial of the derivative is the derivative ofthe Taylor
polynomial, i.e. If

Pn(x; 0, f) = a0 + a1x+ a2x
2 + · · · + anx

n

is the Taylor polynomial of a functiony = f(x), then the Taylor polynomial ordern − 1
of f ′(x) is given by

Pn−1(x; 0, f
′) = a1 + 2a2x+ · · · + nanx

n−1.

Proof. Let g(x) = f ′(x). Theng(k)(0) = f (k+1)(0), so that The the Taylor polynomial
for g(x) is

Pn−1(x; 0, g) = g(0) + g′(0)x+ g(2)(0)
x2

2!
+ · · · + g(n−1)(0)

xn−1

(n− 1)!

= f ′(0) + f (2)(0)x+ f (3)(0)
x2

2!
+ · · · + f (n)(0)

xn−1

(n− 1)!
($)

On the other hand, ifPn(x; 0, f) = a0 + a1x+ · · ·+ anx
n, thenak = f (k)(0)/k!, so that

kak =
k

(k − 1)!
f (k)(0) =

f (k)(0)

(k − 1)!
.

In other words,

1 · a1 = f ′(0), 2a2 = f (2)(0), 3a3 =
f (3)(0)

2!
, etc.

So, continuing from ($) you find that

Pn−1(x; 0, g) = a1 + 2a2x+ · · · + nanx
n−1

as claimed. �

J 16.2Example.We compute the Taylor polynomial off(x) = 1/(1− x)2 by noting that

f(x) = F ′(x), whereF (x) =
1

1 − x
.

Since the Taylor polynomial ofF (x) is 1 + x + x2 + x3 + · · · + xn+1, Theorem 16.1
implies that the Taylor poynomial of(f(x) id

Pn(x) = 1 + 2x+ 3x2 + 4x3 + · · · + (n+ 1)xn

I

J 16.3Example: Taylor polynomials ofarctanx. Let f(x) = arctanx. Then know that

f ′(x) =
1

1 + x2
.

By substitution oft = −x2 in the Taylor polynomial of1/(1 − t) we had found

P ′
2n(x) = 1 − x2 + x4 − x6 + · · · + (−1)nx2n + o

(
x2n
)
.
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This Taylor polynomial must be the derivative ofP2n+1(x), so we have

P2n+1(x) = x− x3

3
+
x5

5
+ · · · + (−1)n

x2n+1

2n+ 1
.

I

17. The limit n→ ∞, keepingx fixed

Sequences and their limits

We shall call asequenceany ordered sequence of numbersa1, a2, a3, . . .: for each
positive integern we have to specify a numberan.
J 17.1Examples of sequences.

definition first few number in the sequence

an = n 1, 2, 3, 4, . . .

bn = 0 0, 0, 0, 0, . . .

cn =
1

n
1
1 ,

1
2 ,

1
3 ,

1
4 , . . .

dn =
(
− 1

3

)n − 1
3 ,

1
9 ,− 1

27 ,
1
81 , . . .

En = 1 +
1

1!
+

1

2!
+

1

3!
+ · · · + 1

n!
1, 2, 2 1

2 , 2
2
3 , 2

17
24 , 2

43
60 , . . .

P2n+1(x) = x− x3

3!
+ · · · + (−1)n

x2n+1

(2n+ 1)!
x, x− x3

3!
, x− x3

3!
+
x5

5!
, . . .

I

The last two sequences are derived from the Taylor polynomials of ex (at x = 1) and
sinx (at anyx). The last examplePn really is a sequence of functions, i.e. for every choice
of x you get a different sequence.

Definition 17.2. A sequence of numbers(an)
∞
n=1 converges to a limitL, if for everyε > 0

there is a numberNε such that for alln > Nε one has

|an − L| < ε.

One writes
lim
n→∞

an = L

The idea of the definition is this. The notationlimn→∞ an = L means thatan is very
close toL whenn is large, i.e. thatan ≈ L whenn ≈ ∞. But how close? How large?
When I assert thatlimn→∞ an = L, I am saying that if you tell me how close you want
an to be toL, then I’ll tell how big n has to be. If you wantan to be within ε of L,
then you should taken bigger thanNε. The small numberε estimates how accuratelyan
approximatesL.

J 17.3Example: lim
n→∞

1

n
= 0.

The sequencecn = 1/n converges to0. To prove this letε > 0 be given. We have to
find anNε such that

|cn| < ε for all n > Nε.
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Thecn are all positive, so|cn| = cn, and hence

|cn| < ε ⇐⇒ 1

n
< ε ⇐⇒ n >

1

ε
,

which prompts us to chooseNε = 1/ε. The calculation we just did shows that ifn > 1
ε =

Nε, then|cn| < ε. That means thatlimn→∞ cn = 0. I

J 17.4Example: lim
n→∞

an = 0 if |a| < 1.

As in the previous example one can show thatlimn→∞ 2−n = 0, and more generally,
that for any constanta with −1 < a < 1 one has

lim
n→∞

an = 0.

Indeed,

|an| = |a|n = en ln |a| < ε

holds if and only if

n ln |a| < ln ε.

Since|a| < 1 we haveln |a| < 0 so that dividing byln |a| reverses the inequality, with
result

|an| < ε ⇐⇒ n >
ln ε

ln |a|
The choiceNε = (ln ε)/(ln |a|) therefore guarantees that|an| < ε whenevern > Nε. I

One can show that the operation of taking limits of sequencesobeys the same rules as
taking limits of functions.

Theorem 17.5. If
lim
n→∞

an = A and lim
n→∞

bn = B,

then one has

lim
n→∞

an ± bn = A±B

lim
n→∞

anbn = AB

lim
n→∞

an
bn

=
A

B
(assumingB 6= 0).

The so-called “sandwich10 theorem” for ordinary limits also applies to limits of se-
quences. Namely, one has

Theorem 17.6(“Sandwich theorem”). If an is a sequence which satisfiesbn < an < cN
for all n, and if limn→∞ bn = limn→∞ cn = 0, thenlimn→∞ an = 0.

Finally, one can show this:

10Earl of Sandwich, John Montague, was born Nov. 3, 1718 and died April 30, 1792. In John Montague’s
life time, he was a Politician, Naval Administrator, memberof the Bedford Gang, Duke of Bedford, Lord of the
Admiralty, Secretary of state, leader of the Monks, invented the sandwich, discovered the Hawaiian Islands, and
devoted his life to gambling.

When the Earl of Sandwich was gambling, he would sit at the gaming table for hours without meals.
One day he sent his menservants to get him: 2 slices of bread, meat, and cheese. Thus made the sand-
wich. He did this so he wouldn’t get his cards greasy. The sandwich was named after him in 1762. (from
www.kusd.edu/schools/washington/valerimaster site/academic2/kimd site/earls.html )
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Theorem 17.7. If f(x) is a function which is continuous atx = A, andan is a sequence
which converges toA, then

lim
n→∞

f(an) = f
(

lim
n→∞

an

)

= f(A).

J 17.8Example.Sincelimn→∞ 1/n = 0 and sincef(x) = cosx is continuous atx = 0
we have

lim
n→∞

cos
1

n
= cos 0 = 1.

I

J 17.9 Example.You can compute the limit of any rational function ofn by dividing
numerator and denominator by the highest occurring power ofn. Here is an example:

lim
n→∞

2n2 − 1

n2 + 3n
= lim

n→∞

2 −
(

1
n

)2

1 + 3 · 1
n

=
2 − 02

1 + 3 · 02
= 2

I

J 17.10Application of the Sandwich theorem.We show thatlimn→∞
1√
n2+1

= 0 in two
different ways.

Method 1: Since
√
n2 + 1 >

√
n2 = n we have

0 <
1√

n2 + 1
<

1

n
.

The sequences “0” and 1
n both go to zero, so the Sandwich theorem implies that1/

√
n2 + 1

also goes to zero.
Method 2: Divide numerator and denominator both byn to get

an =
1/n

√

1 + (1/n)2
= f

(
1

n

)

, wheref(x) =
x√

1 + x2
.

Sincef(x) is continuous atx = 0, and since1
n → 0 asn → ∞, we conclude thatan

converges to0. I

J 17.11 lim
n→∞

xn

n!
= 0 for any real numberx.

If |x| ≤ 1 then this is easy, for we would have|xn| ≤ 1 for all n ≥ 0 and thus
∣
∣
∣
∣

xn

n!

∣
∣
∣
∣
≤ 1

n!
=

1

1 · 2 · 3 · · · (n− 1) · n
︸ ︷︷ ︸

n−1 factors

≤ 1

1 · 2 · 2 · · · 2 · 2
︸ ︷︷ ︸

n−1 factors

=
1

2n−1

which shows thatlimn→∞
xn

n! = 0, by the Sandwich Theorem.
For arbitraryx you first choose an integerN ≥ 2x. Then for alln ≥ N one has

xn

n!
≤ |x| · |x| · · · |x| · |x|

1 · 2 · 3 · · ·n use|x| ≤ N

2

≤ N ·N ·N · · ·N ·N
1 · 2 · 3 · · ·n

(
1

2

)n

Split fraction into two parts, one containing the firstN factors from both numerator and
denominator, the other the remaining factors:

N

1
· N

2
· N

3
· · · N

N
︸ ︷︷ ︸

=NN/N !

· N

N + 1
· · · N

n
=
NN

N !
· N

N + 1
︸ ︷︷ ︸

<1

· N

N + 2
︸ ︷︷ ︸

<1

· · · N
n
︸︷︷︸

<1

≤ NN

N !
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Hence we have
∣
∣
∣
∣

xn

n!

∣
∣
∣
∣
≤ NN

N !

(
1

2

)n

if 2|x| ≤ N andn ≥ N .
Here everything is independent ofn, except for the last factor(1

2 )n which causes the
whole thing to converge to zero asn→ ∞. I

Convergence of Taylor Series

Definition 17.12. Let y = f(x) be some function defined on an intervala < x < b
containing0. We say the Taylor seriesP∞(x) converges tof(x) for a givenx if

lim
n→∞

Pn(x) = f(x).

The most common notations which express this condition are

f(x) =

∞∑

k=0

f (k)(0)
xk

k!

or

f(x) = f(0) + f ′(0)x+ f ′′(0)
x2

2!
+ f (3)(0)

x3

3!
+ · · ·

Convergence justifies the idea that you can add infinitely many terms, as suggested by
both notations.

There is no easy and general criterion which you could apply to a given functionf(x)
that would tell you if its Taylor series converges for any particularx (exceptx = 0). On What does the Taylor se-

ries look like when you
setx = 0?

the other hand, it turns out that for many functions the Taylor series does converge tof(x)
for all x in some interval−ρ < x < ρ. In this section we will check this for two examples:
the “geometric series” and the exponential function.

Before we do the examples I want to make this point about how we’re going to prove
that the Taylor series converges: Instead of taking the limit of thePn(x) asn → ∞, you
are usually better off looking at the remainder term. SincePn(x) = f(x) − Rn(x) you
have

lim
n→∞

Pn(x) = f(x) ⇐⇒ lim
n→∞

Rn(x) = 0

So: to check that the Taylor series off(x) converges tof(x) we must show that the
remainder termRn(x) goes to zero asn→ ∞.
J 17.13Example: TheGEOMETRIC SERIESconverges for−1 < x < 1. If f(x) =
1/(1 − x) then by the formula for the Geometric Sum you have

f(x) =
1

1 − x

=
1 − xn+1 + xn+1

1 − x

= 1 + x+ x2 + · · · + xn +
xn+1

1 − x

= Pn(x) +
xn+1

1 − x
.
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We are not dividing by zero since|x| < 1 so that1 − x 6= 0. The remainder term is

Rn(x) =
xn+1

1 − x
.

Since|x| < 1 we have(|x| < 1 implies
1 − x > 0)

lim
n→∞

|Rn(x)| = lim
n→∞

|x|n+1

1 − x
=

limn→∞ |x|n+1

1 − x
=

0

1 − x
= 0.

Thus we have shown that the series converges for all−1 < x < 1, i.e.

1

1 − x
= lim
n→∞

{
1 + x+ x2 + · · · + xn

}
= 1 + x+ x2 + x3 + · · ·

I

J 17.14Convergence of the exponential Taylor series.Let f(x) = ex. It turns out the
Taylor series ofex converges toex for every value ofx. Here’s why: we had found that

Pn(x) = 1 + x+
x2

2!
+ · · · + xn

n!
,

and by Lagrange’s formula the remainder is given by

Rn(x) = eξ
xn+1

(n+ 1)!
,

whereξ is some number between0 andx.
If x > 0 then0 < ξ < x so thateξ ≤ ex; if x < 0 thenx < ξ < 0 implies that

eξ < e0 = 1. Either way one haseξ ≤ e|x|, and thus

|Rn(x)| ≤ e|x|
|x|n+1

(n+ 1)!
.

We have shown before thatlimn→∞ xn+1/(n + 1)! = 0, so the Sandwich theorem again
implies thatlimn→∞ |Rn(x)| = 0.

Conclusion:

ex = lim
n→∞

{

1 + x+
x2

2!
+ · · · + xn

n!

}

= 1 + x+
x2

2!
+
x3

3!
+
x4

4!
+ · · ·

I

18. Leibniz’ formulas for ln 2 and π/4

Leibniz showed that
1

1
− 1

2
+

1

3
− 1

4
+

1

5
− · · · = ln 2

and

1

1
− 1

3
+

1

5
− 1

7
+

1

9
− · · · =

π

4

Both formulas arise by settingx = 1 in the Taylor series for

ln(1 + x) = x− x2

2
+
x3

3
+
x4

4
− · · ·

arctanx = x− x3

3
+
x5

5
+
x7

7
− · · ·
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This is only justified if you show that the series actually converge, which we’ll do here, at
least for the first of these two formulas. The proof of the second is similar. The following
is not Leibniz’ original proof.

You begin with the geometric sum

1 − x+ x2 − x3 + · · · + (−1)nxn =
1

1 + x
+

(−1)n+1xn+1

1 + x

Then you integrate both sides fromx = 0 to x = 1 and get
∫ 1

0
xkdx = 1

k+1

1

1
− 1

2
+

1

3
− · · · + (−1)n

1

n+ 1
=

∫ 1

0

dx

1 + x
+ (−1)n+1

∫ 1

0

xn+1dx

1 + x

= ln 2 + (−1)n+1

∫ 1

0

xn+1dx

1 + x

Instead of computing the last integral you estimate it by saying

0 ≤ xn+1

1 + x
≤ xn+1 =⇒ 0 ≤

∫ 1

0

xn+1dx

1 + x
≤
∫ 1

0

xn+1dx =
1

n+ 2

Hence

lim
n→∞

(−1)n+1

∫ 1

0

xn+1dx

1 + x
= 0,

and we get

lim
n→∞

1

1
− 1

2
+

1

3
− · · · + (−1)n

1

n+ 1
= ln 2 + lim

n→∞
(−1)n+1

∫ 1

0

xn+1dx

1 + x

= ln 2.

19. Some proofs

Proof of Lagrange’s formula

For simplicity assumex > 0. Consider the function

g(t) = f(0) + f ′(0)t+
f ′′(0)

2
t2 + · · · + f (n)(0)

n!
tn +Ktn+1 − f(t),

where

(8) K
def
= −f(0) + f ′(0)x+ · · · + f(n)(0)

n! xn − f(x)

xn+1

We have chosen this particularK to be sure that

g(x) = 0.

Just by computing the derivatives you also find that

g(0) = g′(0) = g′′(0) = · · · = g(n)(0) = 0,

while

(9) g(n+1)(t) = (n+ 1)!K − f (n+1)(t).

We now applyRolle’s Theoremn times:

• sinceg(t) vanishes att = 0 and att = x there exists anx1 with 0 < x1 < x such
thatg′(x1) = 0

• sinceg′(t) vanishes att = 0 and att = x1 there exists anx2 with 0 < x2 < x1

such thatg′(x2) = 0
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• sinceg′′(t) vanishes att = 0 and att = x2 there exists anx3 with 0 < x3 < x2

such thatg′′(x3) = 0
...

• sinceg(n)(t) vanishes att = 0 and att = xn there exists anxn+1 with 0 <
xn+1 < xn such thatg(n)(xn+1) = 0.

We now setξ = xn+1, and observe that we have shown thatg(n+1)(ξ) = 0, so by (9) we
get

K =
f (n+1)(ξ)

(n+ 1)!
.

Apply that to (8) and you finally get

f(x) = f(0) + f ′(0)x+ · · · + f (n)(0)

n!
xn +

f (n+1)(ξ)

(n+ 1)!
xn+1.

Proof of Theorem 13.1

Lemma 19.1. If h(x) is ak times differentiable function on some interval containing0,
and if for some integerk < n one hash(0) = h′(0) = · · · = h(k−1)(0) = 0, then

(10) lim
x→0

h(x)

xk
=
h(k)(0)

k!
.

Proof. Just apply l’Hopital’s rulek times. You get

lim
x→0

h(x)

xk
= 0

0= lim
x→0

h′(x)

kxk−1

= 0
0= lim
x→0

h(2)(x)

k(k − 1)xk−2

= 0
0= · · ·

· · · = lim
x→0

h(k−1)(x)

k(k − 1) · · · 2x1

= 0
0=

h(k)(0)

k(k − 1) · · · 2 · 1
�

First define the functionh(x) = f(x) − g(x). If f(x) andg(x) aren times differen-
tiable, then so ish(x). The condition thatPn(x; 0, f) = Pn(x; 0, g) means that

f(0) = g(0), f ′(0) = g′(0), . . . , f (n)(0) = g(n)(0),

which says, in terms ofh(x),

(†) h(0) = h′(0) = h′′(0) = · · · = h(n)(0) = 0,

i.e.

Pnh(x) = 0.

We now prove the first part of the theorem. Supposef(x) andg(x) have the samenth
order Taylor polynomial. Then we have just argued that the TaylorPn(x; 0, h) = 0, and
Lemma 19.1 withk = n) says thatlimx→0 h(x)/x

n = 0, as claimed.
To conclude we show the converse also holds. So suppose thatlimx→0 h(x)/x

n = 0.
We’ll show that (†) follows. If (†) were not true then there would be a smallest integer
k ≤ n such that

h(0) = h′(0) = h′′(0) = · · · = h(k−1)(0) = 0, buth(k)(0) 6= 0.
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This runs into the following contradiction with Lemma 19.1

0 6= h(k)(0)

k!
= lim

x→0

h(x)

xk
= lim

x→0

h(x)

xn
· x

n

xk
= 0 · lim

x→0
xn−k

︸ ︷︷ ︸

(∗)

= 0.

Here the limit(∗) exists becausen ≥ k.

20. Problems

Taylor’s formula

20.1.(i ) A fourth degree polynomialP (x) satisfies

P (0) = 1, P ′(0) = −3, P ′′(0) = −8, P ′′′(0) = 24.

FindP (x).
(ii ) A fourth degree polynomialP (x) satisfies

P (2) = 1, P ′(2) = −3, P ′′(2) = −8, P ′′′(2) = 24.

FindP (x).

20.2.Let f(x) = 1 + x− x2 − x3. Compute and graphP0(x), P1(x), P2(x), P3(x), and
P4(x), as well asf(x) itself (so, for each of these functions find where they are positive
or negative, where they are increasing/decreasing, and findthe inflection points on their
graph.)

20.3.FindP2(x) andP4(x) for f(x) = cosx. GraphP2(x) andP4(x) as well asy = cosx
in one picture. (As before, find where these functions are positive or negative, where
they are increasing/decreasing, and find the inflection points on their graph. This problem
can&should be done without a graphing calculator.)

20.4.Find thenth degree Taylor polynomialPn(x; a, f) of the following functionsf(x)

n a f(x)
2 0 1 + x− x3

3 0 1 + x− x3

25 0 1 + x− x3

25 2 1 + x− x3

2 1 1 + x− x3

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

n a f(x)
1 1 x2

2 1 x2

5 1 1/x
5 0 1/(1 + x)
3 0 1/(1 − 3x+ 2x2)

For which of these combinations(n, a, f(x)) is Pn(x; a, f) the same asf(x)?

20.5.Find a second degree polynomial (i.e. a quadratic function)Q(x) such that

Q(7) = 43, Q′(7) = 19, Q′′(7) = 11.

/ Answer: Q(x) = Ax2 + Bx + C, Q′(x) = 2Ax + B, Q′′(x) = 2A, soA = 11/2, etc. but
it is easy to check that

Q(x) = 43 + 19(x − 7) +
11

2
(x − 7)2

satisfiesQ(7) = 43, Q′(7) = 19, Q′′(7) = 11. .

20.6.Let f(x) =
√
x+ 25. Find the polynomialP (x) of degree three such thatP (k)(0) =

f (k)(0) for k = 0, 1, 2, 3.

20.7.Compute the Taylor seriesP∞(x) for the following functions (α is a constant). Give
a formula for the coefficient ofxn in P∞(x). (Be smart. Remember properties of the
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logarithm, definitions of the hyperbolic functions, partial fraction decomposition.)

(i ) ex (ii ) eαx (iii ) sin(3x)

(iv )
3

(2 − x)2
(v) ln(1 + x) (vi ) ln(2 + 2x)

(vii ) ln
√

1 + x (viii ) ln(1 + 2x) (ix ) ln
{
(1 + x)(1 + 2x)

}

(x) ln

√

1 + x

1 − x
(xi )

1

1 − x2
(xii )

x

1 − x2

(xiii ) sinx+ cosx (xiv ) 2 sinx cosx (xv) tanx (3 terms only)

(xvi ) 1 + x2 − 2
3x

4 (xvii ) (1 + x)5

20.8.Find the Taylor series for the functions

coshx =
ex + e−x

2
and sinhx =

ex − e−x

2
,

and compare with the Taylor series

cosx =

∞∑

k=0

(−1)kx2k

(2k)!
and sinx =

∞∑

k=0

(−1)kx2k+1

(2k + 1)!
.

20.9.Find the Taylor series for the following functions, by substituting, adding, multiply-
ing, applying long division and/or differentiating known series for 1

1+x , ex, sinx, cosx
andlnx.

(i ) eax (ii ) e1+x (iii ) e−x
2

(iv )
1 + x

1 − x
(v)

1

1 + 2x
(vi )

ln(1 + x)

x

(vii )
ex

1 − x
(viii )

1√
1 − x

(ix ) arcsinx

20.10.FindP7(x) for these functions:

(i ) tanx (ii ) e−x cos 2x (iii )
1

1 − x− x2

20.11. There are two ways (at least) to find the Taylor series of each of the following
functions:

(i ) 3
√

1 + 2t+ t2 (ii ) ln(1 − t2) (iii ) sin t cos t

20.12.Compute the Taylor series of the following two functions

f(x) = sin a cosx+ cos a sinx and g(x) = sin(a+ x)

wherea is a constant. Do the same for the two functions

h(x) = cos a cosx− sin a sinx and k(x) = cos(a+ x).

20.13.The following questions ask you to discoverNewton’s Binomial Formula,

(1 + x)p =

∞∑

k=0

(
p

k

)

xk

which is just the Taylor series for(1 + x)p. Newton’s formula generalizes the formulas for
(a+ b)2, (a+ b)3, etc that you get using Pascal’s triangle. It allows non integer exponents
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which can be both positive and negative. TheBinomial Theoremstates that this series
converges when|x| < 1.
(i ) Find the Taylor series off(x) =

√
1 + x (= (1 + x)1/2)

(ii ) Find the coefficient ofx4 in the Taylor series off(x) = (1 + x)π (don’t do the
arithmetic!)
(iii ) Let p be any real number. Compute the terms of degree0, 1, 2 and3 of the Taylor
series off(x) = (1 + x)p.
(iv ) Compute the Taylor polynomial of degreen of f(x) = (1 + x)p, i.e. find the coefefi-
cients

(
p
k

)
in Newton’s Binomial Formula above.

(v) Write the result of (iv ) for the exponentsp = 2, 3 and also, forp = −1,−2,−3 and
finally for p = 1

2 .

Lagrange’s formula for the remainder

20.14. Find the fourth degree Taylor polynomialP4(x) = P4(x; 0, f) for the function
f(x) = cosx and estimate the error| cosx− P4(x)| for |x| < 1.

/ Answer:

f(x) = f (4)(x) = cos x, f ′(x) = f (5)(x) = − sin x, f ′′(x) = − cos x, f (3)(x) = sin x,

so

f(0) = f (4)(0) = 1, f ′(0) = f (3)(0) = 0, f ′′(0) = −1.

and hence the fourth degree Taylor polynomial is

P4(x) =
4

X

k=0

f (k)(0)xk

k!
= 1 −

x2

2!
+

x4

4!
.

The error is

R4(x) =
f (5)(ξ)x5

5!
=

(− sin ξ)x5

5!

for some unknownξ between0 andx. As | sin ξ| ≤ 1 we have
˛

˛

˛

˛

cos x −

„

1 −
x2

2!
+

x4

4!

«˛

˛

˛

˛

= |R4(x)| ≤
|x5|

5!
<

1

5!

for |x| < 1. .

20.15.Find the4th degree Taylor polynomialP4(x) = P4(x; 0, f) for the functionf(x) =
sinx. Estimate the error| sinx− P4(x)| for |x| < 1.

20.16.(Computing the cube root of9) The cube root of8 = 2×2×2 is easy, and9 is only
one more than8. So you could try to compute3

√
9 by viewing it as 3

√
8 + 1.

(i ) Let f(x) = 3
√

8 + x. FindP2(x) = P2(x; 0, f), and estimate the error| 3
√

9 − P2(1)|.
(ii ) Repeat part (i ) for “n = 3”, i.e. computeP3(x) and estimate| 3

√
9 − P3(1)|.

20.17.Follow the method of problem 16 to compute
√

10:
(i ) Use Taylor’s formula withf(x) =

√
9 + x, n = 1, to calculate

√
10 approximately.

Show that the error is less than1/216.
(ii ) Repeat withn = 2. Show that the error is less than0.0003.

20.18.(i ) Find the eighth degree Taylor polynomialP8(x) = P8(x; 0, f) about the point0
for the functionf(x) = cosx and estimate the error| cosx− P8(x)| for |x| < 1.
(ii ) Now find the ninth degree Taylor polynomial, and estimate| cosx−P9(x)| for |x| ≤ 1.
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Little-oh and manipulating Taylor polynomials

20.19. Are the following statementsTrue or False?In mathematics this means that you
should eithershow that the statement always holdsor elsegive at least one counterexample,
thereby showing that the statement is not always true.

(i ) (1 + x2)2 − 1 = o(x) (ii ) (1 + x2)2 − 1 = o(x2) (iii )
√

1 + x−
√

1 − x = o(x)

(iv ) o(x) + o(x) = o(x) (v) o(x) − o(x) = o(x) (vi ) o(x) · o(x) = o(x)

(vii ) o(x2) + o(x) = o(x2) (viii ) o(x2) − o(x2) = o(x3) (ix ) o(2x) = o(x)

(x) o(x) + o(x2) = o(x) (xi ) o(x) + o(x2) = o(x2) (xii ) 1 − cosx = o(x)

(asx→ 0, in all cases).

20.20.
(i ) For which value(s) ofk is

√
1 + x2 = 1 + o(xk) (asx→ 0)?

(ii ) For which value(s) ofk is 3
√

1 + x2 = 1 + o(xk) (asx→ 0)?
(iii ) For which value(s) ofk is 1 − cosx2 = o(xk) (asx→ 0)?

20.21.Let gn be the coefficient ofxn in the Taylor series of the function

g(x) =
1

2 − 3 x+ x2

(i ) Computeg0 andg1 directly from the definition of the Taylor series.
(ii ) Show that the recursion relationgn = 3gn−1 − 2gn−2 holds for alln ≥ 2.
(iii ) Computeg2, g3, g4, g5.
(iv ) Using a partial fraction decomposition ofg(x) find a formula forg(n)(0), and hence
for gn.
(v) Answer these same questions if we had started with

h(x) =
x

2 − 3 x+ x2
or k(x) =

2 − x

2 − 3 x+ x2
.

20.22.Let hn be the coefficient ofxn in the Taylor series of

h(x) =
1 + x

2 − 5x+ 2x2
.

(i ) Find a recursion relation for thehn.
(ii ) Computeh0, h1, . . . ,h8.
(iii ) Derive a formula forhn valid for all n, by using a partial fraction expansion.
(iv ) Is h2004 more or less than a million? A billion?

Limits of Sequences

20.23.Compute the following limits

(i ) lim
n→∞

n

2n− 3
(ii ) lim

n→∞
n2

2n− 3
(iii ) lim

n→∞
n2

2n2 + n− 3

(iv ) lim
n→∞

2n + 1

1 − 2n
(v) lim

n→∞
2n + 1

1 − 3n
(vi ) lim

n→∞
en + 1

1 − 2n

(vii ) lim
n→∞

n2

(1.01)n
(viii ) lim

n→∞
1000n

n!
(ix ) lim

n→∞
n! + 1

(n+ 1)!
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20.24.Compute lim
n→∞

(n!)2

(2n)!
[Hint: write out all the factors in numerator and denominator.]

20.25.Let fn be thenth Fibonacci number. Compute

lim
n→∞

fn
fn−1

Convergence of Taylor Series

20.26. (i ) Prove that the Taylor series forf(x) = cosx converges for all real numbersx
(by showing that the remainder term goes to zero asn→ ∞).
(ii ) Do the same for

g(x) = sin(2x) h(x) = cosh(x)

k(x) = e2x+3 `(x) = cos
(

x− π

7

)

20.27.Show that the Taylor series forf(x) = ln(1 + x) converges when−1 < x < 1 by
integrating the Geometric Series

1

1 + t
= 1 − t+ t2 − t3 + · · · + (−1)ntn + (−1)n+1 t

n+1

1 + t

from t = 0 to t = x. (See§18.)

20.28. (i ) Show that the Taylor series forf(x) = e−x
2

converges for all real numbersx.
(Sett = −x2 in the Taylor series with remainder foret.)
(ii ) Show that the Taylor series forf(x) = sin(x4) converges for all real numbersx. (Set
t = x4 in the Taylor series with remainder forsin t.)
(iii ) Show that the Taylor series forf(x) = 1/(1 + x3) converges whenever−1 < x < 1
(Use the GEOMETRIC SERIES.)
(iv ) For whichx does the Taylor series off(x) = 2/(1 + 4x2) converge? (Again, use the
GEOMETRIC SERIES.)

20.29.The error function from statistics is defined by

erf(x) =
1√
π

∫ x

0

e−t
2/2 dt

(i ) Find the Taylor series of the error function from the Taylorseries off(r) = er (set
r = −t2/4 and integrate).
(ii ) Estimate the error term and show that the Taylor series of the error function converges
for all realx.

20.30.Prove Leibniz’ formula for
π

4
by mimicking the proof in section 18. Specifically,

find a formula for the remainder in :

1

1 + t2
= 1 − t2 + · · · + (−1)nt2n +R2n(t)

and integrate this fromt = 0 to t = 1.
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Approximating integrals

20.31.(i ) ComputeP2(t) = P2(t; 0, sin) and give an upper bound forR2(t) = R2(t; 0, sin)
for 0 ≤ t ≤ 0.25. Hint: Use the Lagrange formula for the remainder and the fact that
| cos(ξ)| ≤ 1 to get an inequality of formR2(t) ≤Mt3/6 as in Theorem 12.2.

(ii ) Use part (i ) to approximate
∫ 0.5

0

sin(x2) dx, and give an upper bound for the error in

your approximation. Hint:
∣
∣
∣
∣

∫ 0.5

0

R2(x
2) dx

∣
∣
∣
∣
≤
∫ 0.5

0

∣
∣R2(x

2)
∣
∣ dx ≤

∫ 0.5

0

Mx6

6
dx

(why?) and it is easy to evaluate
∫ 0.5

0

P2(x
2) dx.

20.32. Approximate
∫ 0.1

0

arctanxdx and estimate the error in your approximation by

analyzingP2(x) andR2(x) wheref(x) = arctanx.

20.33.Approximate
∫ 0.1

0

x2e−x
2

dx estimate the error in your approximation by analyz-

ingP3(t) andR3(t) wheref(t) = te−t.

20.34. Estimate
∫ 0.5

0

√

1 + x4 dx with an error of less than10−4. Hint: Use a Taylor

polynomialPn(x; 0, f) wheref(x) =
√

1 + x4. Use the method in the previous problems
for various values ofn until you succeed.

20.35.Estimate
∫ 0.1

0

arctanxdx with an error of less than 0.001.
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III. Complex Numbers

21. Complex numbers

The equationx2 + 1 = 0 has no solutions, because for any real numberx the squarex2

is nonnegative, and sox2 + 1 can never be less than1. In spite of this it turns out to be
very useful toassumethat there is a numberi for which one has

(11) i2 = −1.

Any complex numberis then an expression of the forma + bi, wherea andb are old-
fashioned real numbers. The numbera is called thereal part of a+ bi, andb is called its
imaginary part.

Traditionally the lettersz andw are used to stand for complex numbers.
Since any complex number is specified by two real numbers one can visualize them by

plotting a point with coordinates(a, b) in the plane for a complex numbera+bi. The plane
in which one plot these complex numbers is called the Complexplane, or Argand plane.

z = a+ bi

a

b

θ = arg z

|z|

FIGURE 5. A complex number.

You can add, multiply and divide complex numbers. Here’s how:
To add (subtract)z = a+ bi andw = c+ di

z + w = (a+ bi) + (c+ di) = (a+ c) + (b + d)i,

z − w = (a+ bi) − (c+ di) = (a− c) + (b − d)i.

To multiply z andw proceed as follows:

zw = (a+ bi)(c+ di)

= a(c+ di) + bi(c+ di)

= ac+ adi+ bci+ bdi2

= (ac− bd) + (ad+ bc)i

where we have use the defining propertyi2 = −1 to get rid ofi2.
To divide two complex numbers one always uses the following trick.

a+ bi

c+ di
=
a+ bi

c+ di
· c− di

c− di

=
(a+ bi)(c− di)

(c+ di)(c− di)
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Now
(c+ di)(c− di) = c2 − (di)2 = c2 − d2i2 = c2 + d2,

so

a+ bi

c+ di
=

(ac+ bd) + (bc− ad)i

c2 + d2

=
ac+ bd

c2 + d2
+
bc− ad

c2 + d2
i

Obviously you do not want to memorize this formula: instead you remember the trick, i.e.
to dividec+ di into a+ bi you multiply numerator and denominator withc− di.

For any complex numberw = c+di the numberc−di is called itscomplex conjugate.
Notation:

w = c+ di, w̄ = c− di.

A frequently used property of the complex conjugate is the following formula

(12) ww̄ = (c+ di)(c− di) = c2 − (di)2 = c2 + d2.

The following notation is used for thereal and imaginary partsof a complex numberz. If
z = a+ bi then

a = the Real Part ofz = Re(z), b = the Imaginary Part ofz = Im(z).

Note that bothRez andImz are real numbers11.

22. Argument and Absolute Value

For any given complex numberz = a + bi one defines theabsolute valueor modulus
to be

|z| =
√

a2 + b2,

so|z| is the distance from the origin to the pointz in the complex plane (see figure 5).
The angleθ is called theargumentof the complex numberz. Notation:

arg z = θ.

The argument is defined in an ambiguous way: it is only defined up to a multiple of2π.
E.g. the argument of−1 could beπ, or−π, or 3π, or, etc. In general one saysarg(−1) =
π + 2kπ, wherek may be any integer.

From trigonometry one sees that for any complex numberz = a+ bi one has

a = |z| cos θ, andb = |z| sin θ,
so that

|z| = |z| cos θ + i|z| sin θ = |z|
(
cos θ + i sin θ

)
.

and

tan θ =
sin θ

cos θ
=
b

a
.

J 22.1Example.Find argument and absolute value ofz = 2 + i.
Solution: |z| =

√
22 + 12 =

√
5. z lies in the first quadrant so its argumentθ is an angle

between 0 andπ/2. Fromtan θ = 1
2 we then concludearg(2 + i) = θ = arctan

1

2
. I

11 A common mistake is to say thatImz = bi. The “i” shouldnot be there.
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23. Geometry of Arithmetic

Since we can picture complex numbers as points in the complexplane, we can also try
to visualize the arithmetic operations “addition” and “multiplication.” To addz andw one

a

b

zz

w
w

z + wz + w

c

d

FIGURE 6. Addition ofz = a+ bi andw = c+ di

forms the parallelogram with the origin,z andw as vertices. The fourth vertex then is
z + w. See figure 6.

a

ab

b

a+ bi

i(a+ bi)

−b

90◦

FIGURE 7. Multiplication ofa+ bi by i.

To understand multiplication we first look at multiplication with i. If z = a+ bi then

iz = i(a+ bi) = ia+ bi2 = ai− b = −b+ ai.

Thus, to formiz from the complex numberz one rotatesz counterclockwise by 90 degrees.
See figure 7.

If a is any real number, then multiplication ofw = c+ di by a gives

aw = ac+ adi,

soaw points in the same direction, but isa times as far away from the origin. Ifa < 0
thenaw points in the opposite direction. See figure 8.
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−w
−2w

w

2w

3w

FIGURE 8. Multiplication of a real and a complex number

Next, to multiplyz = a+ bi andw = c+ di we write the product as

zw = (a+ bi)w = aw + biw.

Figure 9 showsa+bi on the right. On the left, the complex numberw was first drawn, then

a

b

θ = arg z

θ = arg z

a+ bi

w

aw

iw

biw

zw = aw + biw

ϕ

FIGURE 9. Multiplication of two complex numbers

aw was drawn. Subsequentlyiw andbiw were constructed, and finallyzw = aw + biw
was drawn by addingaw andbiw.

One sees from figure 9 that sinceiw is perpendicular tow, the line segment from 0 to
biw is perpendicular to the segment from 0 toaw. Therefore the larger shaded triangle on
the left is a right triangle. The length of the adjacent side is a|w|, and the length of the
opposite side isb|w|. The ratio of these two lengths isa : b, which is the same as for the
shaded right triangle on the right, so we conclude that thesetwo triangles are similar.

The triangle on the left is|w| times as large as the triangle on the right. The two angles
markedθ are equal.

Since|zw| is the length of the hypothenuse of the shaded triangle on theleft, it is |w|
times the hypothenuse of the triangle on the right, i.e.|zw| = |w| · |z|.
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The argument ofzw is the angleθ + ϕ; sinceθ = arg z andϕ = argw we get the
following two formulas

|zw| = |z| · |w|(13)

arg(zw) = arg z + argw,(14)

i.e. when you multiply complex numbers, their lengths get multiplied and their argu-
ments get added.

24. Applications in Trigonometry

Unit length complex numbers
For anyθ the numberz = cos θ + i sin θ has length 1: it lies on the unit circle. Its
argument isarg z = θ. Conversely, any complex number on the unit circle is of the form
cosφ+ i sinφ, whereφ is its argument.

The Addition Formulas for Sine & Cosine
For any two anglesθ andφ one can multiplyz = cos θ + i sin θ andw = cosφ + i sinφ.
The productzw is a complex number of absolute value|zw| = |z| · |w| = 1 · 1, and with
argumentarg(zw) = arg z + argw = θ + φ. Sozw lies on the unit circle and must be
cos(θ + φ) + i sin(θ + φ). Thus we have

(15) (cos θ + i sin θ)(cosφ+ i sinφ) = cos(θ + φ) + i sin(θ + φ).

By multiplying out the Left Hand Side we get

(cos θ + i sin θ)(cosφ+ i sinφ) = cos θ cosφ− sin θ sinφ(16)

+ i(sin θ cosφ+ cos θ sinφ).

Compare the Right Hand Sides of (15) and (16), and you get the addition formulas for Sine
and Cosine:

cos(θ + φ) = cos θ cosφ− sin θ sinφ

sin(θ + φ) = sin θ cosφ+ cos θ sinφ

De Moivre’s formula
For any complex numberz the argument of its squarez2 is arg(z2) = arg(z ·z) = arg z+
arg z = 2 arg z. The argument of its cube isarg z3 = arg(z · z2) = arg(z) + arg z2 =
arg z + 2 arg z = 3 arg z. Continuing like this one finds that

(17) arg zn = n arg z

for any integern.
Applying this toz = cos θ + i sin θ you find thatzn is a number with absolute value

|zn| = |z|n = 1n = 1, and argumentn arg z = nθ. Hencezn = cosnθ + i sinnθ. So we
have found

(18) (cos θ + i sin θ)n = cosnθ + i sinnθ.

This isde Moivre’s formula.
For instance, forn = 2 this tells us that

cos 2θ + i sin 2θ = (cos θ + i sin θ)2 = cos2 θ − sin2 θ + 2i cos θ sin θ.

Comparing real and imaginary parts on left and right hand sides this gives you the double
angle formulascos θ = cos2 θ − sin2 θ andsin 2θ = 2 sin θ cos θ.



60

Forn = 3 you get, using theBinomial Theorem,or Pascal’s triangle,

(cos θ + i sin θ)3 = cos3 θ + 3i cos2 θ sin θ + 3i2 cos θ sin2 θ + i3 sin3 θ

= cos3 θ − 3 cos θ sin2 θ + i(3 cos2 θ sin θ − sin3 θ)

so that
cos 3θ = cos3 θ − 3 cos θ sin2 θ

and
sin 3θ = cos2 θ sin θ − sin3 θ.

In this way it is fairly easy to write down similar formulas for sin 4θ, sin 5θ, etc.. . .

25. Calculus of complex valued functions

A complex valued functionon some intervalI = (a, b) ⊆ R is a functionf : I → C.
Such a function can be written as in terms of its real and imaginary parts,

(19) f(x) = u(x) + iv(x),

in whichu, v : I → R are two real valued functions.
One defines limits of complex valued functions in terms of limits of their real and imag-

inary parts. Thus we say that
lim
x→x0

f(x) = L

if f(x) = u(x) + iv(x), L = A+ iB, and both

lim
x→x0

u(x) = A and lim
x→x1

v(x) = B

hold. From this definition one can prove that the usual limit theorems also apply to complex
valued functions.

Theorem 25.1. If limx→x0 f(x) = L andlimx→x0 g(x) = M , then one has

lim
x→x0

f(x) ± g(x) = L±M,

lim
x→x0

f(x)g(x) = LM,

lim
x→x0

f(x)

g(x)
=

L

M
, providedM 6= 0.

Thederivativeof a complex valued functionf(x) = u(x) + iv(x) is defined by simply
differentiating its real and imaginary parts:

(20) f ′(x) = u′(x) + iv′(x).

Again, one finds that the sum,product and quotient rules alsohold for complex valued
functions.

Theorem 25.2. If f, g : I → C are complex valued functions which are differentiable at
somex0 ∈ I, then the functionsf ± g, fg andf/g are differentiable (assumingg(x0) 6= 0
in the case of the quotient.) One has

(f ± g)′(x0) = f ′(x0) ± g′(x0)

(fg)′(x0) = f ′(x0)g(x0) + f(x0)g
′(x0)

(
f

g

)′
(x0) =

f ′(x0)g(x0) − f(x0)g
′(x0)

g(x0)2

Note that the chain rule does not appear in this list! See problem 17 for more about the
chain rule.
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26. The Complex Exponential Function

We finally give a definition ofea+bi. First we consider the casea = 0:

Definition 26.1. For any real numbert we set

eit = cos t+ i sin t.

J 26.2Example.eπi = cosπ + i sinπ = −1. This leads to Euler’s famous formula

eπi + 1 = 0,

which combines the five most basic quantities in mathematics: e, π, i, 1, and0. I

Reasons why the definition 26.1 seems a good definition.
Reason 1. We haven’t definedeit before and we can do anything we like.
Reason 2. Substituteit in the Taylor series forex:

eit = 1 + it+
(it)2

2!
+

(it)3

3!
+

(it)4

4!
+ · · ·

= 1 + it− t2

2!
− i

t3

3!
+
t4

4!
+ i

t5

5!
− · · ·

= 1 − t2/2! + t4/4! − · · ·
+ i
(
t− t3/3! + t5/5! − · · ·

)

= cos t+ i sin t.

This is not a proof, because before we had only proved the convergence of the Taylor series
for ex if x was a real number, and here we have pretended that the series is also good if
you substitutex = it.

Reason 3. As a function oft the definition 26.1 gives us the correct derivative. Namely,
using the chain rule (i.e. pretending it still applies for complex functions) we would get

deit

dt
= ieit.

Indeed, this is correct. To see this proceed from our definition 26.1:

deit

dt
=

d cos t+ i sin t

dt

=
d cos t

dt
+ i

d sin t

dt
= − sin t+ i cos t

= i(cos t+ i sin t)

Reason 4. The formulaex · ey = ex+y still holds. Rather, we haveeit+is = eiteis. To
check this replace the exponentials by their definition:

eiteis = (cos t+ i sin t)(cos s+ i sin s) = cos(t+ s) + i sin(t+ s) = ei(t+s).

Requiringex ·ey = ex+y to be true for all complex numbers helps us decide whatea+bi

shoud be for arbitrary complex numbersa+ bi.
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Definition 26.3. For any complex numbera+ bi we set

ea+bi = ea · eib = ea(cos b+ i sin b).

One verifies as above in “reason 3” that this gives us the rightbehaviour under differen-
tiation. Thus, for any complex numberr = a+ bi the function

f(t) = ert = eat(cos bt+ i sin bt)

satisfies

f ′(t) =
dert

dt
= rert.

The complex logarithm function is defined by the condition

(♦) ρ+ iθ = Log(z) ⇐⇒ z = eρ+iθ.

Sincez = |z|(cos θ + i sin θ) whereθ = arg z we are lead to

Definition 26.4. For any complex numberz we set

Log(z) = ln |z| + i arg z

The complex logarithm is multivalued (because thearg function is). To make it single
valued we have to restrict the domain of the exponential function just like we do when we
define the inverse trig functions. We can do this by by imposing the conditionsz 6= 0 and
−π < θ < π in (♦).

27. Other handy things you can do with complex numbers

Certain trigonometric and exponential integrals
You can compute

∫

e3x cos 2xdx

by integrating by parts twice. You can also use thatcos 2x = Re(e2ix), so that
∫

e3x cos 2xdx =

∫

Re(e3xe2ix)dx

= Re

∫

e3xe2ixdx

= Re

∫

e3x+2ixdx

= Re

∫

e(3+2i)xdx

= Re

{
e(3+2i)x

3 + 2i

}

+ C
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At this point we are done, at least in principle, since we havegotten rid of the integral.
Still, one would like to remove the complex numbers from the answer, which you do as
follows:

e(3+2i)x

3 + 2i
= e2x

cos 3x+ i sin 3x

3 + 2i

= e2x
(cos 3x+ i sin 3x)(3 − 2i)

(3 + 2i)(3 − 2i)

= e2x
3 cos 3x+ 2 sin 3x+ i(· · · )

13
so

∫

e3x cos 2xdx = Re

{
e(3+2i)x

3 + 2i

}

+ C = e2x
(

3

13
cos 3x+

2

13
sin 3x

)

+ C.

Partial fractions

Consider the partial fraction decomposition

x2 + 3x− 4

(x − 2)(x2 + 4)
=

A

x− 2
+
Bx+ C

x2 + 4

The coefficentA is easy to find: multiply withx−2 and setx = 2 (or rather, take the limit
x→ 2) to get

A =
22 + 3 · 2 − 4

22 + 4
= · · · .

Before we had no similar way of findingB andC quickly, but now we can apply the same
trick: multiply with x2 + 4,

x2 + 3x− 4

(x− 2)
= Bx+ C + (x2 + 4)

A

x− 2
,

and substitutex = 2i. This makex2 + 4 = 0, with result

(2i)2 + 3 · 2i− 4

(2i− 2)
= 2iB + C.

Simplify the complex number on the left:

(2i)2 + 3 · 2i− 4

(2i− 2)
=

−4 + 6i− 4

−2 + 2i

=
−8 + 6i

−2 + 2i

=
(−8 + 6i)(−2 − 2i)

(−2)2 + 22

=
28 + 4i

8

=
7

2
+
i

2

So we get2iB + C = 7
2 + i

2 ; sinceB andC are real numbers this implies

B =
7

4
, C =

1

2
.
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Integrals and partial fractions

We learned to integrate rational functions using the methodof partial fractions in§7.
For example,

1

1 − x2
=

1/2

1 + x
+

1/2

1 − x
so (if−1 < x < 1) we get

∫
dx

1 − x2
=

1

2

∫
dx

1 + x
+

1

2

∫
dx

1 − x
=

ln(1 + x) − ln(1 − x)

2
+ C.

We can integrate
1

1 + x2
=

1/2

1 + ix
+

1/2

1 − ix
the same way:

∫
dx

1 + x2
=

1

2

∫
dx

1 + ix
− 1

2

∫
dx

1 − ix
=

Log(1 + ix) − Log(1 − ix)

2i
+ C.

To evaluate the expression on the right note that

Log(1 + ix) = ln(
√

1 + x2) + i arctan(x)

and
Log(1 − ix) = ln(

√

1 + x2) − i arctan(x).

When we subtract the real parts cancel so

Log(1 + ix) − Log(1 − ix)

2i
=
i arctan(x) + i arctan(x)

2i
= arctan(x)

as expected.

Complex amplitudes
A harmonic oscillation is given by

y(t) = A cos(ωt− φ),

whereA is theamplitude, ω is thefrequency, andφ is thephaseof the oscillation. If you
add two harmonic oscillations with the same frequencyω, then you get another harmonic
oscillation with frequencyω. You can prove this using the addition formulas for cosines,
but there’s another way using complex exponentials. It goeslike this.

Let y(t) = A cos(ωt − φ) andz(t) = B cos(ωt − θ) be the two harmonic oscillations
we wish to add. They are the real parts of

Y (t) = A {cos(ωt− φ) + i sin(ωt− φ)} = Aeiωt−iφ = Ae−iφeiωt

Z(t) = B {cos(ωt− θ) + i sin(ωt− θ)} = Beiωt−iθ = Be−iθeiωt

Thereforey(t) + z(t) is the real part ofY (t) + Z(t), i.e.

y(t) + z(t) = Re
(
Y (t)

)
+ Re

(
Z(t)

)
= Re

(
Y (t) + Z(t)

)
.

The quantityY (t) + Z(t) is easy to compute:

Y (t) + Z(t) = Ae−iφeiωt +Be−iθeiωt =
(
Ae−iφ +Be−iθ

)
eiωt.

If you now do the complex addition

Ae−iφ +Be−iθ = Ce−iψ ,
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i.e. you add the numbers on the right, and compute the absolute valueC and argument−ψ
of the sum, then we see thatY (t)+Z(t) = Cei(ωt−ψ). Since we were looking for the real
part ofY (t) + Z(t), we get

y(t) + z(t) = A cos(ωt− φ) +B cos(ωt− θ) = C cos(ωt− ψ).

The complex numbersAe−iφ, Be−iθ andCe−iψ are called the complex amplitudes for
the harmonic oscillationsy(t), z(t) andy(t) + z(t).

The recipe for adding harmonic oscillations can therefore be summarized as follows:
Add the complex amplitudes.

28. Problems

Computing and Drawing Complex Numbers

28.1.(i ) Compute the following complex numbers by hand, and check the answers on your
calculator (if you don’t have a calculator, check them with someone else in your class).
(ii ) Draw all numbers in the complex (or “Argand”) plane (use graph paper or quad paper
if necessary).
(iii ) Compute absolute value and argument of all numbers involved.

(1 + 2i)(2 − i) (1 + i)(1 + 2i)(1 + 3i)

(i.e. draw1 + 2i, 2 − i and the product; the same for the other problems)

i2 i3

i4
1

i

(1
2

√
2 + i

2

√
2)2

1

1 + i
5

2 − i
(1
2 + i

2

√
3)3

eπi/3
√

2e3πi/4

eπi + 1 e17πi/4

28.2.Let θ, φ ∈
(
−π

2 ,
π
2

)
be two angles.

(i ) What are the arguments ofz = 1 + i tan θ and ofw = 1 + i tanφ? (Draw bothz and
w.)
(ii ) Computezw.
(iii ) What is the argument ofzw?
(iv ) Computetan(arg zw).

28.3. Find formulas forcos 4θ, sin 4θ, cos 5θ andsin 6θ in terms ofcos θ andsin θ, by
usingde Moivre’s formula.

28.4. In the following picture draw2w, 3
4w, iw, −2iw, (2 + i)w and(2 − i)w. (Try to

make a nice drawing, use a ruler.)
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Re

w

Im

Make a new copy of the picture, and draw̄w, −w̄ and−w.
Make yet another copy of the drawing. Draw1/w, 1/w̄, and−1/w. For this drawing

you need to know where the unit circle is in your drawing: Drawa circle centered at the
origin with radius of your choice, and let this be the unit circle. [Depending on which
circle you draw you will get a different answer!]

Algebraic properties

28.5.Verify directly from the definition of addition and multiplication of complex numbers
that

(i ) z + w = w + z (ii ) zw = wz (iii ) z(v + w) = zv + zw

holds forall complex numbersv, w, andz.

28.6.True or False? (In mathematics this means that you should either give a proof that the
statement is always true, or else give a counterexample, thereby showing that the statement
is not always true.)

For any complex numbersz andw one has

(i ) Re(z) + Re(w) = Re(z + w) (ii ) z + w = z̄ + w̄

(iii ) Im(z) + Im(w) = Im(z + w) (iv ) zw = (z̄)(w̄)

(v) Re(z)Re(w) = Re(zw) (vi ) z/w = (z̄)/(w̄)

(vii ) Re(iz) = Im(z) (viii ) Re(iz) = iRe(z)

(ix ) Re(iz) = Im(z) (x) Re(iz) = iIm(z)

(xi ) Im(iz) = Re(z) (xii ) Re(z̄) = Re(z)

The Complex Exponential

28.7.(i ) Verify directly from the definition that

e−it =
1

eit

holds forall real values oft.
(ii ) Show that

cos t =
eit + e−it

2
, sin t =

eit − e−it

2i

(iii ) Show thatcoshx = cos ix, sinhx =
1

i
sin ix

28.8. The general solution of a second order linear differential equation contains expres-
sions of the formAeiβt +Be−iβt. These can be rewritten asC1 cosβt+ C2 sinβt.
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If Aeiβt +Be−iβt = 2 cosβt+ 3 sinβt, then what areA andB?

28.9.(i ) Show that you can write a “cosine-wave” with amplitudeA and phaseφ as follows

A cos(t− φ) = Re
(
zeit

)
,

where the “complex amplitude” is given byz = Ae−iφ. (See§27).
(ii ) Show that a “sine-wave” with amplitudeA and phaseφ as follows

A sin(t− φ) = Re
(
zeit

)
,

where the “complex amplitude” is given byz = −iAe−iφ.
(iii ) FindA andφ whereA cos(t− φ) = 2 cos(t) + 2 cos(t− 2

3π).
(iv ) FindA andφ whereA cos(t− φ) = 12 cos(t− 1

6π) + 12 sin(t− 1
3π).

(v) FindA andφ whereA cos(t− φ) = 12 cos(t− π/6) + 12 cos(t− π/3).
(vi ) FindA andφ such thatA cos(t− φ) = cos

(
t− 1

6π
)

+
√

3 cos
(
t− 2

3π
)
.

Calculus of Complex Valued Functions

28.10.Compute the derivatives of the following functions

f(x) =
1

x+ i
g(x) = lnx+ i arctanx

h(x) = eix
2

k(x) = Log
i+ x

i− x

Try to simplify your answers.

28.11.(i ) Compute
∫
(
cos 2x

)4
dx

by usingcos θ = 1
2 (eiθ + e−iθ) and expanding the fourth power.

(ii ) Assuminga ∈ R, compute
∫

e−2x
(
sinax

)2
dx.

(same trick: writesin θ in terms of complex exponentials; make sure your final answerhas
no complex numbers.)

28.12.Usecosα = (eiα + e−iα)/2, etc. to evaluate these indefinite integrals:

(i )
∫

cos2 xdx (ii )
∫

cos4 xdx, (iii )
∫

cos2 x sinxdx,

(iv )
∫

sin3 xdx, (v)
∫

cos2 x sin2 xdx, (vi )
∫

sin6 xdx

(vii )
∫

sin(3x) cos(5x) dx (viii )
∫

sin2(2x) cos(3x) dx (ix )
∫ π/4

0

sin(3x) cos(x) dx

(x)
∫ π/3

0

sin3(x) cos2(x) dx (xi )
∫ π/2

0

sin2(x) cos2(x) dx (xii )
∫ π/3

0

sin(x) cos2(x) dx

28.13.Compute the following integrals whenm 6= n are distinct integers.

(i )
∫ 2π

0

sin(mx) cos(nx) dx (ii )
∫ 2π

0

sin(nx) cos(nx) dx (iii )
∫ 2π

0

cos(mx) cos(nx) dx

(iv )
∫ π

0

cos(mx) cos(nx) dx (v)
∫ 2π

0

sin(mx) sin(nx) dx (vi )
∫ π

0

sin(mx) sin(nx) dx
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These integrals are basic to the theory ofFourier series,which occurs in many applications,
especially in the study of wave motion (light, sound, economic cycles, clocks, oceans, etc.).
They say that different frequency waves are “independent”.

28.14.Show thatcosx+sinx = C cos(x+β) for suitable constantsC andβ and use this
to evaluate the following integrals.

(i )
∫

dx

cosx+ sinx
(ii )

∫
dx

(cosx+ sinx)
2 (iii )

∫
dx

A cosx+B sinx

whereA andB are any constants.

28.15.Compute the integrals
∫ π/2

0

sin2 kx sin2 lxdx,

wherek andl are positive integers.

28.16.Show that for any integersk, l,m
∫ π

0

sin kx sin lx sinmxdx = 0

if and only if k + l +m is even.

28.17.(i ) Prove the following version of the CHAIN RULE: If f : I → C is a differentiable
complex valued function, andg : J → I is a differentiable real valued function, then
h = f ◦ g : J → C is a differentiable function, and one has

h′(x) = f ′(g(x))g′(x).

(ii ) Letn ≥ 0 be a nonnegative integer. Prove that iff : I → C is a differentiable function,
theng(x) = f(x)n is also differentiable, and one has

g′(x) = nf(x)n−1f ′(x).

Note that the chain rule from part (a) doesnot apply! Why?
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IV. Differential Equations

29. What is a DiffEq?

A differential equation is an equation involving an unknown function and its deriva-
tives. Theorder of the differential equation is the order of the highest derivative which
appears. Alinear differential equationis one of form

y(n) + a1(x)y
(n−1) + · · · + an−1(x)y

′ + an(x)y = k(x)

where the coefficientsa1(x), . . . , an(x) and the right hand sidek(x) are given functions
of x andy is the unknown function. Here

y(k) =
dky

dxk

denotes thekth derivative ofy so this equation has ordern. We shall mainly study the case
n = 1 where the equation has form

y′ + a(x)y = k(x)

and the casen = 2 with constant coefficients where the equation has form

y′′ + ay′ + by = k(x).

When the right hand sidek(x) is zero the equation is calledhomogeneous linearand
otherwise it is calledinhomogeneous linear(ornonhomogeneous linearby some people).
For a homogeneous linear equation the sum of two solutions isa solution and a constant
multiple of a solution is a solution. This property of linearequations is called theprinciple
of superposition.

30. First Order Separable Equations

A separable differential equationis a diffeq of the form

(21) y′(x) = F (x)G(y(x)), or
dy

dx
= F (x)G(y).

To solve this equation divide byG(y(x)) to get

(22)
1

G(y(x))

dy

dx
= F (x).

Next find a functionH(y) whose derivative with respect toy is

(23) H ′(y) =
1

G(y)

(

solution:H(y) =

∫
dy

G(y)
.

)

Then the chain rule implies that (22) can be written as

dH(y(x))

dx
= F (x).

In words: H(y(x)) is an antiderivative ofF (x), which means we can findH(y(x)) by
integratingF (x):

(24) H(y(x)) =

∫

F (x)dx + C.
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Once you’ve found the integral ofF (x) this gives youy(x) in implicit form: the equation
(24) gives youy(x) as animplicit functionof x. To gety(x) itself you must solve the
equation (24) fory(x).

A quick way of organizing the calculation goes like this:

To solve
dy

dx
= F (x)G(y) you firstseparate the variables,

dy

G(y)
= F (x) dx,

and then integrate,
∫

dy

G(y)
=

∫

F (x) dx.

The result is an implicit equation for the solutiony with one undetermined
integration constant.

Determining the constant. The solution you get from the above procedure contains
an arbitrary constantC. If the value of the solution is specified at some givenx0, i.e. if
y(x0) is known then you can expressC in terms ofy(x0) by using (24).

A snag: You have to divide byG(y) which is problematic whenG(y) = 0. This has as
consequence that in addition to the solutions you found withthe above procedure, there are
at least a few more solutions: the zeroes ofG(y) (see Example 30.2 below). In addition to
the zeroes ofG(y) there sometimes can be more solutions, as we will see in Example 32.2
on “Leaky Bucket Dating.”
J 30.1Example.We solve

dz

dt
= (1 + z2) cos t.

Separate variables and integrate
∫

dz

1 + z2
=

∫

cos t dt,

to getarctan z = sin t+ C. Finally solve forz and you find the general solution

z(t) = tan
(
sin(t) + C

)
.

I

J 30.2Example: The snag in actionWe apply the method to the first order homogeneous
linear equation

dY

dx
+ a(x)Y = 0.

Separating variables and integrating gives
∫

dY

Y
= −

∫

a(x)dx

soln |Y | = −A(x) + c whereA(x) is an antiderivative ofa(x), i.e.A′(x) = a(x). Hence

|Y | = eA(x)+c = eceA(x). (∗)
No matter how you choosec you never get the functionY (x) = 0, even thoughY (x) = 0
satisfies the equation. This is because hereG(Y ) = Y , andG(Y ) vanishes forY = 0.
Note however that from(∗) we get

Y = Ce−A(x), C = ±ec

and if we allowC = 0 we include the solutionY (x) = 0. I
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31. First Order Linear Equations

There are two systematic methods which solve a first order linear inhomogeneous equa-
tion

dy

dx
+ a(x)y = k(x). (‡)

You can multiply the equation with an “integrating factor”,or you do a substitutiony(x) =
C(x)e−A(x), wheree−A(x) is a solution of thehomogeneous equation(that’s the equation
you get by settingk(x) ≡ 0 and replacingy by Y ). We found the solutions of the homo-
geneous equation in Example 30.2.

The Integrating Factor
Let

A(x) =

∫

a(x) dx, m(x) = eA(x).

Multiply the equation (‡) by the “integrating factor”m(x) to get

m(x)
dy

dx
+ a(x)m(x)y = m(x)k(x).

By the chain rule the integrating factor satisfies

dm(x)

dx
= A′(x)m(x) = a(x)m(x).

Therefore one has

dm(x)y

dx
= m(x)

dy

dx
+ a(x)m(x)y = m(x)

{
dy

dx
+ a(x)y

}

= m(x)k(x).

Integrating and then dividing by the integrating factor gives the solution

y =
1

m(x)

(∫

m(x)k(x) dx + C

)

.

In this derivation we have to divide bym(x), but sincem(x) = eA(x) and since exponen-
tials never vanish we know thatm(x) 6= 0, no matter which problem we’re doing, so it’s
OK, we can always divide bym(x).

Variation of constants for 1st order equations
Here is the second of solving the inhomogeneous equation(‡). Recall again that theho-
mogeneous equationassociated with (‡) is

dY

dx
+ a(x)Y = 0. (†)

As in Example 30.2 the general solution of this equation is

Y (x) = Ce−A(x) whereA(x)
def
=

∫ x

0

a(t)dt.

where the coefficientC is an arbitrary constant. To solve the inhomogeneous equation (‡)
we replace the constantC by an unknown functionC(x), i.e. we look for a solution in the
form

y = C(x)e−A(x).

(This is how the method gets its name: we are allowing the constantC to vary.) Then,
becausee−A(x) solves the homogeneous equation, we get

y′(x) + a(x)y(x) = C′(x)e−A(x)
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soy(x) = C(x)e−A(x) is a solution ifC′(x)e−A(x) = k(x), i.e. if

C(x) =

∫

k(x)eA(x) dx.

Once you notice thate−A(x) =
1

m(x)
, you realize that the resulting solution is the same

solution we found before, using the integrating factor.

Either method implies the following:

Theorem 31.1.The initial value problem

dy

dx
+ a(x)y = k(x), y(0) = y0,

hasexactly onesolution. It is given by

y =

(

y0 +

∫ x

0

k(t)eA(t)dt

)

e−A(x), whereA(x) =

∫ x

0

a(t) dt.

The theorem says three things: (1) there is a solution, (2) there is a formula for the
solution, (3) there aren’t any other solutions (for given initial valuey(0) = y0.) The last
assertion is just as important as the other two, so I’ll spenda whole section trying to explain
why.

32. Dynamical Systems and Determinism

A differential equation which describes how something (e.g. the position of a particle)
evolves in time is called adynamical system. In this situation the independent variable is
time, so it is customary to call itt rather thanx; the dependent variable, which depends on
time is often denoted byx. In other words, one has a differential equation for a function
x = x(t). The simplest examples have form

(25)
dx

dt
= f(x, t).

In applications such a differential equation expresses alaw according to which the quan-
tity x(t) evolves with time (synonyms: “evolutionary law”, “dynamical law”, “evolution
equation forx”).

A good law isdeterministic, which means that any solution of (25) is completely de-
termined by its value at one particular timet0: if you know x at time t = t0, then the
“evolution law” (25) should predict the values ofx(t) at all other times, both in the past
(t < t0) and in the future (t > t0).

Our experience with solving differential equations so far (§30 and§31) tells us that the
general solution to a differential equation like (25) contains an unknown integration con-
stantC. Let’s call the general solutionx(t;C) to emphasize the presence of this constant.
If the value ofx at some timet0 is known to be, say,x0, then you get an equation

(26) x(t0;C) = x0

which you can try to solve forC. If this equation always has exactly one solutionC then
the evolutionary law (25) is deterministic (the value ofx(t0) always determinesx(t) at all
other timest); if for some prescribed valuex0 at some timet0 the equation (26) has several
solutions, then the evolutionary law (25) is not deterministic (because knowingx(t) at time
t0 still does not determine the whole solutionx(t) at times other thant0).
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J 32.1Example: Carbon Dating.Suppose we have a fossil, and we want to know how
old it is.

All living things contain carbon, which naturally occurs intwo isotopes,C14 (unstable)
andC12 (stable). A long as the living thing is alive it eats & breaths, and its ratio ofC12 to
C14 is kept constant. Once the thing dies the isotopeC14 decays intoC12 at a steady rate.

Let x(t) be the ratio ofC14 to C12 at timet. The laws of radioactive decay says that
there is a constantk > 0 such that

dx(t)

dt
= −kx(t).

Solve this differential equation (it is both separable and first order linear: you choose your
method) to find the general solution

x(t;C) = Ce−kt.

After some lab work it is found that the currentC14/C12 ratio of our fossil isxnow. Thus
we have

xnow = Ce−ktnow =⇒ C = xnowe
tnow.

Therefore our fossil’sC14/C12 ratio at any other timet is/was

x(t) = xnowe
k(tnow−t).

This allows you to compute the time at which the fossil died. At this time theC14/C12

ratio must have been the common value in all living things, which can be measured, let’s
call it xlife . So at the timetdemise when our fossil became a fossil you would have had
x(tdemise) = xlife . Hence the age of the fossil would be given by

xlife = x(tdemise) = xnowe
k(tnow−tdemise) =⇒ tnow − tdemise=

1

k
ln
xlife

xnow
I

J 32.2Example: On Dating a Leaky Bucket.A bucket is filled with water. There’s a hole
in the bottom of the bucket so the water streams out at a certain rate.

h(t) the height of water in the bucket
A area of cross section of bucket
a area of hole in the bucket
v velocity with which water goes through the hole.

h(t)
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v

area = A

The amount of water in the bucket isA× h(t);
The rate at which water is leaving the bucket isa× v(t);

Hence
dAh(t)

dt
= −av(t).

In fluid mechanics it is shown that the velocity of the water asit passes through the hole
only depends on the heighth(t) of the water, and that, for some constantK,

v(t) =
√

Kh(t).

The last two equations together give a differential equation for h(t), namely,

dh(t)

dt
= − a

A

√

Kh(t).
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To make things a bit easier we assume that the constants are such that aA
√
K = 2. Then

h(t) satisfies

(27) h′(t) = −2
√

h(t).

This equation is separable, and when you solve it you get

dh

2
√
h

= −1 =⇒
√

h(t) = −t+ C.

This formula can’t be valid forall values oft, for if you taket > C, the RHS becomes
negative and can’t be equal to the square root in the LHS. But whent ≤ C we do get a
solution,

h(t;C) = (C − t)2.

This solution describes a bucket which is losing water untilat timeC it is empty. Motivated
by the physical interpretation of our solution it is naturalto assume that the bucket stays
empty whent > C, so that the solution with integration constantC is given by

h(t) =

{

(C − t)2 whent ≤ C

0 for t > C.

Several solutionsh(t;C) of the Leaking Bucket Equation (27).

We now come to the question: is the Leaky Bucket Equation deterministic? The answer
is: NO. If you letC be any negative number, thenh(t;C) describes the water level of a
bucket which long ago had water, but emptied out at timeC < 0. In particular, for all these
solutions of the diffeq (27) you haveh(0) = 0, and knowing the value ofh(t) at t = 0 in
this case therefore doesn’t tell you whath(t) is at other times.

Once you put it in terms of the physical interpretation it is actually quite obvious why
this system can’t be deterministic: it’s because you can’t answer the question“If you know
that the bucket once had water and that it is empty now, then how much water did it hold
one hour ago?”

I

33. Higher order equations

After looking at first order differential equations we now turn to higher order equations.
J 33.1Example: Spring with a weight.



75

A body of massm is suspended by a spring. There are
two forces on the body: gravity and the tension in the
spring. LetF be the sum of these two forces. Newton’s
law says that the motion of the weight satisfiesF =
ma wherea is the acceleration. The force of gravity
ismg whereg=32ft/sec2; the quantitymg is called the
weight of the body. We assumeHooke’s law which
says that the tension in the spring is proportional to the
amount by which the spring is stretched; the constant
or proportionality is called thespring constant. We
write k for this spring constant.

m

spring

gravity

y(t)

F

F

The total force acting on the body is therefore

F = mg − ky(t).

According toNewton’s first/second/third lawthe accelerationa of the body satisfiesF =
ma. Since the accelerationa is the second derivative of positiony we get the following
differential equation fory(t)

(28) m
d2y

dt2
= mg − ky(t).

I

J 33.2Example: the pendulum.

Fstring

θ

θ
L

F
gravity

=mg

m

P

The speed of the weight on the pendulum isLdθ
dt , hence its acceleration isa = Ld2θ/dt2.

There are two forces acting on the weight: gravity (strengthmg; direction vertically down)
and the tension in the string (strength: whatever it takes tokeep the weight on the circle of
radiusL and centerP ; direction parallel to the string). Together they leave a force of size
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Fgravity · sin θ which accelerates the weight. By Newton’s “F = ma” law you get12

mL
d2θ

dt2
= −mg sin θ(t),

or, cancelingms,

(29)
d2θ

dt2
+
g

L
sin θ(t) = 0.

I

34. Constant Coefficient Linear Homogeneous Equations

Differential operators
In this section we study the homogeneous linear differential equation

(30) y(n) + a1y
(n−1) + · · · + an−1y

′ + any = 0

where the coefficientsa1, . . . , an are constants.
J 34.1Examples.The three equations

dy

dx
− y = 0,

y′′ − y = 0, y′′ + y = 0

y(iv) − y = 0

are homogeneous linear differential equations with constant coefficients. Their degrees are
1, 2, 2, and 4. I

It will be handy to have an abbreviation for the Left Hand Sidein (30), so we agree to
write L[y] for the result of substituting a functiony in the LHS of (30). In other words, for
any given functiony = y(x) we set

L[y](x)
def
= y(n)(x) + a1y

(n−1)(x) + · · · + an−1y
′(x) + any(x).

We callL anoperator. An operator is like a function in that you give it an input, itdoes
a computation and gives you an output. The difference is thatordinary functions take a
number as their input, while the operatorL takes a functiony(x) as its input, and gives
another function (the LHS of (30)) as its output. Since the computation ofL[y] involves
taking derivatives ofy, the operatorL is called adifferential operator.
J 34.2 Example.The differential equations in the previous example correspond to the
differential operators

L1[y] = y′ − y,

L2[y] = y′′ − y, L3[y] = y′′ + y

L4[y] = y(iv) − y.

So one has

L3[sin 2x] =
d2 sin 2x

dx2
− sin 2x = −4 sin 2x− sin 2x = −5 sin 2x.

I

The superposition principle
The following theorem is the most important property of linear differential equations.

12A more convincing derivation of this equation uses Newton’ laws in vector form. See Example 56.4.
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Theorem 34.3(Superposition Principle). For any two functionsy1 andy2 we have

L[y1 + y2] = L[y1] + L[y2].

For any functiony and any constantc we have

L[cy] = cL[y].

The proof, which is rather straightforward once you know what to do, will be given in
lecture. It follows from this theorem that ify1, . . . ,yk are given functions, andc1, . . . , ck
are constants, then

L[c1y1 + · · · + ckyk] = c1L[y1] + · · · + ckL[yk].

The importance of the superposition principle is that it allows you to take old solutions
to the homogeneous equation and make new ones. Namely, ify1, . . . , yk are solutions
to the homogeneous equationL[y] = 0, then so isc1y1 + · · · + ckyk for any choice of
constantsc1, . . . ,ck.
J 34.4Example.Consider the equation

y′′ − 4y = 0.

My cousin Bruce says that the two functionsy1(x) = e2x andy2(x) = e−2x both are solu-
tions to this equations. You can check that Bruce is right just by substituting his solutions
in the equation.

The Superposition Principle now implies that

y(x) = c1e
2x + c2e

−2x

also is a solution, for any choice of constantsc1, c2. I

The characteristic polynomial
This example contains in it the general method for solving linear constant coefficient
ODEs. Suppose we want to solve the equation (30), i.e.

L[y]
def
= y(n) + a1y

(n−1) + · · · + an−1y
′ + any = 0.

Then the first thing to do is to see if there are any exponentialfunctionsy = erx which
satisfy the equation. Since

derx

dx
= rerx,

d2erx

dx2
= r2erx,

d3erx

dx3
= r3erx, etc.. . .

we see that

(31) L[erx] =
(
rn + a1r

n−1 + · · ·an−1r + an
)
erx.

The polynomial
P (r) = rn + a1r

n−1 + · · · + an−1r + an.

is called thecharacteristic polynomial.
We see thaty = erx is a solution ofL[y] = 0 if and only if P (r) = 0.

J 34.5Example.We look for all exponential solutions of the equation

y′′ − 4y = 0.

Substitution ofy = erx gives

y′′ − 4y = r2erx − 4erx =
(
r2 − 4

)
erx.



78

The exponentialerx can’t vanish, soy′′ − 4y = 0 will hold exactly whenr2 − 4 = 0,
i.e. whenr = ±2. Therefore the only exponential functions which satisfyy′′ − 4y = 0 are
y1(x) = e2x andy2(x) = e−2x. I

Theorem 34.6.Suppose the polynomialP (r) hasn distinct rootsr1, r2, . . . , rn. Then the
general solution ofL[y] = 0 is

y = c1e
r1x + c2e

r2x + · · · + cne
rnx

wherec1, c2, . . . , cn are arbitrary constants.

Proof. We have just seen that the functionsy1(x) = er1x, y2(x) = er2x, y3(x) = er3x,
etc. are solutions of the equationL[y] = 0. In Math 320 (or 319, or. . . ) you prove that
these are all the solutions (it also follows from the method of variation of parameters that
there aren’t any other solutions).

�

Complex roots and repeated roots
If the characteristic polynomial hasn distinct real roots then Theorem 34.6 tells you what
the general solution to the equationL[y] = 0 is. In general a polynomial equation like
P (r) = 0 can have repeated roots, and it can have complex roots.
J 34.7Example.Solvey′′ + 2y′ + y = 0.

The characteristic polynomial isP (r) = r2 + 2r + 1 = (r + 1)2, so the only root of
the characteristic equationr2 + 2r + 1 = 0 is r = −1 (it’s a repeated root). This means
that for this equation we only getoneexponential solution, namelyy(x) = e−x.

It turns out that for this equation there is another solutionwhich is not exponential. It is
y2(x) = xe−x. You can check that it really satisfies the equationy′′ + 2y′ + y = 0. I

When there are repeated roots there are other solutions: ifP (r) = 0, thentjert is a
solution ifj is a nonnegative integer less than the multiplicity ofr. Also, if any of the roots
are complex, the phrasegeneral solutionshould be understood to meangeneral complex
solutionand the coefficientscj should be complex. If the equation is real, the real and
imaginary part of a complex solution are again solutions. Weonly describe the casen = 2
in detail.

Theorem 34.8.Consider the differential equation

d2y

dx2
+ a1

dy

dx
+ a2y = 0 (†)

and suppose thatr1 andr2 are the solutions of the characteristic equation ofr2+a1r+a2 =
0. Then

(i): If r1 andr2 are distinct and real, the general solution of(†) is

y = c1e
r1x + c2e

r2x.

(ii): If r1 = r2, the general solution of(†) is

y = c1e
r1x + c2xe

r1x.

(iii): If r1 = α+ βi andr2 = α− βi, the general solution of(†) is

y = c1e
αx cos(βx) + c2e

αx sin(βx).

In each casec1 andc2 are arbitrary constants.
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Case (i) and case (iii) can be subsumed into a single case using complex notation:

e(α±βi)x = eαx cosβx ± ieαx sinβx,

eαx cosβx =
e(α+βi)x + e(α−βi)x

2
, eαx sinβx =

e(α+βi)x − e(α−βi)x

2i
.

35. Inhomogeneous Linear Equations

In this section we study the inhomogeneous linear differential equation

y(n) + a1y
(n−1) + · · · + an−1y

′ + any = k(x)

where the coefficientsa1, . . . , an are constants and the functionk(x) is a given function.
In the operator notation this equation may be written

L[y] = k(x).

The following theorem says that once we know one particular solutionyp of the inhomoge-
neous equationL[y] = k(x) we can find all the solutionsy to the inhomogeneous equation
L[y] = k(x) by finding all the solutionsyh to the homogeneous equationL[y] = 0.

Theorem 35.1(Another Superposition Principle). AssumeL[yp] = k(x). ThenL[y] =
k(x) if and only if y = yp + yh whereL[yh] = 0.

Proof. SupposeL[yp] = k(x) andy = yp + yh. Then

L[y] = L[yp + yh] = L[yp] + L[yh] = k(x) + L[yh].

HenceL[y] = k(x) if and only if L[yh] = 0. �

36. Variation of Constants

There is a method to find the general solution of a linear inhomogeneous equation of
arbitrary order,provided you already know the solutions to the homogeneous equation.We
won’t explain this method here, but merely show you the answer you get in the case of
second order equations.

If y1(x) andy2(x) are solutions to the homogeneous equation

y′′(x) + a(x)y′(x) + b(x)y(x) = 0

for which
W (x)

def
= y1(x)y

′
2(x) − y′1(x)y2(x) 6= 0,

then the general solution of the inhomogeneous equation

y′′(x) + a(x)y′(x) + b(x)y(x) = f(x)

is given by

y(x) = −y1(x)
∫
y2(ξ)f(ξ)

W (ξ)
dξ + y2(x)

∫
y1(ξ)f(ξ)

W (ξ)
dξ.

For more details you should take a more advanced course like MATH 319 or 320.

Undetermined Coefficients

The easiest way to find a particular solutionyp to the inhomogeneous equation is the
method of undetermined coefficients or “educated guessing.” Unlike the method of “vari-
ation of constants” which was (hardly) explained in the previous section, this method does
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not work for all equations. But it does give you the answer fora few equations which show
up often enough to make it worth knowing the method.

The basis of the “method” is this: it turns out that many of thesecond order equations
with you run into have the form

y′′ + ay′ + by = f(t),

wherea andb are constants, and where the righthand sidef(t) comes from a fairly short
list of functions. For allf(t) in this list you memorize (yuck!) a particular solutionyp.
With the particular solution in hand you can then find the general solution by adding it to
the general solution of the homogeneous equation.

Here is the list:

f(t) = polynomial in t: In this case you tryyp(t) = some other polynomial int
with the same degree asf(t).

Exceptions: if r = 0 is a root of the characteristic equation, then you must try
a polynomialyp(t) of degree one higher thanf(t);

if r = 0 is a double root then the degree ofyp(t) must be two more than the
degree off(t).

f(t) = eat: try yp(t) = Aeat.
Exceptions: if r = a is a root of the characteristic equation, then you must try

yp(t) = Ateat;
if r = a is a double root then tryyp(t) = At2eat.

f(t) = sin bt or f(t) = cos bt: In both cases, tryyp(t) = A cos bt+B sin bt.
Exceptions: if r = bi is a root of the characteristic equation, then you should

try yp(t) = t(A cos bt+B sin bt).
f(t) = eat sin bt or f(t) = eat cos bt: Try yp(t) = eat(A cos bt+B sin bt).

Exceptions: if r = a + bi is a root of the characteristic equation, then you
should tryyp(t) = teat(A cos bt+B sin bt).

J 36.1Example.Find the general solution to the following equations

y′′ + xy′ − y = 2ex(32)

y′′ − 2y′ + y =
√

1 + x2(33)

The first equation does not have constant coefficients so the method doesn’t apply. Sorry,
but we can’t solve this equation in this course.13

The second equation does have constant coefficients, so we can solve the homogeneous
equation (y′′ − 2y′ + y = 0), but the righthand side does not appear in our list. Again, the
method doesn’t work. I

J 36.2A more upbeat example.To find a particular solution of

y′′ − y′ + y = 3t2

we note that (1) the equation is linear with constant coefficients, and (2) the right hand
side is a polynomial, so it’s in our list of “right hand sides for which we know what to
guess.” We try a polynomial of the same degree as the right hand side, namely 2. We don’t
know which polynomial, sowe leave its coefficients undetermined(whence the name of
the method.) I.e. we try

yp(t) = A+Bt+ Ct2.

13Who says you can’t solve this equation? For equation (32) youcanfind a solution by computing its Taylor
series! For more details you should again take a more advanced course (like MATH 319), or, in this case, give it
a try yourself.
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To see if this is a solution, we compute

y′p(t) = B + 2Ct, y′′p (t) = 2C,

so that
y′′p − y′p + yp = (A−B + 2C) + (B − 2C)t+ Ct2.

Thusy′′p − y′p + yp = 3t2 if and only if

A−B + 2C = 0, B − 2C = 0, C = 3.

Solving these equations leads toC = 3,B = 2C = 6 andA = B−2C = 0. We conclude
that

yp(t) = 6t+ 3t2

is a particular solution. I

J 36.3 Another example, which is rather long, but that’s because itis meant to cover
several cases.

Find the general solution to the equation

y′′ + 3y′ + 2y = t+ t3 − et + 2e−2t − e−t sin 2t.

Solution: First we find the characteristic equation,

r2 + 3r + 2 = (r + 2)(r + 1) = 0.

The characteristic roots arer1 = −1, andr2 = −2. The general solution to the homoge-
neous equation is

yh(t) = C1e
−t + C2e

−2t.

We now look for a particular solutions. Initially it doesn’tlook very good as the righthand
side does not appear in our list. However, the righthand sideis a sum of five terms, each of
which is in our list.

AbbreviateL[y] = y′′ +3y′+2y. Then we will find functionsy1, . . . , y4 for which one
has

L[y1] = t+ t3, L[y2] = −et, L[y3] = 2e−2t, L[y4] = −e−t sin 2t.

Then, by the Superposition Principle (Theorem 34.3) you getthatyp
def
= y1 + y2 + y3 + y4

satisfies

L[yp] = L[y1] + L[y2] + L[y3] + L[y4] = t+ t3 − et + 2e−2t − e−t sin 2t.

Soyp (once we find it) is a particular solution.
Now let’s findy1, . . . , y4.

y1(t): the righthand sidet + t3 is a polynomial, andr = 0 is not a root of the
characteristic equation, so we try a polynomial of the same degree. Try

y1(t) = A+Bt+ Ct2 +Dt3.

HereA,B,C,D are the undetermined coefficients that give the method its name.
You compute

L[y1] = y′′1 + 3y′1 + 2y1

= (2C + 6Dt) + 3(B + 2Ct+ 3Dt2) + 2(A+Bt+ Ct2 +Dt3)

= (2C + 3B + 2A) + (2B + 6C + 6D)t+ (2C + 9D)t2 + 2Dt3.

So to getL[y1] = t+ t3 we must impose the equations

2D = 1, 2C + 9D = 0, 2B + 6C + 6D = 1, 2C + 6B + 2A = 0.
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You can solve these equations one-by-one, with result

D = 1
2 , C = − 9

4 , B = − 23
4 , A = 87

8 ,

and thus

y1(t) = 87
8 − 23

4 t− 9
4 t

2 + 1
2 t

3.

y2(t): We wanty2(t) to satisfyL[y2] = −et. Sinceet = eat with a = 1, anda = 1
is not a characteristic root, we simply tryy2(t) = Aet. A quick calculation gives

L[y2] = Aet + 3Aet + 2Aet = 6Aet.

To achieveL[y2] = −et we therefore need6A = −1, i.e.A = − 1
6 . Thus

y2(t) = − 1
6e
t.

y3(t): We wanty3(t) to satisfyL[y3] = −e−2t. Sincee−2t = eat with a = −2, and
a = −2 is a characteristic root, we can’t simply tryy3(t) = Ae−2t. Instead you
have to tryy3(t) = Ate−2t. Another calculation gives

L[y3] = (4t− 4)Ae−2t + 3(−2t+ 2)Ae−2t + 2Ate−2t (factor outAe−2t)

=
[
(4 + 3(−2) + 2)t+ (−4 + 3)

]
Ae−2t

= −Ae−2t.

Note that all the terms withte−2t cancel: this is no accident, but a consequence of
the fact thata = −2 is a characteristic root.

To getL[y3] = 2e−2t we see we have to chooseA = −2. We find

y3(t) = −2te−2t.

y4(t): Finally, we need a functiony4(t) for which one hasL[y4] = −e−t sin 2t. The
list tells us to try

y4(t) = e−t
(
A cos 2t+B sin 2t

)
.

(Since−1 + 2i is not a root of the characteristic equation we are not in one of the
exceptional cases.)

Diligent computation yields

y4(t) = Ae−t cos 2t + Be−te−t sin 2t
y′4(t) = (−A+ 2B)e−t cos 2t + (−B − 2A)e−t sin 2t
y′′4 (t) = (−3A− 4B)e−t cos 2t + (−3B + 4A)e−t sin 2t

so that

L[y4] = (−4A+ 2B)e−t cos 2t+ (−2A− 4B)e−t sin 2t.

We want this to equal−e−t sin 2t, so we have to findA,B with

−4A+ 2B = 0, −2A− 4B = −1.

The first equation impliesB = 2A, the second then gives−10A = −1, soA = 1
10

andB = 2
10 . We have found

y4(t) = 1
10e

−t cos 2t+ 2
10e

−t sin 2t.
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After all these calculations we get the following impressive particular solution of our dif-
ferential equation,

yp(t) = 87
8 − 23

4 t− 9
4 t

2 + 1
2 t

3 − 1
6e
t − 2te−2t + 1

10e
−t cos 2t+ 2

10e
−t sin 2t

and the even more impressivegeneralsolution to the equation,

y(t) = yh(y) + yp(t)

= C1e
−t + C2e

−2t

+ 87
8 − 23

4 t− 9
4 t

2 + 1
2 t

3

− 1
6e
t − 2te−2t + 1

10e
−t cos 2t+ 2

10e
−t sin 2t.

You shouldn’t be put off by the fact that the result is a prettylong formula, and that the
computations took up two pages. The approach is to (i) break up the right hand side into
terms which are in the list at the beginning of this section, (ii) to compute the particular
solutions for each of those terms and (iii) to use the Superposition Principle (Theorem
34.3) to add the pieces together, resulting in a particular solution for the whole right hand
side you started with. I

37. Applications of Second Order Linear Equations

Spring with a weight
In example 33.1 we showed that the heighty(t) a massm suspended from a spring with
constantk satisfies

(34) my′′(t) + ky(t) = mg, or y′′(t) +
k

m
y(t) = g.

This is a Linear Inhomogeneous Equation whose homogeneous equation,y′′ + k
my = 0

has
yh(t) = C1 cosωt+ C2 sinωt

as general solution, whereω =
√

k/m. The right hand side is a constant, which is a
polynomial of degree zero, so the method of “educated guessing” applies, and we can find
a particular solution by trying a constantyp = A as particular solution. You find that
y′′p + k

myp = k
mA, which will equalg if A = mg

k . Hence the general solution to the
“spring with weight equation” is

y(t) =
mg

k
+ C1 cosωt+ C2 sinωt.

To solve the initial value problemy(0) = y0 andy′(0) = v0 we solve for the constantsC1

andC2 and get

y(t) =
mg

k
+
v0
ω

sin(ωt) +
(
y0 −

mg

k

)
cos(ωt).

which you could rewrite as

y(t) =
mg

k
+A cos(ωt− φ)

for certain numbersA, φ.
The weight in this model just oscillates up and down forever:this motion is called a

simple harmonic oscillation,and the equation (34) is called the equation of theHarmonic
Oscillator.
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The pendulum equation
In example 33.2 we saw that the angleθ(t) subtended by a swinging pendulum satisfies
thependulum equation,

(29)
d2θ

dt2
+
g

L
sin θ(t) = 0.

This equation isnot linearand cannot be solved by the methods you have learned in this
course. However, if the oscillations of the pendulum are small, i.e. if θ is small, then we
can approximatesin θ by θ. Remember that the error in this approximation is the remainder
term in the Taylor expansion ofsin θ atθ = 0. According to Lagrange this is

sin θ = θ +R3(θ), R3(θ) = cos θ̃
θ3

3!
with |θ̃| ≤ θ.

Whenθ is small, e.g. if|θ| ≤ 10◦ ≈ 0.175 radians then compared toθ the error is at most
∣
∣
∣
∣

R3(θ)

θ

∣
∣
∣
∣
≤ (0.175)2

3!
≈ 0.005,

in other words, the error is no more than half a percent.
So for small angles we will assume thatsin θ ≈ θ and henceθ(t) almostsatisfies the

equation

(35)
d2θ

dt2
+
g

L
θ(t) = 0.

In contrast to the pendulum equation (29), this equation is linear, and we could solve it
right now.

The procedure of replacing inconvenient quantities likesin θ by more manageable ones
(like θ) in order to end up with linear equations is calledlinearization. Note that the solu-
tions to the linearized equation (35), which we will derive in a moment, are not solutions
of the Pendulum Equation (29). However, if the solutions we find have small angles (have
|θ| small), then the Pendulum Equation and its linearized form (35) are almost the same,
and “you would think that their solutions should also be almost the same.” I put that in
quotation marks, because (1) it’s not a very precise statement and (2) if it were more pre-
cise, you would have to prove it, which is not easy, and not a topic for this course (or even
MATH 319 – take MATH 419 or 519 for more details.)

Let’s solve the linearized equation (35). Settingθ = ert you find the characteristic
equation

r2 +
g

L
= 0

which has two complex roots,r± = ±i
√

g
L . Therefore, the general solution to (35) is

θ(t) = A cos
(
√
g

L
t
)

+B sin
(
√
g

L
t
)
,

and you would expect the general solution of the Pendulum Equation (29) to be almost the
same. So you see that a pendulum will oscillate, and that the period of its oscillation is
given by

T = 2π

√

L

g
.

Once again: because we have used a linearization, you shouldexpect this statement to be
valid only for small oscillations. When you study the Pendulum Equation instead of its
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linearization (35), you discover that the periodT of oscillation actually depends on the
amplitude of the oscillation: the bigger the swings, the longer they take.

The effect of friction
A real weight suspended from a real spring will of course not oscillate forever. Various
kinds of friction will slow it down and bring it to a stop. As anexample let’s assume that
air drag is noticeable, so, as the weight moves the surrounding air will exert a force on the
weight (To make this more likely, assume the weight is actually moving in some viscous
liquid like salad oil.) This drag is stronger as the weight moves faster. A simple model is
to assume that the friction force is proportional to the velocity of the weight,

Ffriction = −hy′(t).
This adds an extra term to the oscillator equation (34), and gives

my′′(t) = Fgrav + Ffriction = −ky(t) +mg − hy′(t)

i.e.

(36) my′′(t) + hy′(t) + ky(t) = mg.

This is a second order linear homogeneous differential equation with constant coefficients.
A particular solution is easy to find,yp = mg/k works again.

m

gravity

F
springdrag

F

y(t)

salad dressing

F

To solve the homogeneous equation you tryy = ert, which leads to the characteristic
equation

mr2 + hr + k = 0,

whose roots are

r± =
−h±

√
h2 − 4mk

2m

If friction is large, i.e. ifh >
√

4km, then the two rootsr± are real, and all solutions are
of exponential type,

y(t) =
mg

k
+ C+e

r+t + C−e
r−t.

Both rootsr± are negative, so all solutions satisfy

lim
t→∞

y(t) = 0.

If friction is weak, more precisely, ifh <
√

4mk then the two rootsr± are complex
numbers,

r± = − h

2m
± iω, with ω =

√
4km− h2

2m
.

The general solution in this case is

y(t) =
mg

k
+ e−

h

2m
t
(

A cosωt+B sinωt
)

.

These solutions also tend to zero ast→ ∞, but they oscillate infinitely often.

Electric circuits
Many equations in physics and engineering have the form (36). For example in the electric
circuit in the diagram a time varying voltageVin(t) is applied to a resistorR, an inductance
L and a capacitorC. This causes a currentI(t) to flow through the circuit. How much is
this current, and how much is, say, the voltage across the resistor?
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V   =

V
L

C
V

R outR

C

L

V
in

V

Electrical engineers will tell you that the total voltageVin(t) must equal the sum of the
voltagesVR(t), VL(t) andVC(t) across the three components. These voltages are related
to the currentI(t) which flows through the three components as follows:

VR(t) = RI(t)

dVC(t)

dt
=

1

C
I(t)

VL(t) = L
dI(t)

dt
.

Surprisingly, these little electrical components know calculus! (HereR, L andC are con-
stants depending on the particular components in the circuit. They are measured in “Ohm,”
“Farad,” and “Henry.”)

Starting from the equation

Vin(t) = VR(t) + VL(t) + VC(t)

you get

V ′
in(t) = V ′

R(t) + V ′
L(t) + V ′

C(t)

= RI ′(t) + LI ′′(t) +
1

C
I(t)

In other words, for a given input voltage the currentI(t) satisfies a second order inhomo-
geneous linear differential equation

(37) L
d2I

dt2
+R

dI

dt
+

1

C
I = V ′

in(t).

Once you know the currentI(t) you get the output voltageVout(t) from

Vout(t) = RI(t).

In general you can write down a differential equation for anyelectrical circuit. As you
add more components the equation gets more complicated, butif you stick to resistors,
inductances and capacitors the equations will always be linear, albeit of very high order.

38. Problems

38.1. Classify each of the following as homogeneous linear, inhomogeneous linear, or
nonlinear and specify the order. For each linear equation say whether or not the coefficients
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are constant.

(i ) y′′ + y = 0 (ii ) xy′′ + yy′ = 0

(iii ) xy′′ − y′ = 0 (iv ) xy′′ + yy′ = x

(v) xy′′ − y′ = x (vi ) y′ + y = xex.

38.2.(i ) Show thaty = x2 + 5 is a solution ofxy′′ − y′ = 0.
(ii ) Show thaty = C1x

2 + C2 is a solution ofxy′′ − y′ = 0.

38.3.(i ) Show thaty = (tan(c1x+ c2))/c1 is a solution ofyy′′ = 2(y′)2 − 2y′.
(ii ) Show thaty1 = tan(x) andy2 = 1 are solutions of this equation, but thaty1 + y2 is
not.
(iii ) Is the equation linear homogeneous?

First Order Equations

38.4.The differential equation
dy

dt
=

4 − y2

4
is called theLogistic Equation.
(i ) Find the solutionsy0, y1, y2, andy3 which satisfyy0(0) = 0, y1(0) = 1, y2(0) = 2
andy3(0) = 3.
(ii ) Find limt→∞ yk(t) for k = 1, 2, 3.

Also find limt→−∞ yk(t) for k = 1, 2, 3.
(iii ) Graph the four solutionsy0, . . . ,y3.

38.5.Find the functiony of x which satisfies the conditions

(i)
dy

dx
+ x2y = 0, y(1) = 5. (ii )

dy

dx
+ (1 + 3x2)y = 0, y(1) = 1.

(iii )
dy

dx
+ x cos2 y = 0, y(0) = π

3 . (iv)
dy

dx
+

1 + x

1 + y
= 0, y(0) = A.

(v)
dy

dx
+ 1 − y2 = 0, y(0) = A. (vi)

dy

dx
+ 1 + y2 = 0, y(0) = A.

(vii)
dy

dx
− (cosx)y = esin x, y(0) = A. (viii ) y2 dy

dx
+ x3 = 0, y(0) = A.

(A is an unspecified constant: you should at least indicate for which values ofA your
solution is valid.)

38.6.(i ) Find all solutions ofdydx + 2y = 0.
(ii ) Find all solutions ofdydx + 2y = e−x.
(iii ) Findy if dy

dx + 2y = e−x andy = 7 whenx = 0.

Linear Homogeneous

38.7.(i ) Show thaty = 4ex + 7e2x is a solution ofy′′ − 3y′ + 2y = 0.
(ii ) Show thaty = C1e

x + C2e
2x is a solution ofy′′ − 3y′ + 2y = 0.

(iii ) Find a solution ofy′′ − 3y′ + 2y = 0 such thaty(0) = 7 andy′(0) = 9.

38.8.Find all real solutions of

d2y

dt2
− 6

dy

dt
+ 10y = 0.
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38.9.Findy if
y′′ − 6y′ + 10y = 0,

and in additiony satisfies the initial conditionsy(0) = 7, andy′(0) = 11.

38.10.Find the general solutiony = y(x) of the following differential equations

(i)
d4y

dx4
= y (ii )

d4y

dx4
+ y = 0

(iii )
d4y

dx4
− d2y

dx2
= 0 (iv)

d4y

dx4
+

d2y

dx2
= 0

(v)
d3y

dx3
+ y = 0 (vi)

d3y

dx3
− y = 0

38.11. Solve each of the following initial value problems. Your final answer should not
use complex numbers, but you may use complex numbers to find it.

(i )

{

y′′ + 9y = 0,

y(0) = 0, y′(0) = −3.
(ii )

{

y′′ + 9y = 0,

y(0) = −3, y′(0) = 0.

(iii )

{

y′′ − 5y′ + 6y = 0,

y(0) = 0, y′(0) = 1.
(iv )

{

y′′ + 5y′ + 6y = 0,

y(0) = 1, y′(0) = 0.

(v)

{

y′′ + 5y′ + 6y = 0,

y(0) = 0, y′(0) = 1.
(vi )

{

y′′ − 6y′ + 5y = 0,

y(0) = 1, y′(0) = 0.

(vii )

{

y′′ − 6y′ + 5y = 0,

y(0) = 0, y′(0) = 1.
(viii )

{

y′′ + 6y′ + 5y = 0,

y(0) = 1, y′(0) = 0.

(ix )

{

y′′ + 6y′ + 5y = 0,

y(0) = 0, y′(0) = 1.
(x)

{

y′′ − 4y′ + 5y = 0,

y(0) = 1, y′(0) = 0.

(xi )

{

y′′ − 4y′ + 5y = 0,

y(0) = 0, y′(0) = 1.
(xii )

{

y′′ + 4y′ + 5y = 0,

y(0) = 1, y′(0) = 0.

(xiii )

{

y′′ + 4y′ + 5y = 0,

y(0) = 0, y′(0) = 1.
(xiv )

{

y′′ − 5y′ + 6y = 0,

y(0) = 1, y′(0) = 0.

Linear Inhomogeneous

38.12.(i ) Find a solution ofy′′ − 3y′ + 2y = e3x.
(ii ) Find a particular solution ofy′′ − 3y′ + 2y = ex.
(iii ) Find the general solution of

y′′ − 3y′ + 2y = 4e3x + 5ex.

38.13.Find the general solutiony(t) of the differential equations

(i)
d2y

dt2
− y = 2 (ii)

d2y

dt2
− y = 2et

(iii )
d2y

dt2
+ 9y = cos 3t (iv)

d2y

dt2
+ 9y = cos t

(v)
d2y

dt2
+ y = cos t (vi)

d2y

dt2
+ y = cos 3t.
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38.14.Findy if

(i)
d2y

dx2
+ 2

dy

dx
+ y = 0 y(0) = 2, y′(0) = 3

(ii )
d2y

dx2
+ 2

dy

dx
+ y = e−x y(0) = 0, y′(0) = 0

(iii )
d2y

dx2
+ 2

dy

dx
+ y = xe−x y(0) = 0, y′(0) = 0

(iv)
d2y

dx2
+ 2

dy

dx
+ y = e−x + xe−x y(0) = 2, y′(0) = 3.

Hint: Use the Superposition Principle to save work.

38.15.(i ) Find the general solution of

z′′ + 4z′ + 5z = eit

using complex exponentials.
(ii ) Solve

z′′ + 4z′ + 5z = sin t

using your solution to question (i).
(iii ) Find a solution for the equation

z′′ + 2z′ + 2z = 2e−(1−i)t

in the formz(t) = u(t)e−(1−i)t.
(iv ) Find a solution for the equation

x′′ + 2x′ + 2x = 2e−t cos t.

Hint: Take the real part of the previous answer.
(v) Find a solution for the equation

y′′ + 2y′ + 2y = 2e−t sin t.

Applications

38.16. A population of bacteria grows at a rate proportional to its size. Write and solve
a differential equation which expresses this. If there are 1000 bacteria after one hour and
2000 bacteria after two hours, how many bacteria are there after three hours?

38.17.Rabbits in Madison have a birth rate of 5% per year and a death rate (from old age)
of 2% per year. Each year 1000 rabbits get run over and 700 rabbits move in from Sun
Prairie.
(i ) Write a differential equation which describes Madison’s rabbit population at timet.
(ii ) If there were 12,000 rabbits in Madison in 1991, how many arethere in 1994?

38.18. According toNewton’s law of coolingthe ratedT/dt at which an object cools is
proportional to the differenceT−A between its temperatureT and the ambient temperature
A. The differential equation which expresses this is

dT

dt
= k(T −A)

wherek < 0 andA are constants.
(i ) Solve this equation and show that every solution satisfies

lim
t→∞

T = A.
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(ii ) A cup of coffee at a temperature of180oF sits in a room whose temperature is750F.
In five minutes its temperature has dropped to150◦F. When will its temperature be90◦F?
What is the limit of the temperature ast → ∞?

38.19.Retaw is a mysterious living liquid; it grows at a rate of5% of its volume per hour.
A scientist has a tank initially holdingy0 gallons of retaw and removes retaw from the tank
continuously at the rate of 3 gallons per hour.
(i ) Find a differential equation for the numbery(t) of gallons of retaw in the tank at time
t.
(ii ) Solve this equation fory as a function oft. (The initial volumey0 will appear in your
answer.)
(iii ) What islimt→∞ y(t) if y0 = 100?
(iv ) What should the value ofy0 be so thaty(t) remains constant?

38.20. A 1000 gallon vat is full of 25% solution of acid. Starting at time t = 0 a 40%
solution of acid is pumped into the vat at 20 gallons per minute. The solution is kept well
mixed and drawn off at 20 gallons per minute so as to maintain the total value of 1000
gallons. Derive an expression for the acid concentration attimest > 0. As t → ∞ what
percentage solution is approached?

38.21. The volume of a lake isV = 109 cubic feet. PollutionP runs into the lake at3
cubic feet per minute, and clean water runs in at21 cubic feet per minute. The lake drains
at a rate of24 cubic feet per minute so its volume is constant. LetC be the concentration
of pollution in the lake; i.e.C = P/V .
(i ) Give a differential equation forC.
(ii ) Solve the differential equation. Use the initial condition C = C0 when t = 0 to
evaluate the constant of integration.
(iii ) There is a critical valueC∗ with the property that for any solutionC = C(t) we have

lim
t→∞

C = C∗.

FindC∗. If C0 = C∗, what isC(t)?

38.22.A philanthropist endows a chair. This means that she donatesan amount of money
B0 to the university. The university invests the money (it earns interest) and pays the salary
of a professor. Denote the interest rate on the investment byr (e.g. if r = .06, then the
investment earns interest at a rate of6% per year) the salary of the professor bya (e.g.
a = $50, 000 per year), and the balance in the investment account at timet byB.
(i ) Give a differential equation forB.
(ii ) Solve the differential equation. Use the initial condition B = B0 when t = 0 to
evaluate the constant of integration.
(iii ) There is a critical valueB∗ with the property that (1) ifB0 < B∗, then there is a
t > 0 with B(t) = 0 (i.e. the account runs out of money) while (2) ifB0 > B∗, then
limt→∞B = ∞. FindB∗.
(iv ) This problem is like the pollution problem except for the signs ofr anda. Explain.

38.23.A citizen pays social security taxes ofa dollars per year forT1 years, then retires,
then receives payments ofb dollars per year forT2 years, then dies. The account which
receives and dispenses the money earns interest at a rate ofr% per year and has no money
at time t = 0 and no money at the timet = T1 + T2 of death. Find two differential
equations for the balanceB(t) at time t; one valid for0 ≤ t ≤ T1, the other valid for
T1 ≤ t ≤ T1 + T2. Express the ratiob/a in terms ofT1, T2, andr. Reasonable values for
T1, T2, andr areT1 = 40, T2 = 20, andr = 5% = .05. This model ignores inflation.
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Notice that0 < dB/dt for 0 < t < T1, thatdB/dt < 0 for T1 < t < T1 + T2, and that
the account earns interesteven forT1 < t < T1 + T2.

38.24. A 300 gallon tank is full of milk containing 2% butterfat. Milk containing 1%
butterfat is pumped in a 10 gallons per minute starting at 10:00 AM and the well mixed
milk is drained off at 15 gallons per minute. What is the percent butterfat in the milk in
the tank 5 minutes later at 10:05 AM? Hint: How much milk is in the tank at timet? How
much butterfat is in the milk at timet = 0?

38.25.A sixteen pound weight is suspended from the lower end of a spring whose upper
end is attached to a rigid support. The weight extends the spring by half a foot. It is struck
by a sharp blow which gives it an initial downward velocity ofeight feet per second. Find
its position as a function of time.

38.26.A sixteen pound weight is suspended from the lower end of a spring whose upper
end is attached to a rigid support. The weight extends the spring by half a foot. The weight
is pulled down one feet and released. Find its position as a function of time.

38.27. The equation for the displacementy(t) from equilibrium of a spring subject to a
forced vibration of frequencyω is

(38)
d2y

dt2
+ 4y = sin(ωt).

(i ) Find the solutiony = y(ω, t) of (38) forω 6= 2 if y(0) = 0 andy′(0) = 0.
(ii ) What islimω→2 y(ω, t)?
(iii ) Find the solutiony(t) of

(39)
d2y

dt2
+ 4y = sin(2t)

if y(0) = 0 andy′(0) = 0. (Hint: Compare with (38).)

38.28.Suppose that an undamped spring is subjected to an external periodic force so that
its positiony at timet satisfies the differential equation

d2y

dt2
+ ω2

0y = c sin(ωt).

(i ) Show that the general solution is

y = C1 cosω0t+ C2 sinω0t+
c

ω2 − ω2
0

sinωt.

whenω0 6= ω.
(ii ) Solve the equation whenω = ω0.
(iii ) Show that in part (i) the solution remains bounded ast→ ∞ but in part (ii) this is not
so. (This phenomenon is calledresonance. To see an example of resonance try Googling
“Tacoma Bridge Disaster.”)

38.29.Have look at the electrical circuit equation (37) from§37.
(i ) Find the general solution of (37), assuming thatVin(t) does not depend on timet. What
is limt→∞ I(t)?
(ii ) Assume for simplicity thatL = C = 1, and that the resistor has been short circuited,
i.e. thatR = 0. If the input voltage is a sinusoidal wave,

Vin(t) = A sinωt, (ω 6= 1)



92

then find a particular solution, and then the general solution.
(iii ) Repeat problem (ii) withω = 1.
(iv ) Suppose again thatL = C = 1, but now assume thatR > 0. Find the general solution
whenVin(t) is constant.
(v) Still assumingL = C = 1, R > 0 find a particular solution of the equation when the
input voltage is a sinusoidal wave

Vin(t) = A sinωt.
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V. Vectors

39. Introduction to vectors

Definition 39.1. A vector is a column of two, three, or more numbers, written as

~a =

(
a1

a2

)

or ~a =





a1

a2

a3



 or ~a =






a1

...
an






in general. Thelength of a vector~a =

(
a1

...
an

)

is defined by

‖~a‖ =

∥
∥
∥
∥
∥
∥
∥






a1

...
an






∥
∥
∥
∥
∥
∥
∥

=
√

a2
1 + · · · + a2

n.

We will always deal with either the two or three dimensional cases, in other words, the
casesn = 2 or n = 3, respectively. For these cases there is a geometric description of
vectors which is very useful. In fact, the two and three dimensional theories have their
origins in mechanics and geometry. In higher dimensions thegeometric description fails,
simply because we cannot visualize a four dimensional space, let alone a higher dimen-
sional space. Instead of a geometric description of vectorsthere is an abstract theory called
Linear Algebrawhich deals with “vector spaces” of any dimension (even infinite!). This
theory of vectors in higher dimensional spaces is very useful in science, engineering and
economics. You can learn about it in courses likeMATH 320,340, or 341.

Basic arithmetic of vectors

You can add and subtract vectors, and you can multiply them with arbitrary real num-
bers. this section tells you how.

Thesum of two vectorsis defined by

(40)

(
a1

a2

)

+

(
b1
b2

)

=

(
a1 + b1
a2 + b2

)

,

and 



a1

a2

a3



+





b1
b2
b3



 =





a1 + b1
a2 + b2
a3 + b3



 .

Thezero vectoris defined by

~0 =

(
0
0

)

or ~0 =





0
0
0



 .

It has the property that
~a +~0 = ~0 +~a = ~a

no matter what the vector~a is.
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You can multiply a vector~a =





a1

a2

a3



 with a real numbert according to the rule

t~a =





ta1

ta2

ta3



 .

In particular, “minus a vector” is defined by

−~a = (−1)~a =





−a1

−a2

−a3



 .

The difference of two vectors is defined by

~a −~b = ~a + (−~b).

So, to subtract two vectors you subtract their components,

~a −~b =





a1

a2

a3



−





b1
b2
b3



 =





a1 − b1
a2 − b2
a3 − b3





J 39.2Some GOOD examples.
(

2
3

)

+

(
−3
π

)

=

(
−1

3 + π

)

2

(
1
0

)

+ 3

(
0
1

)

=

(
2
3

)

(
1
0
3

)

−
(

−1
12√
2

)

=

(
2

−12

3−
√

2

)

a
(

1
0
0

)

+ b
(

0
1
0

)

+ c
(

0
0
1

)

=
(
a
b
c

)

0 ·
(

12
√

39
π2 − ln 3

)

=

(
0
0

)

= ~0
(
t+ t2

1 − t2

)

= (1 + t)

(
t

1 − t

)

I

J 39.3 Two very, very BAD examples.Vectors must have the same size to be added,
therefore

(
2
3

)

+





1
3
2



 = undefined!!!

Vectors and numbers are different things, so an equation like

~a = 3 is nonsense!

This equation says that some vector (~a ) is equal to some number (in this case: 3).Vectors
and numbers are never equal! I

Algebraic properties of vector addition and multiplication
Addition of vectors and multiplication of numbers and vectors were defined in such a way
that the following always hold for any vectors~a , ~b , ~c (of the same size) and any real
numberss, t

~a +~b = ~b +~a [vector addition is commutative](41)

~a + (~b +~c) = (~a +~b ) +~c [vector addition is associative](42)

t(~a +~b) = t~a + t~b [first distributive property](43)

(s+ t)~a = s~a + t~a [second distributive property](44)
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J 39.4Prove (41). Let ~a =
(
a1
a2
a3

)

and~b =

(
b1
b2
b3

)

be two vectors, and consider both

possible ways of adding them:




a1

a2

a3



+





b1
b2
b3



 =





a1 + b1
a2 + b2
a3 + b3



 and





b1
b2
b3



+





a1

a2

a3



 =





b1 + a1

b2 + a2

b3 + a3





We know (or we have assumed long ago) that addition of real numbers is commutative, so
thata1 + b1 = b1 + a1, etc. Therefore

~a +~b =





a1 + b1
a2 + b2
a3 + b3



 =





b1 + a1

b2 + a2

b3 + a3



 = ~b +~a .

This proves (41). I

J 39.5Example.If ~v and~w are two vectors, we define

~a = 2~v + 3~w , ~b = −~v + ~w .

Problem: Compute~a +~b and2~a − 3~b in terms of~v and~w .
Solution:

~a +~b = (2~v + 3~w) + (−~v + ~w) = (2 − 1)~v + (3 + 1)~w = ~v + 4~w

2~a − 3~b = 2(2~v + 3~w) − 3(−~v + ~w) = 4~w + 6~w + 3~v − 3~w = 7~v + 3~w .

Problem:Finds, t so thats~a + t~b = ~v .
Solution: Simplifying s~a + t~b you find

s~a + t~b = s(2~v + 3~w) − t(−~v + ~w ) = (2s+ t)~v + (3s− t)~w .

One way to ensure thats~a + t~b = ~v holds is therefore to chooses andt to be the solutions
of

2s+ t = 1

3s− t = 0

The second equation sayst = 3s. The first equation then leads to2s+ 3s = 1, i.e.s = 1
5 .

Sincet = 3s we gett = 3
5 . The solution we have found is therefore

1
5
~a + 3

5
~b = ~v .

I

Geometric description of vectors
Vectors originally appeared in mechanics, where they represented forces: a force acting
on some object has amagnitudeand adirection. Thus a force can be thought of as an
arrow, where the length of the arrow indicates how strong theforce is (how hard it pushes
or pulls).

So we will think of vectors asarrows: if you specify two pointsP andQ, then the arrow
pointing fromP toQ is a vector and we denote this vector by

−−→
PQ.

The precise mathematical definition is as follows:
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Definition 39.6. For any pair of pointsP andQ whose coordinates are(p1, p2, p3) and

(q1, q2, q3) one defines a vector
−−→
PQ by

−−→
PQ =





q1 − p1

q2 − p2

q3 − p3



 .

If the initial point of an arrow is the originO, and the final point is any pointQ, then the
vector

−−→
OQ is called theposition vectorof the pointQ.

P

P

Q

Q

~p ~q

−−→
PQ

−−→
PQ

q1 − p1

q 2
−

p
2

two pictures of
the vector

−−→
PQ = ~q − ~p

If ~p and~q are the position vectors ofP andQ, then one can write
−−→
PQ as

−−→
PQ =





q1
q2
q3



−





p1

p2

p3



 = ~q −~p .

For plane vectors we define
−−→
PQ similarly, namely,

−−→
PQ =

( q1−p1
q2−p2

)
. The old formula for

the distance between two pointsP andQ in the plane

distance fromP toQ =
√

(q1 − p1)2 + (q2 − p2)2

says that the length of the vector
−−→
PQ is just the distance between the pointsP andQ, i.e.

distance fromP toQ =
∥
∥
∥
−−→
PQ
∥
∥
∥ .

This formula is also valid ifP andQ are points in space.

a1

a1

a2

a2

a3

~a

~a

A

A

O

O

position vectors in the

plane and in space

J 39.7Example.The pointP has coordinates(2, 3); the pointQ has coordinates(8, 6).

The vector
−−→
PQ is therefore

−−→
PQ =

(
8 − 2
6 − 3

)

=

(
6
3

)

.

This vector is the position vector of the pointR whose coordinates are(6, 3). Thus

−−→
PQ =

−−→
OR =

(
6
3

)

.

The distance fromP to Q is the length of the vector−−→
PQ, i.e.

distanceP toQ =

∥
∥
∥
∥

(
6
3

)∥
∥
∥
∥

=
√

62 + 32 = 3
√

5.

2

3

4

5

6

2 3 4 5 6 7 81

1

P

Q

R

O

−−→
PQ

−−→
OR

I

J 39.8Example.Find the distance between the pointsA andB whose position vectors are

~a =
(

1
1
0

)

and~b =
(

0
1
1

)

respectively.

Solution: One has

distanceA toB = ‖−−→AB‖ = ‖~b −~a‖ =

∥
∥
∥
∥
∥
∥





−1
0
1





∥
∥
∥
∥
∥
∥

=
√

(−1)2 + 02 + 12 =
√

2

I
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Geometric interpretation of vector addition and multiplic ation
Suppose you have two vectors~a and~b . Consider them as position vectors, i.e. represent
them by vectors that have the origin as initial point:

~a =
−→
OA, ~b =

−−→
OB.

Then the origin and the three endpoints of the vectors~a ,~b and~a +~b form a parallelogram.
See figure 10.

To multiply a vector~a with a real numbert you multiply its length with|t|; if t < 0
you reverse the direction of~a .

~a ~a~b

~b

~a +~b

~a +~b

~a

~b

~a +~b

x

y

z

FIGURE 10. Two ways of adding plane vectors, and an addition of spacevectors

~a

2~a

−~a

~a

~b

~a −~b

~b −~a−~a

−~b

FIGURE 11. Multiples of a vector, and the difference of two vectors.

J 39.9Example.In example 39.5 we assumed two vectors~v and~w were given, and then
defined~a = 2~v + 3~w and~b = −~v + ~w . In figure 12 the vectors~a and~b are con-
structed geometrically from some arbitrarily chosen~v and~w . We also found algebraically
in example 39.5 that~a +~b = ~v + 4~w . The third drawing in figure 12 illustrates this.I

40. Parametric equations for lines and planes

Given twodistinctpointsA andB we consider the line segmentAB. If X is any given
point onAB then we will now find a formula for the position vector ofX .

Definet to be the ratio between the lengths of the line segmentsAX andAB,

t =
lengthAX
lengthAB

.
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~a
~a ~a

~b
~b

~v ~v

~w

~w

~w

−~v
3~w

3~w

2~v

2~v ~a +~b = ~v + 4~w

FIGURE 12. Picture proof that~a +~b = ~v + 4~w in example 39.9.

Then the vectors
−−→
AX and

−−→
AB are related by

−−→
AX = t

−−→
AB. SinceAX is shorter thanAB

we have0 < t < 1.
� � � �
� � � �
� � � �
� � � �
� � � �

� � � �
� � � �
� � � �
� � � �
� � � �

� �
� �
� �
� �

� � � �
� � � �
� � � �
� � � �
� � � �
� � � �

� � � �
� � � �
� � � �
� � � �
� � � �
� � � �

A

B

X

−−→
AX

−−→
AB

The position vector of the pointX on the line segmentAB is
−−→
OX =

−→
OA+

−−→
AX =

−→
OA+ t

−−→
AB.

If we write~a ,~b ,~x for the position vectors ofA,B,X , then we get

(45) ~x = (1 − t)~a + t~b = ~a + t(~b −~a).

This equation is called theparametric equation for the line throughA and B. In our
derivation the parametert satisfied0 ≤ t ≤ 1, but there is nothing that keeps us from
substituting negative values oft, or numberst > 1 in (45). The resulting vectors~x are
position vectors of pointsX which lie on the linè throughA andB.

O O

A A

BB X

~x

``

~a~a

~b~b

−→
AB

=
~b −~a

t(
~b −~a)

FIGURE 13. Constructing points on the line throughA andB

J 40.1 Find the parametric equation for the linèthrough the pointsA(2, 1) andB(3,−1),
and determine wherèintersects thex1 axis.

Solution: The position vectors ofA,B are~a = ( 1
2 ) and~b =

(
3
−1

)
, so the position

vector of an arbitrary point oǹis given by

~x = ~a + t(~b −~a) =

(
1
2

)

+ t

(
3 − 1
−1 − 2

)

=

(
1
2

)

+ t

(
2
−3

)

=

(
1 + 2t
2 − 3t

)

wheret is an arbitrary real number.
This vector points to the pointX = (1 + 2t, 2 − 3t). By definition, a point lies on the

x1-axis if itsx2 component vanishes. Thus if the point

X = (1 + 2t, 2 − 3t)
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lies on thex1-axis, then2 − 3t = 0, i.e. t = 2
3 . The intersection pointX of ` and the

x1-axis is thereforeX |t=2/3 = (1 + 2 · 2
3 , 0) = (5

3 , 0).

2

1

3

3

1 2 x1

x2

A

B

I

J 40.2Midpoint of a line segment.If M is the midpoint of the line segmentAB, then the
vectors

−−→
AM and

−−→
MB are both parallel and have the same direction and length (namely,

half the length of the line segmentAB). Hence they are equal:
−−→
AM =

−−→
MB. If ~a , ~m , and

~b are the position vectors ofA ,M andB, then this means

~m −~a =
−−→
AM =

−−→
MB = ~b − ~m .

Add ~m and~a to both sides, and divide by 2 to get

~m = 1
2
~a + 1

2
~b =

~a +~b
2

.

I

Parametric equations for planes in space*
You can specify a plane in three dimensional space by naming apointA on the planeP,
and two vectors~v and~w parallel to the planeP, but not parallel to each other. Then any
point on the planeP has position vector~x given by

(46) ~x = ~a + s~v + t~w .

~v

~w

s~v

t~w
P

~a

~x
=
~a

+
s~v

+
t~w

O

A

X

FIGURE 14. Generating points on a planeP

The following construction explains why (46) will give you any point on the plane
throughA, parallel to~v , ~w .

LetA,~v , ~w be given, and suppose we want to express the position vector of some other
pointX on the planeP in terms of~a =

−→
OA,~v , and~w .

First we note that −−→
OX =

−→
OA+

−−→
AX.

Next, you draw a parallelogram in the planeP whose sides are parallel to the vectors~v and
~w , and whose diagonal is the line segmentAX . The sides of this parallelogram represent
vectors which are multiples of~v and~w and which add up to

−−→
AX. So, if one side of the

parallelogram iss~v and the othert~w then we have
−−→
AX = s~v +t~w . With

−−→
OX =

−→
OA+

−−→
AX

this implies (46).
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41. Vector Bases

The Standard Basis Vectors
The notation for vectors which we have been using so far is notthe most traditional. In
the late 19th century GIBBS and HEAVYSIDE adapted HAMILTON ’s theory of Quaternions
to deal with vectors. Their notation is still popular in texts on electromagnetism and fluid
mechanics.

Define the following three vectors:

~i =





1
0
0



 , ~j =





0
1
0



 , ~k =





0
0
1



 .

Thenevery vector can be written as a linear combination of~i ,~j and~k , namely as follows:




a1

a2

a3



 = a1
~i + a2

~j + a3
~k .

Moreover,there is only one way to write a given vector as a linear combination of{~i ,~j ,~k }.
This means that

a1
~i + a2

~j + a3
~k = b1~i + b2~j + b3~k ⇐⇒







a1 = b1

a2 = b2

a3 = b3

For plane vectors one defines

~i =

(
1
0

)

, ~j =

(
0
1

)

and just as for three dimensional vectors one can write every(plane) vector~a as a linear
combination of~i and~j , (

a1

a2

)

= a1
~i + a2

~j .

Just as for space vectors, there is only one way to write a given vector as a linear combina-
tion of~i and~j .

A Basis of Vectors (in general)*
The vectors~i ,~j ,~k are called thestandard basis vectors. They are an example of what is
called a “basis”. Here is the definition in the case of space vectors:

Definition 41.1. A triple of space vectors{~u ,~v , ~w} is abasisif every space vector~a can
be written as a linear combination of{~u ,~v , ~w}, i.e.

~a = au~u + av~v + aw~w ,

and if there is only one way to do so for any given vector~a (i.e. the vector~a determines
the coefficientsau, av, aw).

For plane vectors the definition of a basis is almost the same,except that a basis consists
of two vectors rather than three:

Definition 41.2. A pair of plane vectors{~u ,~v} is a basisif every plane vector~a can be
written as a linear combination of{~u ,~v}, i.e. ~a = au~u + av~v , and if there is only one
way to do so for any given vector~a (i.e. the vector~a determines the coefficientsau, av).
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42. Dot Product

Definition 42.1. The “inner product” or “dot product” of two vectors is given by




a1

a2

a3



 •





b1
b2
b3



 = a1b1 + a2b2 + a3b3.

Note that the dot-product of two vectors is a number!
The dot product of two plane vectors is (predictably) definedby

(
a1

a2

)

•
(
b1
b2

)

= a1b1 + a2b2.

An important property of the dot product is its relation withthe length of a vector:

(47) ‖~a‖2 = ~a • ~a .

Algebraic properties of the dot product
The dot product satisfies the following rules,

~a • ~b = ~b • ~a(48)

~a • (~b +~c) = ~a • ~b +~a •~c(49)

(~b +~c) • ~a = ~b • ~a +~c • ~a(50)

t(~a • ~b ) = (t~a) • ~b(51)

which hold for all vectors~a ,~b ,~c and any real numbert.
J 42.2Example.Simplify ‖~a +~b‖2.

One has

‖~a +~b‖2 = (~a +~b) • (~a +~b)

= ~a • (~a +~b) +~b • (~a +~b)

= ~a • ~a +~a • ~b +~b • ~a
︸ ︷︷ ︸

=2~a•~b by (48)

+~b • ~b

= ‖~a‖2 + 2~a • ~b + ‖~b‖2

I

The diagonals of a parallelogram
Here is an example of how you can use the algebra of the dot product to prove something
in geometry.

Suppose you have a parallelogram one of whose vertices is theorigin. Label the vertices,
starting at the origin and going around counterclockwise,O, A, C andB. Let~a =

−→
OA,

~b =
−−→
OB,~c =

−−→
OC. One has

−−→
OC = ~c = ~a +~b , and

−−→
AB = ~b −~a .

These vectors correspond to the diagonalsOC andAB O
A

B
C

Theorem 42.3. In a parallelogramOACB the sum of the squares of the lengths of the two
diagonals equals the sum of the squares of the lengths of all four sides.
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Proof. The squared lengths of the diagonals are

‖−−→OC‖2 = ‖~a +~b‖2 = ‖~a‖2 + 2~a • ~b + ‖~b‖2

‖−−→AB‖2 = ‖~a −~b‖2 = ‖~a‖2 − 2~a • ~b + ‖~b‖2

Adding both these equations you get

‖−−→OC‖2 + ‖−−→AB‖2 = 2
(
‖~a‖2 + ‖~b‖2

)
.

The squared lengths of the sides are

‖−→OA‖2 = ‖~a‖2, ‖−−→AB‖2 = ‖~b‖2, ‖−−→BC‖2 = ‖~a‖2, ‖−−→OC‖2 = ‖~b‖2.

Together these also add up to2
(
‖~a‖2 + ‖~b‖2

)
. �

The dot product and the angle between two vectors

Here is the most important interpretation of the dot product:

Theorem 42.4. If the angle between two vectors~a and~b is θ, then one has

~a • ~b = ‖~a‖ · ‖~b‖ cos θ.

Proof. We needthe law of cosinesfrom high-school trigonometry. Recall that for a triangle
OAB with angleθ at the pointO, and with sidesOA andOB of lengthsa andb, the length
c of the opposing sideAB is given by

(52) c2 = a2 + b2 − 2ab cos θ.

In trigonometry this is proved by dropping a perpendicular line fromB onto the side

b cos θ

b
si

n
θ

a

b c

a− b cos θ
O A

B

θ

FIGURE 15. Proof of the law of cosines

OA. The triangleOAB gets divided into two right triangles, one of which hasAB as
hypotenuse. Pythagoras then implies

c2 = (b sin θ)2 + (a− b cos θ)2 .

After simplification you get (52).
To prove the theorem you letO be the origin, and then observe that the length of the

sideAB is the length of the vector
−−→
AB = ~b −~a . Here~a =

−→
OA,~b =

−−→
OB, and hence

c2 = ‖~b −~a‖2 = (~b −~a ) • (~b −~a) = ‖~b‖2 + ‖~a‖2 − 2~a • ~b .
Compare this with (52), keeping in mind thata = ‖~a‖ and b = ‖~b‖: you are led to
conclude that−2~a • ~b = −2ab cos θ, and thus~a • ~b = ‖~a‖ · ‖~b‖ cos θ. �
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Orthogonal projection of one vector onto another

The following construction comes up very often. Let~a 6= ~0

~a

λ~a

~x
~y

be a given vector. Then for any other vector~x there is a number
λ such that

~x = λ~a +~y

where~y ⊥ ~a . In other words, you can write any vector~x as
the sum of one vector parallel to~a and another vector orthogonal to~a . The two vectors
λ~a and~y are called theparallel andorthogonal componentsof the vector~x (with respect
to~a ), and sometimes the following notation is used

~x ‖ = λ~a , ~x ⊥ = ~y ,

so that

~x = ~x ‖ +~x ⊥.

There are moderately simple formulas for~x ‖ and~x ⊥, but it is better to remember the
following derivation of these formulas.

Assume that the vectors~a and~x are given. Then we look for a numberλ such that
~y = ~x − λ~a is perpendicular to~a . Recall that~a ⊥ (~x − λ~a ) if and only if

~a • (~x − λ~a ) = 0.

Expand the dot product and you get this equation forλ

~a • ~x − λ~a • ~a = 0,

whence

(53) λ =
~a • ~x
~a • ~a =

~a • ~x
‖~a‖2

To compute the parallel and orthogonal components of~x w.r.t. ~a you first computeλ
according to (53), which tells you that the parallel coponent is given by

~x ‖ = λ~a =
~a • ~x
~a • ~a ~a .

The orthogonal component is then “the rest,” i.e. by definition~x ⊥ = ~x −~x ‖, so

~x ⊥ = ~x −~x ‖ = ~x − ~a • ~x
~a • ~a ~a .

Defining equations of lines

In §40 we saw how to generate points on a line given two points on that line by means
of a “parametrization.” I.e. given pointsA andB on the line` the point whose position
vector is~x = ~a + t(~b −~a) will be on ` for any value of the “parameter”t.
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In this section we will use the dot-product to give a different de-
scription of lines in the plane (and planes in three dimensional
space.) We will derive an equation for a line. Rather than gener-
ating points on the linè this equation tells us if any given point
X in the plane is on the line or not.
Here is the derivation of the equation of a line in the plane. To
produce the equation you need two ingredients:
1. One particular point on the line (let’s call this pointA, and
write~a for its position vector),
2. a normal vector~n for the line, i.e. a nonzero vector which is
perpendicular to the line.
Now letX be any point in the plane, and consider the line seg-
mentAX .

~a

~n

~x
A

O

X

`

IsX on `?

• Clearly,X will be on the line if and only ifAX is parallel tò 14

• Since` is perpendicular to~n , the segmentAX and the linè will be parallel if and
only if AX ⊥ ~n .

• AX ⊥ ~n holds if and only if
−−→
AX • ~n = 0.

So in the end we see thatX lies on the linè if and only if the following vector equation is
satisfied:

(54)
−−→
AX • ~n = 0 or (~x −~a) • ~n = 0

This equation is called adefining equation for the linè .
Any given line has many defining equations. Just by changing the length of the normal

you get a different equation, which still describes the sameline.
J 42.5Problem. Find a defining equation for the linèwhich goes throughA(1, 1) and
is perpendicular to the line segmentAB whereB is the point(3,−1).

Solution. We already know a point on the line, namelyA, but we still need a normal
vector. The line is required to be perpendicular toAB, so~n =

−−→
AB is a normal vector:

~n =
−−→
AB =

(
3 − 1

(−1) − 1

)

=

(
2
−2

)

Of course any multiple of~n is also a normal vector, for instance

~m = 1
2
~n =

(
1
−1

)

is a normal vector.
−2

21

−1

3
0

1

2

`

A

B

With ~a = ( 1
1 ) we then get the following equation for`

~n • (~x −~a ) =

(
2
−2

)

•
(
x1 − 1
x2 − 1

)

= 2x1 − 2x2 = 0.

If you choose the normal~m instead, you get

~m • (~x −~a) =

(
1
−1

)

•
(
x1 − 1
x2 − 1

)

= x1 − x2 = 0.

Both equations2x1 − 2x2 = 0 andx1 − x2 = 0 are equivalent. I

Distance to a line

14 From plane Euclidean geometry: parallel lines either don’tintersect or they coincide.
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Let ` be a line in the plane and assume a pointA on the line as well as a vector~n
perpendicular tò are known. Using the dot product one can easily compute the distance
from the line to any other given pointP in the plane. Here is how:

Draw the linem throughA perpendicular tò , and drop a perpendicular line fromP
ontom. letQ be the projection ofP ontom. The distance fromP to ` is then equal to the
length of the line segmentAQ. SinceAQP is a right triangle one has

AQ = AP cos θ.

Hereθ is the angle between the normal~n and the vector
−→
AP . One also has

~n • (~p −~a) = ~n • −→AP = ‖−→AP‖ ‖~n ‖ cos θ = AP ‖~n ‖ cos θ.

Hence we get

dist(P, `) =
~n • (~p −~a)

‖~n ‖ .

A

P

Q

~n

θ

`

m

dist(P, `)

θ <
π

2

A

P

Q

~n

θ

`

m
dist(P, `)

θ >
π

2
This argument from a drawing contains a hidden assumption, namely that the pointP lies
on the side of the linè pointed to by the vector~n . If this is not the case, so that~n and−→
AP point to opposite sides of̀, then the angle between them exceeds90◦, i.e. θ > π/2.
In this casecos θ < 0, and one hasAQ = −AP cos θ. the distance formula therefore has
to be modified to

dist(P, `) = −~n • (~p −~a)

‖~n ‖ .

Defining equation of a plane

Just as we have seen how you can form the defining

A

X

−−→
AX

~n

~a

~x

equation for a line in the plane from just one point on the
line and one normal vector to the line, you can also form
the defining equation for a plane in space, again knowing
only one point on the plane, and a vector perpendicular to
it.

If A is a point on some planeP and~n is a vector per-
pendicular toP, then any other pointX lies onP if and
only if

−−→
AX ⊥ ~n . In other words, in terms of the position

vectors~a and~x of A andX ,

the pointX is onP ⇐⇒ ~n • (~x −~a) = 0.
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Arguing just as in§42 you find that the distance of a pointX in space to the planeP is

(55) dist(X,P) = ±~n • (~x −~a)

‖~n ‖ .

Here the sign is “+” if X and the normal~n are on the same side of the planeP; otherwise
the sign is “−”.
J 42.6Find the defining equation for the planeP through the pointA(1, 0, 2) which is

perpendicular to the vector
(

1
2
1

)

.

Solution: We know a point (A) and a normal vector~n =
(

1
2
1

)

for P. Then any point

X with coordinates(x1, x2, x3), or, with position vector~x =
(
x1
x2
x3

)

, will lie on the plane

P if and only if

~n • (~x −~a) = 0 ⇐⇒





1
2
1



 •











x1

x2

x3



−





1
0
2










= 0

⇐⇒





1
2
1



 •





x1 − 1
x2

x3 − 2



 = 0

⇐⇒ 1 · (x1 − 1) + 2 · (x2) + 1 · (x3 − 2) = 0

⇐⇒ x1 + 2x2 + x3 − 3 = 0.

I

2 31

2

3

1

1

2

3

x1

x2

x3

A

~n =
(

1
2
1

)

J 42.7 Let P be the plane from the previous example. Which of the pointsP (0, 0, 1),
Q(0, 0, 2), R(−1, 2, 0) andS(−1, 0, 5) lie on P? Compute the distances from the points
P,Q,R, S to the planeP. Separate the points which do not lie onP into two group of
points which lie on the same side ofP.

Solution: We apply (55) to the position vectors~p ,~q ,~r ,~s of the pointsP,Q,R, S. For
each calculation we need

‖~n ‖ =
√

12 + 22 + 12 =
√

6.
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The third component of the given normal~n =
(

1
2
1

)

is positive, so~n points “upwards.”

Therefore, if a point lies on the side ofP pointed to by~n , we shall say that the point lies
above the plane.

P : ~p =
(

0
0
1

)

, ~p −~a =
(−1

0
−1

)

, ~n • (~p −~a) = 1 · (−1) + 2 · (0) + 1 · (−1) = −2

~n • (~p −~a)

‖~n ‖ = − 2√
6

= −1

3

√
6.

This quantity is negative, soP lies belowP. Its distance toP is 1
3

√
6.

Q: ~q =
(

0
0
2

)

,~p −~a =
(−1

0
0

)

, ~n • (~p −~a ) = 1 · (−1) + 2 · (0) + 1 · (0) = −1

~n • (~p −~a)

‖~n ‖ = − 1√
6

= −1

6

√
6.

This quantity is negative, soQ also lies belowP. Its distance toP is 1
6

√
6.

R: ~r =
(−1

2
0

)

,~p −~a =
(−2

2
−2

)

, ~n • (~p −~a) = 1 · (−2) + 2 · (2) + 1 · (−2) = 0

~n • (~p −~a )

‖~n ‖ = 0.

ThusR lies on the planeP, and its distance toP is of course0.

S: ~s =
(−1

0
5

)

,~p −~a =
(−2

0
3

)

, ~n • (~p −~a) = 1 · (−1) + 2 · (0) + 1 · (3) = 2

~n • (~p −~a )

‖~n ‖ =
2√
6

=
1

3

√
6.

This quantity is positive, soS lies aboveP. Its distance toP is 1
3

√
6.

We have found thatP andQ lie below the plane,R lies on the plane, andS is above the
plane. I

J 42.8Where does the line through the pointsB(2, 0, 0) andC(0, 1, 2) intersect the plane
P from example 42.6?

Solution: Let ` be the line throughB andC. We set up the parametric equation for`.
According to§40, (45) every pointX on ` has position vector~x given by

(56) ~x = ~b + t(~c −~b ) =





2
0
0



+ t





0 − 2
1 − 0
2 − 0



 =





2 − 2t
t
2t





for some value oft.
The pointX whose position vector~x is given above lies on the planeP if ~x satisfies the

defining equation of the plane. In example 42.6 we found this defining equation. It was

(57) ~n • (~x −~a) = 0, i.e.x1 + 2x2 + x3 − 3 = 0.

So to find the point of intersection of` andP you substitute the parametrization (56) in the
defining equation (57):

0 = x1 + 2x2 + x3 − 3 = (2 − 2t) + 2(t) + (2t) − 3 = 2t− 1.

This impliest = 1
2 , and thus the intersection point has position vector

~x = ~b + 1
2 (~c −~b ) =





2 − 2t
t
2t



 =





1
1
2
1



 ,
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i.e. ` andP intersect atX(1, 1
2 , 1). I

43. Cross Product

Algebraic definition of the cross product
Here is the definition of the cross-product of two vectors. The definition looks a bit strange
and arbitrary at first sight – it really makes you wonder who thought of this. We will just
put up with that for now and explore the properties of the cross product. Later on we
will see a geometric interpretation of the cross product which will show that this particular
definition is really useful. We will also find a few tricks thatwill help you reproduce the
formula without memorizing it.

Definition 43.1. The “outer product” or “cross product” of two vectors is given by




a1

a2

a3



×××





b1
b2
b3



 =





a2b3 − a3b2
a3b1 − a1b3
a1b2 − a2b1





Note that the cross-product of two vectors is again a vector!
J 43.2Example.If you set~b = ~a in the definition you find the following important fact:
The cross product of any vector with itself is the zero vector:

~a ×××~a = ~0 for anyvector~a .

I

J 43.3 Example.Let ~a =
(

1
2
3

)

, ~b =
(−2

1
0

)

and compute the cross product of these
vectors.

Solution:

~a ×××~b =





1
2
3



×××





−2
1
0



 =






2 · 0 − 3 · 1
3 · (−2) − 1 · 0

1 · 1 − 2 · (−2)




 =





−3
−6
5





I

In terms of the standard basis vectors you can check themul-
××× ~i ~j ~k
~i ~0 ~k −~j
~j −~k ~0 ~i
~k ~j −~i ~0

tiplication table. An easy way to remember the multiplication
table is to put the vectors~i ,~j ,~k clockwise in a circle. Given
two of the three vectors their product is either plus or minusthe
remaining vector. To determine the sign you step from the first
vector to the second, to the third: if this makes you go clock-

wise you have a plus sign, if you have to go counterclockwise,you get a minus.

i

jk
The products of~i ,~j and~k are all you need to know to compute the cross product. Given

two vectors~a and~b write them as~a = a1
~i + a2

~j + a3
~k and~b = b1~i + b2~j + b3~k , and
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multiply as follows

~a ×××~b =(a1
~i + a2

~j + a3
~k )××× (b1~i + b2~j + b3~k )

= a1
~i ××× (b1~i + b2~j + b3~k )

+a2
~j ××× (b1~i + b2~j + b3~k )

+a3
~k ××× (b1~i + b2~j + b3~k )

= a1b1~i ×××~i + a1b2~i ×××~j + a1b3~i ×××~k +
a2b1~j ×××~i + a2b2~j ×××~j + a2b3~j ×××~k +
a3b1~k ×××~i + a3b2~k ×××~j + a3b3~k ×××~k

= a1b1~0 + a1b2~k − a1b3~j
−a2b1~k + a2b2~0 + a2b3~i +
a3b1~j − a3b2~i + a3b3~0

=(a2b3 − a3b2)~i + (a3b1 − a1b3)~j + (a1b2 − a2b1)~k

This is a useful way of remembering how to compute the cross product, particularly when
many of the componentsai andbj are zero.
J 43.4Example.Compute~k ××× (p~i + q~j + r~k ):

~k ××× (p~i + q~j + r~k ) = p(~k ×××~i ) + q(~k ×××~j ) + r(~k ×××~k ) = −q~i + p~j .

I

There is another way of remembering how to find~a×××~b . It involves the “triple product”
and determinants. See§43.

Algebraic properties of the cross product
Unlike the dot product, the cross product of two vectors behaves much less like ordinary
multiplication. To begin with, the product isnot commutative– instead one has

(58) ~a ×××~b = −~b ×××~a for all vectors~a and~b .

This property is sometimes called “anti-commutative.”
Since the crossproduct of two vectors is again a vector you can compute the cross prod-

uct of three vectors~a ,~b ,~c . You now have a choice: do you first multiply~a and~b , or~b
and~c , or~a and~c? With numbers it makes no difference (e.g.2 × (3 × 5) = 2 × 15 = 30
and(2 × 3) × 5 = 6 × 5 = also30) but with the cross product of vectors it does matter:
the cross product isnot associative,i.e. ~i ××× (~i ×××~j ) =~i ×××~k = −~j

(~i ×××~i )×××~j = ~0 ×××~j = ~0
so “×××” is not associative~a ××× (~b ×××~c) 6=6=6= (~a ×××~b )×××~c for mostvectors~a ,~b ,~c .

Thedistributive lawdoes hold, i.e.

~a ××× (~b +~c) = ~a ×××~b +~a ×××~c , and (~b +~c)×××~a = ~b ×××~a +~c ×××~a
is true for all vectors~a ,~b ,~c .

Also, an associative law, where one of the factors is a numberand the other two are
vectors, does hold. I.e.

t(~a ×××~b ) = (t~a)×××~b = ~a ××× (t~b)

holds for all vectors~a ,~b and any numbert. We were already using these properties when
we multiplied(a1

~i + a2
~j + a3

~k )××× (b1~i + b2~j + b3~k ) in the previous section.
Finally, the cross product is only defined for space vectors,not for plane vectors.

The triple product and determinants
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Definition 43.5. The triple product of three given vectors~a ,~b , and~c is defined to be

~a • (~b ×××~c).

In terms of the components of~a ,~b , and~c one has

~a • (~b ×××~c) =





a1

a2

a3



 •





b2c3 − b3c2
b3c1 − b1c3
b1c2 − b2c1





= a1b2c3 − a1b3c2 + a2b3c1 − a2b1c3 + a3b1c2 − a3b2c1.

This quantity is called adeterminant,and is written as follows

(59)

∣
∣
∣
∣
∣
∣

a1 b1 c1
a2 b2 c2
a3 b3 c3

∣
∣
∣
∣
∣
∣

= a1b2c3 − a1b3c2 + a2b3c1 − a2b1c3 + a3b1c2 − a3b2c1

− − + ++−

a1a1a1a1a1 b1b1 c1

a2 a2a2 b2b2 c2

a3a3a3 b3b3 c3

There’s a useful shortcut for computing such a deter-
minant: after writing the determinant, append a fourth
and a fifth column which are just copies of the first
two columns of the determinant. The determinant then
is the sum of six products, one for each dotted line in
the drawing. Each term has a sign: if the factors are
read from top-left to bottom-right, the term is positive,
if they are read from top-right to bottom left the term
is negative.

This shortcut is also very useful for computing the crossproduct. To compute the cross
product of two given vectors~a and~b you arrange their components in the following de-
terminant

(60) ~a ×××~b =

∣
∣
∣
∣
∣
∣

~i a1 b1
~j a2 b2
~k a3 b3

∣
∣
∣
∣
∣
∣

= (a2b3 − a3b2)~i + (a3b1 − a1b3)~j + (a1b2 − a2b1)~k .

This is not a normal determinant since some of its entries arevectors, but if you ignore that
odd circumstance and simply compute the determinant according to the definition (59),
you get (60).

An important property of the triple product is that it is muchmore symmetric in the
factors~a ,~b ,~c than the notation~a • (~b ×××~c) suggests.

Theorem 43.6.For any triple of vectors~a ,~b ,~c one has

~a • (~b ×××~c) = ~b • (~c ×××~a) = ~c • (~a ×××~b ),

and
~a • (~b ×××~c) = −~b • (~a ×××~c) = −~c • (~b ×××~a).

In other words, if you exchange two factors in the product~a • (~b ××× ~c) it changes its
sign. If you “rotate the factors,” i.e. if you replace~a by~b ,~b by~c and~c by~a , the product
doesn’t change at all.

Geometric description of the cross product

Theorem 43.7. The cross product~a ××× ~b of two vectors~a and~b is the unique vector
satisfying the following.
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(1) ~a ×××~b ⊥ ~a ,~b .

(2) ‖~a ×××~b‖ = ‖~a‖ ‖~b‖ sin θ whereθ is the angle between~a and~b

(3) ~a ,~b ,~a ×××~b satisfy the right hand rule as explained below.

Proof. For condition (1) we use the triple product:

~a • (~a ×××~b) = ~b • (~a ×××~a ) = ~0

since~a ×××~a = ~0 for any vector~a . It follows that~a ×××~b is perpendicular to~a . Similarly,
~b • (~a ×××~b ) = ~a • (~b ×××~b) = ~0 shows that~a ×××~b is perpendicular to~b . ~a

~b

~a ×××~b

θ

Bruce helped us prove condition (2). He just slipped us a piece of paper with the fol-
lowing formula on it:

‖~a ×××~b‖2 + (~a • ~b)2 = ‖~a‖2‖~b‖2.

After setting~a =
(
a1
a2
a3

)

and~b =

(
b1
b2
b3

)

and diligently computing both sides we find that

this formula actually holds for any pair of vectors~a ,~b ! The (long) computation which
implies this identity will be presented in class (maybe).

If we assume that Bruce’s identity holds then we get

‖~a ×××~b‖2 = ‖~a‖2‖~b‖2 − (~a • ~b )2 = ‖~a‖2‖~b‖2 − ‖~a‖2‖~b‖2 cos2 θ = ‖~a‖2‖~b‖2 sin2 θ

since1 − cos2 θ = sin2 θ.
Condition (2) says that~a ×××~b is the zero vector if the vectors~a and~b are parallel, i.e.

if the angleθ between them vanishes. If~a and~b are not parallel, they determine a plane,
and condition (1) tells us that their cross product is a vector perpendicular to this plane.
Then condition (2) tells us how long the cross product is. Hence there are only two vectors
that satisfy conditions (1) and (2): to determine which one of these is the cross product you
must apply theRight Hand Rule(screwdriver rule, corkscrew rule, etc.) for~a ,~b ,~a ××× ~b :
if you turn a screw whose axis is perpendicular to~a and~b in the direction from~a to~b , the
screw moves in the direction of~a ×××~b .

Alternatively, without seriously injuring yourself, you should be able to make a fist
with your right hand, and then stick out your thumb, index and middle fingers so that your
thumb is~a , your index finger is~b and your middle finger is~a ××× ~b . Only people with the
most flexible joints can do this with their left hand. �

~a

~b

~a ×××~b

44. A few applications of the cross product

Area of a parallelogram

Let ABCD be a parallelogram. Its area is given by “height times base,”a formula
which should be familiar from high school geometry.

If the angle between the sidesAB andAD is θ, then the height of the parallelogram is
‖−−→AD‖ sin θ, so that the area ofABCD is

(61) area ofABCD = ‖−−→AB‖ · ‖−−→AD‖ sin θ = ‖−−→AB×××−−→
AD‖ .

The area of the triangleABD is of course half as much,
BA

D C

θ

base

he
ig

ht

area of triangleABD = 1
2 ‖

−−→
AB×××−−→

AD‖ .
These formulae are valid even when the pointsA,B,C, andD are points in space. Of

course they must lie in one plane for otherwiseABCD couldn’t be a parallelogram.
J 44.1Example.Let the pointsA(1, 0, 2),B(2, 0, 0),C(3, 1,−1) andD(2, 1, 1) be given.

Show thatABCD is a parallelogram, and compute its area.
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Solution: ABCD will be a parallelogram if and only if
−→
AC =

−−→
AB +

−−→
AD. In terms of

the position vectors~a ,~b ,~c and~d of A,B,C,D this boils down to

~c −~a = (~b −~a) + (~d −~a ), i.e. ~a +~c = ~b +~d .

For our points we get

~a +~c =





1
0
2



+





3
1
−1



 =





4
1
1



 , vb+~d =





2
0
0



+





2
1
1



 =





4
1
1



 .

SoABCD is indeed a parallelogram. Its area is the length of

−−→
AB×××−−→

AD =





2 − 1
0

0 − 2



×××





2 − 2
1 − 0
1 − 0



 =





1
0
−2



×××





1
−1
−1



 =





−2
−1
−1



 .

So the area ofABCD is
√

(−2)2 + (−1)2 + (−1)2 =
√

6. I

Finding the normal to a plane

If you know two vectors~a and~b which are parallel to a given planeP but not parallel
to each other, then you can find a normal vector for the planeP by computing

~n = ~a ×××~b .
We have just seen that the vector~n must be perpendicular to both~a and~b , and hence15 it
is perpendicular to the planeP.

~a
~b

~n = ~a ×××~b

This trick is especially useful when you have three pointsA, B andC, and you want
to find the defining equation for the planeP through these points. We will assume that the
three points do not all lie on one line, for otherwise there are many planes throughA, B
andC.

To find the defining equation we need one point on the plane (we have three of them),
and a normal vector to the plane. A normal vector can be obtained by computing the cross
product of two vectors parallel to the plane. Since

−−→
AB and

−→
AC are both parallel toP, the

vector~n =
−−→
AB×××−→

AC is such a normal vector.
Thus the defining equation for the plane through three given pointsA,B andC is

~n • (~x −~a) = 0, with ~n =
−−→
AB×××−→

AC = (~b −~a )××× (~c −~a).

J 44.2Find the defining equation of the planeP through the pointsA(2,−1, 0),B(2, 1,−1)
andC(−1, 1, 1). Find the intersections ofP with the three coordinate axes, and find the
distance from the origin toP.

Solution: We have

−−→
AB =





0
2
−1



 and
−→
AC =





−3
2
1





so that

~n =
−−→
AB×××−→

AC =





0
2
−1



×××





−3
2
1



 =





4
3
6





15This statement needs a proof which we will skip. Instead havea look at the picture
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is a normal to the plane. The defining equation forP is therefore

0 = ~n • (~x −~a) =





4
3
6



 •





x1 − 2
x2 + 1
x3 − 0





i.e.
4x1 + 3x2 + 6x3 − 5 = 0.

The plane intersects thex1 axis whenx2 = x3 = 0 and hence4x1 − 5 = 0, i.e. in the
point(5

4 , 0, 0). The intersections with the other two axes are(0, 5
3 , 0) and(0, 0, 5

6 ).
The distance from any point with position vector~x to P is given by

dist = ±~n • (~x −~a)

‖~n ‖ ,

so the distance from the origin (whose position vector is~x = ~0 =
(

0
0
0

)

) to P is

distance origin toP = ±~a • ~n
‖~n ‖ = ±2 · 4 + (−1) · 3 + 0 · 6√

42 + 32 + 62
=

5√
61

(≈ 1.024 · · · ).

I

Volume of a parallelepiped

E

F

H

C

H

G

F

B

C

A

E

D
A

B

D

G

base

height

A parallelepipedis a three dimensional body whose sides are parallelograms.For instance,
a cube is an example of a parallelepiped; a rectangular block(whose faces are rectangles,
meeting at right angles) is also a parallelepiped. Any parallelepiped has 8 vertices (corner
points), 12 edges and 6 faces.

Let ABCDEFGH be a parallelepiped. If we call one of the faces, sayABCD, the base of
the parallelepiped, then the other faceEFGH is parallel to the base. Theheight of the
parallelepipedis the distance from any point inEFGH to the base, e.g. to compute the
height of ABCDEFGH one could compute the distance from the pointE (or F , orG, orH) to
the plane throughABCD.

The volume of the parallelepipedABCDEFGH is given by the formula

Volume
ABCD

EFGH
= Area of base× height.

Since the base is a parallelogram we know its area is given by

Area of baseABCD = ‖−−→AB×××−−→
AD‖
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We also know that~n =
−−→
AB×××−−→

AD is a vector perpendicular to the plane throughABCD,
i.e. perpendicular to the base of the parallelepiped. If we let the angle between the edge
AE and the normal~n beψ, then the height of the parallelepiped is given by

height= ‖−→AE‖ cosψ.

Therefore the triple product of
−−→
AB,

−−→
AD,

−→
AE is

Volume
ABCD

EFGH
= height× Area of base

= ‖−→AE‖ cosψ ‖−−→AB×××−−→
AD‖ ,

i.e.

Volume
ABCD

EFGH
=

−→
AE • (

−−→
AB×××−−→

AD).

45. Notation

In the next chapter we will be using vectors, so let’s take a minute to summarize the
concepts and notation we have been using.

Given a point in the plane, or in space you can form its position vector. So associated
to a point we have three different objects: the point, its position vector and its coordinates.
here is the notation we use for these:

OBJECT NOTATION

Point . . . . . . . . . . . . . . . Upper case letters,A,B, etc.

Position vector . . . . . . Lowercase letters with an arrow on top.
The position vector

−→
OA of the pointA

should be~a , so that letters match across
changes from upper to lower case.

Coordinates of a point The coordinates of the pointA are the
same as the components of its position
vector~a : we use lower case letters with
a subscript to indicate which coordinate
we have in mind:(a1, a2).

46. Problems

Computing and drawing vectors

46.1.Simplify the following

~a =





1
−2
3



+ 3





0
1
3



 ; ~b = 12

(
1

1/3

)

− 3

(
4
1

)

;

~c = (1 + t)

(
1

1 − t

)

− t

(
1
−t

)

, ~d = t





1
0
0



+ t2





0
−1
2



−





0
0
1



 .



115

46.2. If ~a ,~b ,~c are as in the previous problem, then which of the following expressions
mean anything? Compute those expressions that are well defined.

(i ) ~a +~b (ii ) ~b +~c (iii ) π~a

(iv ) ~b2 (v) ~b/~c (vi ) ‖~a‖ + ‖~b‖
(vii ) ‖~b‖2 (viii ) ~b/ ‖~c‖

46.3.Let~u ,~v , ~w be three given vectors, and suppose

~a = ~v + ~w , ~b = 2~u − ~w , ~c = ~u +~v + ~w .

(i ) Simplify ~p = ~a + 3~b −~c and~q = ~c − 2(~u +~a ).
(ii ) Find numbersr, s, t such thatr~a + s~b + t~c = ~u .
(iii ) Find numbersk, l,m such thatk~a + l~b +m~c = ~v .

46.4.Prove the Algebraic Properties (41), (42), (43), and (44) insection 39.

46.5.(i ) Does there exist a numberx such that
(

1
2

)

+

(
x
x

)

=

(
2
1

)

?

(ii ) Make a drawing of all pointsP whose position vectors are given by

~p = ( 1
2 ) + ( xx ) .

(iii ) Do there exist a numbersx andy such that

x

(
1
2

)

+ y

(
1
1

)

=

(
2
1

)

?

46.6.Given pointsA(2, 1) andB(−1, 4) compute the vector
−−→
AB. Is

−−→
AB a position vector?

46.7.Given: pointsA(2, 1),B(3, 2), C(4, 4) andD(5, 2). IsABCD a parallelogram?

46.8.Given: pointsA(0, 2, 1),B(0, 3, 2), C(4, 1, 4) andD.
(i ) If ABCD is a parallelogram, then what are the coordinates of the pointD?
(ii ) If ABDC is a parallelogram, then what are the coordinates of the pointD?

46.9.You are given three points in the plane:A has coordinates(2, 3), B has coordinates
(−1, 2) andC has coordinates(4,−1).

(i ) Compute the vectors
−−→
AB,

−−→
BA,

−→
AC,

−→
CA,

−−→
BC and

−−→
CB.

(ii ) Find the pointsP,Q,R andS whose position vectors are
−−→
AB,

−−→
BA,

−→
AC, and

−−→
BC,

respectively.Make a precise drawing.

Your drawing
for problem 9

−→
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46.10.Consider this drawing:

~a

~b

~v

~w

(i ) Draw the vectors2~v + 1
2
~w , − 1

2
~v + ~w , and3

2
~v − 1

2
~w

(ii ) Find real numberss, t such thats~v + t~w = ~a .
(iii ) Find real numbersp, q such thatp~v + q~w = ~b .
(iv ) Find real numbersk, l,m, n such that~v = k~a + l~b , and~w = m~a + n~w .

Parametric Equations for a Line

46.11. In the figure below draw the points whose position vector are given by~x = ~a +

t(~b −~a) for t = 0, 1, 1
3 ,

3
4 ,−1, 2. (as always,~a =

−→
OA, etc.)

O

A

B
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46.12. In the figure above also draw the points whose position vectorare given by~x =
~b + s(~a −~b ) for s = 0, 1, 1

3 ,
3
4 ,−1, 2.

46.13. (i ) Find a parametric equation for the line` through the pointsA(3, 0, 1) and
B(2, 1, 2).
(ii ) Where does̀ intersect the coordinate planes?

46.14.Consider a triangleABC and let~a ,~b ,~c be the position vectors ofA,B, andC.
(i ) Compute the position vector of the midpointP of the line segmentBC. Also compute
the position vectors of the midpointsQ of AC andR of AB. (Make a drawing.)
(ii ) LetM be the point on the line segmentAP which is twice as far fromA as it is from
P . Find the position vector ofM .
(iii ) Show thatM also lies on the line segmentsBQ andCR.

46.15.LetABCD be a tetrahedron, and let~a ,~b ,~c ,~d be the position vectors of the points
A,B,C,D.
(i ) Find position vectors of the midpointP ofAB, the midpointQ ofCD and the midpoint
M of PQ.
(ii ) Find position vectors of the midpointR ofBC, the midpointS ofAD and the midpoint
N of RS.

D

A

B

C

Orthogonal decomposition of one vector with respect to another

46.16.Given the vectors~a =
(

2
1
3

)

and~b =
(

1
1
0

)

find~a‖,~a⊥,~b‖,~b⊥ for which

~a = ~a‖ +~a⊥, with ~a‖‖~b ,~a⊥ ⊥ ~b ,

and

~b = ~b‖ +~b⊥, with ~b‖‖~a ,~b⊥ ⊥ ~a .
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46.17.Bruce left his backpack on a hill, which in some coordinate system hap-
pens to be the line with equation12x1 + 5x2 = 130.
The force exerted by gravity on the backpack is~f grav =

(
0

−mg
)
. Decom-

pose this force into a part perpendicular to the hill, and a part parallel to
the hill.

46.18.An eraser is lying on the planeP with equationx1 + 3x2 + x3 = 6. Gravity pulls
the eraser down, and exerts a force given by

~f grav =





0
0

−mg



 .

(i ) Find a normal~n for the planeP.
(ii ) Decompose the force~f into a part perpendicular to the planeP and a part perpendicular
to~n .

The Dot Product

46.19.(i ) Simplify ‖~a −~b‖2.
(ii ) Simplify ‖2~a −~b‖2.
(iii ) If ~a has length 3,~b has length7 and~a • ~b = −2, then compute‖~a +~b‖, ‖~a −~b‖
and‖2~a −~b‖.

46.20.Simplify (~a +~b ) • (~a −~b).

46.21.Find the lengths of the sides, and the angles in the triangleABC whose vertices are
A(2, 1),B(3, 2), andC(1, 4).

46.22.Given:A(1, 1), B(3, 2) and a pointC which lies on the line with parametric equa-
tion~c = ( 0

3 ) + t
(

1
−1

)
. If 4ABC is a right triangle, then where isC? (There are three

possible answers, depending on whether you assumeA, B orC is the right angle.)

46.23. (i ) Find the defining equation and a normal vector~n for the line` which is the
graph ofy = 1 + 1

2x.
(ii ) What is the distance from the origin to`?
(iii ) Answer the same two question for the linem which is the graph ofy = 2 − 3x.
(iv ) What is the angle betweeǹandm?

46.24.Let ` andm be the lines with parametrizations

` : ~x =

(
2
0

)

+ t

(
1
2

)

, m : ~x =

(
0
−1

)

+ s

(
−2
3

)

Where do they intersect, and find the angle between` andm.

46.25.Let ` andm be the lines with parametrizations

` : ~x =





2
0
1



+ t





1
2
0



 , m : ~x =





0
1
−1



+ s





−2
0
3




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Do ` andm intersect? Find the angle between` andm.

46.26.Let ` andm be the lines with parametrizations

` : ~x =





2
α
1



+ t





1
2
0



 , m : ~x =





0
1
−1



+ s





−2
0
3





Hereα is some unknown number.
If it is known that the lines̀ andm intersect, what can you say aboutα?

46.27.Find the distance from the pointP (1, 2, 3) to the plane4x1 + 5x2 + 6x3 = 1.

The Cross Product

46.28.Compute the following cross products

(i)





3
1
2



×××





3
2
1



 (ii)





12
−71
3 1

2



×××





12
−71
3 1

2





(iii )





1
0
0



×××





1
1
0



 (iv)





√
2

1
0



×××





0√
2

0





(v)~i ××× (~i +~j ) (vi) (
√

2~i +~j )×××
√

2~j

(vii) (2~i +~k )××× (~j −~k ) (viii ) (cos θ~i + sin θ~k )××× (sin θ~i − cos θ~k )

46.29.(i ) Simplify (~a +~b)××× (~a +~b ).
(ii ) Simplify (~a −~b)××× (~a −~b).
(iii ) Simplify (~a +~b)××× (~a −~b ).

46.30.True or False: If ~a ×××~b = ~c ×××~b and~b 6= ~0 then~a = ~c?

46.31.GivenA(2, 0, 0),B(0, 0, 2) andC(2, 2, 2). LetP be the plane throughA,B andC.
(i ) Find a normal vector forP.
(ii ) Find a defining equation forP.
(iii ) What is the distance fromD(0, 2, 0) to P? What is the distance from the origin
O(0, 0, 0) to P?
(iv ) DoD andO lie on the same side ofP?
(v) Find the area of the triangleABC.
(vi ) Where does the planeP intersect the three coordinate axes?

46.32.(i ) DoesD(2, 1, 3) lie on the planeP through the pointsA(−1, 0, 0),B(0, 2, 1) and
C(0, 3, 0)?
(ii ) The pointE(1, 1, α) lies onP. What isα?

46.33.Given pointsA(1,−1, 1),B(2, 0, 1) andC(1, 2, 0).
(i ) Where is the pointD which makesABCD into a parallelogram?
(ii ) What is the area of the parallelogramABCD?
(iii ) Find a defining equation for the planeP containing the parallelogramABCD.
(iv ) Where doesP intersect the coordinate axes?

46.34.Given pointsA(1, 0, 0),B(0, 2, 0) andD(−1, 0, 1) andE(0, 0, 2).
(i ) If P = ABCD

EFGH is a parallelepiped, then where are the pointsC,F,G andH?
(ii ) Find the area of the baseABCD of P.
(iii ) Find the height ofP.
(iv ) Find the volume ofP.
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46.35.Let ABCDEFGH be the cube withA at the origin,B(1, 0, 0),D(0, 1, 0) andE(0, 0, 1).
(i ) Find the coordinates of all the pointsA,B, C,D,E, F ,G,H .
(ii ) Find the position vectors of the midpoints of the line segmentsAG,BH ,CE andDF .
Make a drawing of the cube with these line segments.
(iii ) Find the defining equation for the planeBDE. Do the same for the planeCFH .
Show that these planes are parallel.
(iv ) Find the parametric equation for the line throughAG.
(v) Where do the planesBDE andCFH intersect the lineAG?
(vi ) Find the angle between the planesBDE andBGH .
(vii ) Find the angle between the planesBDE andBCH . Draw these planes.

B C

A

E

F G

H

D

46.36.The three conditions of Theorem 43.7 define the cross productgeometrically. Show
that this geometric definition implies the multiplication table

××× ~i ~j ~k
~i ~0 ~k −~j
~j −~k ~0 ~i
~k ~j −~i ~0

and that it also implies the three laws

~a ×~b = −~b ×~a , (λ~a ) ×~b = λ(~a ×~b),

and
~a × (~b +~c) = ~a ×~b +~a ×~c .

This proves that the algebraic definition

~a ×××~b =

∣
∣
∣
∣
∣
∣

~i a1 b1
~j a2 b2
~k a3 b3

∣
∣
∣
∣
∣
∣

= (a2b3 − a3b2)~i + (a3b1 − a1b3)~j + (a1b2 − a2b1)~k .

of the cross product follows from the geometric definition. Hint: To prove the distributive
law note that~a × ~b can be computed as follows: Project~b onto the plane perpendicular
to~a and rotate through90◦ in the direction given by the right hand rule. The projectionof
the parallelogram with edges~b and~c and diagonal~b + ~c is a parallelogram with edges
~b ′ and~c ′ and diagonal~b ′ +~c ′ and rotating through90◦ gives a parallelogram with edges
~a ××× ~b and~a ××× ~c ′ and diagonal~a ××× (~b + ~c). (SeeThomas’ CalculusEleventh edition
page 874.)
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VI. Vector Functions and Parametrized
Curves

47. Parametric Curves

Definition 47.1. A vector function~f of one variable is a function of one real variable,
whose values~f (t) are vectors.

In other words for any value oft (from adomainof allowed values, usually an interval)
the vector function~f produces a vector~f (t). Write~f in components:

~f (t) =

(
f1(t)
f2(t)

)

.

The components of a vector function~f of t are themselves functions oft. They are ordinary
first-semester-calculus-style functions. An example of a vector function is

~f (t) =

(
t− 2t2

1 + cos2 πt

)

, so~f (1) =

(
1 − 2(1)2

1 + (cosπ)2

)

=

(
−1
2

)

(just to mention one.)

Definition 47.2. A parametric curveis a vector function~x = ~x (t) of one real variablet.
The variablet is called theparameter.

Synonyms: “Parametrized curve,” or “parametrization,” or “vector function (of one
variable).”

Logically speaking a parametrized curve is the same thing asa vector function. The
name “parametrized curve” is used to remind you of a very natural and common inter-
pretation of the concept “parametric curve.” In this interpretation a vector function, or
parametric curve~x (t) describes the motion of a point in the plane or space. Heret stands
for time, and~x (t) is the position vector at timet of the moving point.

−1.0

0.5

1.0

1.5

2.0

2.5

3.5

3.0

t=−1.5

t=0.0

−0.5

A picture of a vector function.

Instead of writing a parametrized curve as a vector function, one sometimes specifies
the two (or three) components of the curve. Thus one will say that a parametric curve is
given by

x1 = x1(t), x2 = x2(t), (andx3 = x3(t) if we have a space curve).
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48. Examples of parametrized curves

J 48.1An example of Rectilinear Motion.Here’s a parametric curve:

(62) ~x (t) =

(
1 + t
2 + 3t

)

.

The components of this vector function are

(63) x1(t) = 1 + t, x2(t) = 2 + 3t.

Both components are linear functions of time (i.e. the parameter t), so every timet in-
creases by an amount∆t (every time∆t seconds go by) the first component increases by
∆t, and thex2 component increases by3∆t. So the point at~x (t) moves horizontally to
the left with speed1, and it moves vertically upwards with speed3.

Which curve is traced out by this vector function?In this example we can find out by
eliminating the parameter, i.e. solve one of the two equations (63) fort, and substitute the
value oft you find in the other equation. Here you can solvex1 = 1 + t for t, with result
t = x1 − 1. From there you find that

x2 = 2 + 3t = 2 + 3(x1 − 1) = 3x1 − 1.

So for anyt the vector~x (t) is the position vector of a point on the linex2 = 3x1 − 1 (or,
if you prefer the old fashionedx, y coordinates,y = 3x− 1).

t = 0

t = 1

t = −1

∆t

3∆t

Conclusion: This particular parametric curve traces out a straight line with equation
x2 = 3x1 − 1, going from left to right. I

J 48.2Rectilinear Motion in general.This example generalizes the previous example. The
parametric equation for a straight line from the previous chapter

~x (t) = ~a + t~v ,

is a parametric curve. We had~v = ~b − ~a in §40. At timet = 0 the object is at the point
with position vector~a , and every second (unit of time) the object translates by~v . The
vector~v is thevelocity vectorof this motion.

In the first example we had~a = ( 1
2 ), and~v = ( 1

3 ). I

J 48.3Going back and forth on a straight line.Consider

~x (t) = ~a + sin(t)~v .

At each moment in time the object whose motion is described bythis parametric curve
finds itself on the straight linè with parametric equation~x = ~a + s(~b − ~a ), where
~b = ~a +~v .

However, instead of moving along the line from one end to the other, the point at~x (t)
keeps moving back and forth along` between~a +~v and~a −~v . I

J 48.4Motion along a graph.Let y = f(x) be some function of one variable (defined for
x in some interval) and consider the parametric curve given by

~x (t) =

(
t

f(t)

)

= t~i + f(t)~j .

At any moment in time the point at~x (t) hasx1 coordinate equal tot, andx2 = f(t) =
f(x1), sincex1 = t. So this parametric curve describes motion on the graph ofy = f(x)
in which the horizontal coordinate increases at a constant rate. I
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J 48.5The standard parametrization of a circle.Consider the parametric curve

~x (θ) =

(
cos θ
sin θ

)

.

The two components of this parametrization are

x1(θ) = cos θ, x2(θ) = sinθ,

and they satisfy

~x (t)

θ

x1(θ)
2 + x2(θ)

2 = cos2 θ + sin2 θ = 1,

so that~x (θ) always points at a point on the unit circle.
As θ increases from−∞ to +∞ the point will rotate through the circle, going around

infinitely often. Note that the point runs through the circlein thecounterclockwise direc-
tion, which is the mathematician’s favorite way of running aroundin circles. I

J 48.6The Cycloid. The Free Ferris Wheel Foundation is an organization whose goal is
to empower fairground ferris wheels to roam freely and thus realize their potential. With
blatant disregard for the public, members of theF2WF will clandestinely unhinge ferris
wheels, thereby setting them free to roll throughout the fairground and surroundings.

Suppose we were to step into the bottom of a ferris wheel at themoment of its liberation:
what would happen? Where would the wheel carry us? Let our position be the pointX ,
and let its position vector at timet be~x (t). The parametric curve~x (t) which describes our
motion is called the cycloid.

C
C

θ

θ

AA

X

X

O

In this example we are given a description of a motion, but no formula for the parametriza-
tion~x (t). We will have to derive this formula ourselves.

O A

B

C
X θ

The key to finding~x (t) is the fact that the arcAX on
the wheel is exactly as long as the line segmentOA
on the ground (i.e. thex1 axis). The length of the arc
AX is exactly the angleθ (“arc = radius times angle
in radians”), so thex1 coordinate ofA and hence the
centerC of the circle isθ. To findX consider the right
triangleBCX . Its hypothenuse is the radius of the
circle, i.e.CX has length 1.

The angle atC is θ, and therefore you get

BX = sin θ, BC = cos θ,

and
x1 = OA −BX = θ − sin θ, x2 = AC −BC = 1 − cos θ.

So the parametric curve defined in the beginning of this example is

~x (θ) =

(
θ − sin θ
1 − cos θ

)

.



124

Here the angleθ is the parameter, and we can let it run fromθ = −∞ to θ = ∞. I

J 48.7A three dimensional example: the Helix.Consider the vector function

~x (θ) =





cos θ
sin θ
aθ





wherea > 0 is some constant.
If you ignore thex3 component of this vector function you get the parametrization of

the circle from example 48.5. So as the parameterθ runs from−∞ to +∞, thex1, x2

part of~x (θ) runs around on the unit circle infinitely often. While this happens the vertical
component, i.e.x3(θ) increases steadily from−∞ to∞ at a rate ofa units per second.

x1

x2

x3

θ

height= aθ

θ = 0

θ = 2π

θ = 4π

I

49. The derivative of a vector function

If ~x (t) is a vector function, then we define itsderivativeto be

~x ′(t) =
d~x
dt

= lim
h→0

~x (t+ h) −~x (t)

h
.

This definition looks very much like the first-semester-calculus-definition of the derivative
of a function, but for it to make sense in the context of vectorfunctions we have to explain
what the limit of a vector function is.

By definition, for a vector function~f (t) =
(
f1(t)
f2(t)

)

one has

lim
t→a

~f (t) = lim
t→a

(
f1(t)
f2(t)

)

=

(
limt→a f1(t)
limt→a f2(t)

)

In other words, to compute the limit of a vector function you just compute the limits of its
components (that will be our definition.)
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Let’s look at the definition of the velocity vector again. Since

~x (t+ h) −~x (t)

h
=

1

h

{(
x1(t+ h)
x2(t+ h)

)

−
(
x1(t)
x2(t)

)}

=






x1(t+ h) − x1(t)

h
x2(t+ h) − x2(t)

h






we have

~x ′(t) = lim
h→0

~x (t+ h) −~x (t)

h

=






lim
h→0

x1(t+ h) − x1(t)

h

lim
h→0

x2(t+ h) − x2(t)

h






=

(
x′1(t)
x′2(t)

)

So: To compute the derivative of a vector function you must differentiate its components.
J 49.1Example.Compute the derivative of

~x (t) =

(
cos t
sin t

)

and of ~y(t) =

(
t− sin t
1 − cos t

)

.

Solution:

~x ′(t) =
d

dt

(
cos t
sin t

)

=

(
− sin t
cos t

)

~y ′(t) =
d

dt

(
t− sin t
1 − cos t

)

=

(
1 − cos t

sin t

)

.

I

50. Higher derivatives and product rules

If you differentiate a vector function~x (t) you get another vector function, namely~x ′(t),
and you can try to differentiate that vector function again.If you succeed, the result isNot every function has

a derivative, so it may
happen that you can find
~x ′(t) but not ~x ′′(t)

called the second derivative of~x (t). All this is very similar to how the second (and higher)
derivative of ordinary functions were defined in 1st semester calculus. One even uses the
same notation:

~x ′′(t) =
d~x ′(t)

dt
=

d2~x
dt2

=

(
x′′1 (t)
x′′2 (t)

)

.

J 50.1Example.Compute the second derivative of

~x (t) =

(
cos t
sin t

)

and of ~y(t) =

(
t− sin t
1 − cos t

)

.

Solution: In example 49.1 we already found the first derivatives, so youcan use those.
You find

~x ′′(t) =
d

dt

(
− sin t
cos t

)

=

(
− cos t
− sin t

)

~y ′′(t) =
d

dt

(
1 − cos t

sin t

)

=

(
sin t

− cos t

)

.
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Note that our standard parametrization~x (t) of the circle satisfies

~x ′′(t) = −~x (t).

I

After defining the derivative in first semester calculus one quickly introduces the various
rules (sum, product, quotient, chain rules) which make it possible to compute derivatives
without ever actually having to use the limit-of-difference-quotient-definition. For vector
functions there are similar rules which also turn out to be useful.

TheSum Ruleholds. It says that if~x (t) and~y(t) are differentiable16 vector functions,
then so is~z(t) = ~x (t) ±~y(t), and one has

d~x (t) ±~y(t)

dt
=

d~x (t)

dt
± d~y(t)

dt
.

TheProduct Rulealso holds, but it is more complicated, because there are several different
forms of multiplication when you have vector functions. Thefollowing three versions all
hold:

If ~x (t) and~y(t) are differentiable vector functions andf(t) is an ordinary differentiable
function, then

df(t)~x (t)

dt
= f(t)

d~x (t)

dt
+

df(t)

dt
~x (t)

d~x (t) •~y(t)

dt
= ~x (t) • d~y(t)

dt
+

d~x (t)

dt
•~y(t)

d~x (t)×××~y(t)

dt
= ~x (t)××× d~y(t)

dt
+

d~x (t)

dt
×××~y(t)

I hope these formulae look plausible because they look like the old fashioned product rule,
but even if they do, you still have to prove them before you canaccept their validity. I will
prove one of these in lecture. You will do some more as an exercise.

As an example of how these properties get used, consider thistheorem:

Theorem 50.2. Let~f (t) be a vector function of constant length (i.e.‖~f (t)‖ is constant.)
Then~f ′(t) ⊥~f (t).

Proof. If ‖~f ‖ is constant, then so is~f (t) •~f (t) = ‖~f (t)‖2. the derivative of a constant
function is zero, so

0 =
d

dt

(
‖~f (t)‖2)

=
d

dt

(
‖~f (t)‖ • ‖~f (t)‖

)
= 2~f (t) • d~f (t)

dt
.

So we see that~f •~f ′ = 0 which means that~f ′ ⊥~f . �

16A vector function is differentiable if its derivative actually exists, i.e. ifall its components are differentiable.
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51. Interpretation of ~x ′(t) as the velocity vector

Let ~x (t) be some vector function and interpret it as de-
scribing the motion of some point in the plane (or space).
At time t the point has position vector~x (t); a little later,
more precisely,h seconds later the point has position vec-
tor~x (t+ h). Its displacement is the difference vector

~x (t+ h) −~x (t).

Its average velocity vector between timest andt+ h is

displacement vector
time lapse

=
~x (t+ h) −~x (t)

h
.

~x (t)
~x (t+ h)

~x (t+ h) −~x (t)

If the average velocity between timest andt+h converges to one definite vector ash→ 0,
then this limit is a reasonable candidate forthe velocity vector at timet of the parametric
curve~x (t).

Being a vector, the velocity vector has bothmagnitudeanddirection. The length of the
velocity vector is called thespeedof the parametric curve. We use the following notation:
we always write

~v(t) = ~x ′(t)

for the velocity vector, and
v(t) = ‖~v(t)‖ = ‖~x ′(t)‖

for its length, i.e. the speed.
The speedv is always a nonnegative number; the velocity is always a vector.

J 51.1Velocity of linear motion.If ~x (t) = ~a + t~v , as in examples 48.1 and 48.2, then

~x (t) =

(
a1 + tv1
a2 + tv2

)

so that

~x ′(t) =

(
v1
v2

)

= ~v .

So when you represent a line by a parametric equation~x (t) = ~a + t~v , the vector~v is the
velocity vector. The length of~v is the speed of the motion.

In example 48.1 we had~v = ( 1
3 ), so the speed with which the point at~x (t) =

(
1+t
1+3t

)

traces out the line isv = ‖~v‖ =
√

12 + 32 =
√

10.
I

J 51.2Motion on a circle. Consider the parametrization

~x (t) =

(
R cosωt
R sinωt

)

.

The pointX at~x (t) is on the circle centered at the origin with radiusR. The segment from
the origin toX makes an angleωt with thex-axis; this angle clearly increases at a constant
rate ofω radians per second.

R~v(t)

~x (t)

ωt

The velocity vector of this motion is

~v(t) = ~x ′(t) =

(
−ωR sinωt
ωR cosωt

)

= ωR

(
sinωt
cosωt

)

.

This vector is not constant. however, if you calculate the speed of the pointX , you find

v = ‖~v(t)‖ = ωR

∥
∥
∥
∥

(
sinωt
cosωt

)∥
∥
∥
∥

= ωR.
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So while the direction of the velocity vector~v(t) is changing all the time, its magnitude is
constant. In this parametrization the pointX moves along the circle with constant speed
v = ωR. I

J 51.3Velocity of the cycloid.Think of the dotX on the wheel in the cycloid example
48.6. We know its position vector and velocity at timet

~x (t) =

(
t− sin t
1 − cos t

)

, ~x ′(t) =

(
1 − cos t

sin t

)

.

The speed with whichX traces out the cycloid is

v = ‖~x ′(t)‖
=
√

(1 − cos t)2 + (sin t)2

=
√

1 − 2 cos t+ cos2 t+ sin2 t

=
√

2(1 − cos t).

You can use the double angle formulacos 2α = 1 − 2 sin2 α with α = t
2 to simplify this

to

v =
√

4 sin2 t
2 = 2

∣
∣
∣
∣
sin

t

2

∣
∣
∣
∣
.

The speed of the pointX on the cycloid is therefore always between 0 and 2. At times
t = 0 and other multiples of2π we have~x ′(t) = ~0 . At these times the pointX has come
to a stop. At timest = π+2kπ one hasv = 2 and~x ′(t) = ( 2

0 ), i.e. the pointX is moving
horizontally to the right with speed2. I

52. Acceleration and Force

Just as the derivative~x ′(t) of a parametric curve can be interpreted as the velocity
vector~v(t), the derivative of the velocity vector measures the rate of change with time of
the velocity and is called theaccelerationof the motion. The usual notation is

~a(t) = ~v ′(t) =
d~v(t)

dt
=

d2~x
dt2

= ~x ′′(t).

Sir ISAAC NEWTON’s law relating force and acceleration via the formula “F = ma” has a
vector version.If an object’s motion is given by a parametrized curve~x (t) then this motion
is the result of a force~F being exerted on the object. The force~F is given by

~F = m~a = m
d2~x
dt2

wherem is the mass of the object.It is always assumed that the massm is a positive
number.
J 52.1How does an object move if no forces act on it?

If ~F (t) = ~0 at all times, then, assumingm 6= 0 it follows from ~F = m~a that~a(t) = ~0 .
Since~a (t) = ~v ′(t) you conclude that the velocity vector~v(t) must be constant, i.e. that
there is some fixed vector~v such that

~x ′(t) = ~v(t) = ~v for all t.

This implies that
~x (t) = ~x (0) + t~v .
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So if no force acts on an object, then it will move with constant velocity vector along a
straight line (said Newton – Archimedes long before him thought that the object would
slow down and come to a complete stop unless there were a forceto keep it going.) I

J 52.2Compute the forces acting on a point on a circle.
Consider an object moving with constant angular velocityω on a circle of radiusR,

i.e. consider~x (t) as in example 51.2,

~x (t) =

(
R cosωt
R sinωt

)

= R

(
cosωt
sinωt

)

.

Then its velocity and acceleration vectors are

~v(t) = ωR

(
− sinωt
cosωt

)

and

~a (t) = ~v ′(t) = ω2R

(
− cosωt
− sinωt

)

= −ω2R

(
cosωt
sinωt

)

Since both
(

cos θ
sin θ

)
and

(− sin θ
cos θ

)
are unit vectors, we see that the velocity vector changes

its direction but not its size: at all times you havev = ‖~v‖ = ωR. The acceleration also
keeps changing its direction, but its magnitude is always

a = ‖~a‖ = ω2R =
( v

R

)2

R =
v2

R
.

The force which must be acting on the object to make it go through this motion is

~F = m~a = −mω2R

(
cosωt
sinωt

)

.

To conclude this example note that you can write this force as

~F = −mω2~x (t)

which tells you which way the force is directed: towards the center of the circle. I

~F
θ

~v

J 52.3How does it feel, to be on the Ferris wheel?In other words, which force acts on us
if we get carried away by a “liberated ferris wheel,” as in example 48.6?

AO

C

X
~a
t

Well, you get pushed around by a force~F , which according
to Sir Isaac is given by~F = m~a , wherem is your mass and
~a is your acceleration, which we now compute:

~a(t) = ~v ′(t)

=
d

dt

(
1 − cos t

sin t

)

=

(
sin t
cos t

)

.

This is a unit vector: the force that’s pushing you around is constantly changing its direction
but its strength stays the same. If you remember thatt is the angle∠ACX you see that
the force~F is always pointed at the center of the wheel: its direction isgiven by the vector−−→
XC. I

J 52.4Shooting a Cannon
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Let’s find the trajectory of a cannonball moving in a verticalplane (the vector~i is
horizontal and the vector~j is vertical) fired from the origin with an initial speedv0 = ‖~v0‖
and angle of elevationα, i.e. the velocity vector at the instant when the cannon is fired is

~v0 = (v0 cosα)~i + (v0 sinα)~j , v0 = ‖~v0‖ .
The only force on the cannonball (after it is fired) is the force of gravity which points down

~F = −mg~j
wherem is the mass of the cannonball andg is the gravitational constant. Hence, by the
vector form~F = m~a of Newton’s law, the position~x (t) of the cannonballt seconds after
firing is governed by the differential equation

~a = −g~j , ~a =
d~v
dt
, ~v =

d~x
dt
.

Since~x (0) = ~0 and~v(0 +~v0 we integrate twice and find that the position vector of the
cannonball at timet is

~x (t) =

(

t v0 cosα

)

~i +

(

t v0 sinα− 1

2
gt2
)

~j

(at least so long as the cannonball is above the ground). Equating components gives

~x (t) =

(
x1

x2

)

, x1 = t v0 cosα, x2 = t v0 sinα− 1

2
gt2.

We can eliminatet by solving the equation forx1 for t and substituting into the equation
for x2:

t =
x1

v0 cosα
, x2 =

x1 v0 sinα

v0 cosα
− 1

2
g

(
x1

v0 cosα

)2

.

This equation has the formx2 = Bx1 + Ax2
1 so the canonnonball traces out a parabola.

The cannonball hits the ground whenx2 = 0, i.e. when

t =
2v0 sinα

g

and at that instant

x1 =
2v2

0 sinα cosα

g
=
v2
0 sin 2α

g
.

This is how far the cannonball travels. The artillery officerhits a target which is at a
distancex1 from the cannon by adjustingα so this equation holds. This model is greatly
simplified. It ignores air resistance and coriolis forces. (Coriolis forces are artificial forces
that take into account the rotation of the earth.) I

53. Tangents and the unit tangent vector

Here we address the problem of finding the tangent line at a point on a parametric curve.
Let~x (t) be a parametric curve, and let’s try to find the tangent line ata particular pointX0,
with position vector~x (t0) on this curve. We follow the same strategy as in 1st semester
calculus: pick a pointXh on the curve nearX0, draw the line throughX0 andXh and let
Xh → X0.

The line through two points on a curve is often called asecantto the curve. So we are
going to construct a tangent to the curve as a limit of secants.
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The pointX0 has position vector~x (t0), the pointXh is at~x (t0 + h). Consider the line
`h parametrized by

(64) ~y(s;h) = ~x (t0) + s
~x (t0 + h) −~x (t0)

h
,

in whichs is the parameter we use to parametrize the line.

` `h

X0

Xh

The line`h contains bothX0 (sets = 0) andXh (sets = h), so it is the line through
X0 andXh, i.e. a secant to the curve.

Now we leth→ 0, which gives

`

X0

O

~x ′(t0)

~x (t0)

~y(s)
def
= lim

h→0
~y(s;h) = ~x (t0) + s lim

h→0

~x (t0 + h) −~x (t0)

h
= ~x (t0) + s~x ′(t0),

In other words, the tangent line to the curve~x (t) at the point with position vector~x (t0)
has parametric equation

~y(t) = ~x (t0) + (t− t0)~x ′(t0),

and the vector~x ′(t0) = ~v(t0) is parallel to the tangent linè. Because of this, one calls
the vector~x ′(t0) a tangent vectorto the curve. Any multipleλ~x ′(t0) with λ 6= 0 is still
parallel to the tangent linèand is therefore also called a tangent vector. If~x ′(t0) 6= 0 then
there are exactly tangent vectors of length 1 at the point whose position vector is~x (t0).
They are

± ~v(t0)

‖~v(t0)‖
= ±~v(t0)

v(t0)
.

Definition 53.1. Theunit tangent vectorto the parametric curve~x (t) at the point whose
position vector is~x (t0) is the tangent vector~T (t0) of length 1 which points in the same
direction as the velocity vector~v(t0) = ~x ′(t0):

~T (t0) =
~v(t0)

‖~v(t0)‖
=
~v(t0)

v(t0)

(Reversing the direction of the parameterization changes the sign of the unit tangent vec-
tor.)

J 53.2Example. Find Tangent line, and unit tangent vector at~x (1), where~x (t) is the
parametric curve given by

~x (t) =

(
t
t2

)

, so that~x ′(t) =

(
1
2t

)

.
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1

1

10.5

1

0.5

1.5 ~T

−~T

parabola with tangent line parabola with unit tangent vectors

Circle with radius 1

Solution: For t = 1 we have~x ′(1) = ( 1
2 ), so the tangent line has parametric equation

~y(t) = ~x (1) + s~x ′(1) =

(
1
1

)

+ (t− 1)

(
1
2

)

=

(
t

2t− 1

)

.

In components one could write this asy1(t) = t, y2(t) = 2t − 1. After eliminatingt you
find that on the tangent line one has

y2 = 2t− 1 = 2y1 − 1.

The vector~x ′(1) = ( 1
2 ) is a tangent vector to the parabola at~x (1). To get a unit tangent

vector we normalize this vector to have length one, i.e. we divide it by its length. Thus

~T (1) =
1√

12 + 22

(
1
2

)

=

(
1
5

√
5

2
5

√
5

)

is a unit tangent vector. There is another unit tangent vector, namely

−~T (1) = −
(

1
5

√
5

2
5

√
5

)

.

I

J 53.3Tangent line and unit tangent vector to Circle.In example 48.5 and 49.1 we had
parametrized the circle and found the velocity vector of this parametrization,

~x (θ) =

(
cos θ
sin θ

)

, ~x ′(θ) =

(
− sin θ
cos θ

)

.

If we pick a particular value ofθ then the tangent line to the circle at~x (θ0) has parametric
equation

~y(t) = ~x (θ0) + t~x ′(θ0) =

(
cos θ + t sin θ
sin θ − t cos θ

)

(We usedt rather thanθ−θ0 as the parameter on the tangent line.) This equation completely
describes the tangent line, but you can try to write it in a more familiar form as a graph

y2 = my1 + n.

To do this you have to eliminate the parametert from the parametric equations

y1 = cos θ + t sin θ, y2 = sin θ − t cos θ.
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Whensin θ 6= 0 you can solvey1 = cos θ + t sin θ for t, with result

t =
y1 − cos θ

sin θ
.

So on the tangent line you have

y2 = sin θ − t cos θ = sin θ − cos θ
y1 − cos θ

sin θ
which after a little algebra turns out to be the same as Add fractions and use

sin2 θ + cos2 θ = 1

y2 = − cot θ y1 +
1

sin θ
.

θ

π

2
− θ

1
1

sin θ

The tangent line therefore hits the vertical axis wheny1 = 0, at heightn = 1/ sin θ, and it
has slopem = − cot θ.

For this example you could have found the tangent line without using any calculus by
studying the drawing above carefully.

Finally, let’s find a unit tangent vector. A unit tangent is a multiple of ~x ′(θ) whose
length is one. But the vector~x ′(θ) =

(− sin θ
cos θ

)
already has length one, so the two possible

unit vectors are

~T (θ) = ~x ′(θ) =

(
− sin θ
cos θ

)

and − ~T (θ) =

(
sin θ

− cos θ

)

.

I

54. Sketching a parametric curve

For a given parametric curve, like

(65) ~x (t) =

(
1 − t2

3t− t3

)

you might want to know what the curve looks like. The most straightforward way of getting
a picture is to computex1(t) andx2(t) for as many values oft as you feel like, and then
plotting the computed points. This computation is the kind of repetitive task that computers
are very good at, and there are many software packages and graphing calculators that will
attempt to do the computation and drawing for you.

If the vector function has a constant whose value is not (completely) known, e.g. if we
wanted to graph the parametric curve

(66) ~x (t) =

(
1 − t2

3at− t3

)

(a is a constant)
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then plugging parameter values and plotting the points becomes harder, since the unknown
constanta shows up in the computed points.

On a graphing calculator you would have to choose different values ofa and see what
kind of pictures you get (you would expect different pictures for different values ofa).

In this section we will use the information stored in the derivative~x ′(t) to create a rough
sketch of the graph by hand.

Let’s do the specific curve (65) first. The derivative (or velocity vector) is

~x ′(t) =

(
−2t

3 − 3t2

)

, so

{
x′1(t) = −2t
x′1(t) = 3(1 − t2)

We see thatx′1(t) changes its sign att = 0, whilex′2(t) = 2(1− t)(1 + t) changes its sign
twice, att = − and then att = +1. You can summarize this in a drawing:

−+ + ++ + −−−−− −+ − −

−+ + + + −− −− − − − − + + +

t = −1 t = 0 t = 1

sign ofx′1(t)

sign ofx′2(t)

The arrows indicate the wind direction of the velocity vector ~x ′(t) for the various values
of t. For instance, whent < −1 you havex′1(t) > 0 andx′2(t) < 0, so that the vector

~x ′(t) =
(
x′

1(t)

x′

2(t)

)

=
(

+
−
)

points in the direction “South-East.” You see that there arethree

specialt values at which~x ′(t) is either purely horizontal or vertical. Let’s compute~x (t)
at those values

t = −1 ~x (−1) =
(

0
−2

)
~x ′(−1) = ( 2

0 )

t = 0 ~x (0) = ( 1
0 ) ~x ′(0) = ( 0

3 )

t = −1 ~x (1) = ( 0
2 ) ~x ′(1) =

(−2
0

)

This leads you to the sketch on the left; if you use a plotting program like GNUPLOT you
get the graph on the right.

?

? 1

1

1

-2

2

( 0
3 )

(−2
0

)

( 2
0 )
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55. Length of a curve

If you have a parametric curve~x (t), a ≤ t ≤ b, then there is a formula for the length of
the curve it traces out. We’ll go through a brief derivation of this formula before stating it.

t = a

t = b

~x (ti−1)

~x (ti)

To compute the length of the curve{~x (t) : a ≤ t ≤ b} we divide it into lots of short pieces.
If the pieces are short enough they will be almost straight line segments, and we know how
do compute the length of a line segment. After computing the lengths of all the short line
segments, you add them to get an approximation to the length of the curve. As you divide
the curve into finer & finer pieces this approximation should get better & better. You can
smell an integral in this description of what’s coming. Hereare some more details:

Divide the parameter interval intoN pieces,

a = t0 < t1 < t2 < · · · < tN−1 < tN = b.

Then we approximate the curve by the polygon with vertices at~x (t0) = ~x (a), ~x (t1), . . . ,
~x (tN ). The distance between to consecutive points at~x (ti−1) and~x (ti) on this polygon is

‖~x (ti) −~x (ti−1)‖ .

Since we are going to taketi−1− ti “very small,” we can use the derivative to approximate
the distance by

~x (ti) −~x (ti−1) =
~x (ti) −~x (ti−1)

ti − ti−1

(
ti − ti−1

)
≈ ~x ′(ti)

(
ti − ti−1

)
,

so that

‖~x (ti) −~x (ti−1)‖ ≈ ‖~x ′(ti)‖
(
ti − ti−1

)
.

Now add all these distances and you get

Length polygon≈
∑

i=1

N ‖~x ′(ti)‖
(
ti − ti−1

)
≈
∫ b

t=a

‖~x ′(t)‖ dt.

This is our formula for the length of a curve.
Just in case you think this was a proof,it isn’t! First, we have used the symbol≈ which

stands for “approximately equal,” and we said “very small” in quotation marks, so there
are several places where the preceding discussion is vague.But most of all, we can’tprove
that this integral is the length of the curve, since we don’t have a definition of “the length
of a curve.” This is an opportunity, since it leaves us free toadopt the formula we found as
our formal definition of the length of a curve. Here goes:
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Definition 55.1. If {~x (t) : a ≤ t ≤ b} is a parametric curve, then itslength is given by

Length=

∫ b

a

‖~x ′(t)‖ dt

provided the derivative~x ′(t) exists, and provided‖~x ′(t)‖ is a Riemann-integrable func-
tion.

In this course we will not worry too much about the two caveatsabout differentiability
and integrability at the end of the definition.
J 55.2Length of a line segment.How long is the line segmentAB connecting two points
A(a1, a2) andB(b1, b2)?

Solution: Parametrize the segment by

~x (t) = ~a + t(~b −~a ), (0 ≤ t ≤ 1).

Then
‖~x ′(t)‖ = ‖~b −~a‖ ,

and thus

Length(AB) =

∫ 1

0

‖~x ′(t)‖ dt =

∫ 1

0

‖~b −~a‖ dt = ‖~b −~a‖ .

In other words, the length of the line segmentAB is the distance between the two points
A andB. It looks like we already knew this, but no, we didn’t: what this example shows is
that the length of the line segmentAB as defined in definition 55.1is the distance between
the pointsA andB. So definition 55.1 gives the right answer in this example. Ifwe had
found anything else in this example we would have had to change the definition. I

J 55.3Perimeter of a circle of radiusR. What is the length of the circle of radiusR
centered at the origin? This is another example where we knowthe answer in advance. The
following computation should give us2πR or else there’s something wrong with definition
55.1.

We parametrize the circle as follows:

~x (t) = R cos θ~i +R sin θ~j , (0 ≤ θ ≤ 2π).

Then

~x ′(θ) = −R sin θ~i +R cos θ~j , and ‖~x ′(θ)‖ =
√

R2 sin2 θ +R2 cos2 θ = R.

The length of this circle is therefore

Length of circle=
∫ 2π

0

Rdθ = 2πR.

Fortunately we don’t have to fix the definition! I

And now the bad news: The integral in the definition of the length looks innocent
enough and hasn’t caused us any problems in the two examples we have done so far. It
is however a reliable source of very difficult integrals. To see why, you must write the
integral in terms of the componentsx1(t), x2(t) of ~x (t). Since

~x ′(t) =

(
x′1(t)
x′2(t)

)

and thus‖~x ′(t)‖ =
√

x′1(t)
2 + x′2(t)

2
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the length of the curve parametrized by{~x (t) : a ≤ t ≤ b} is

Length=

∫ b

a

√

x′1(t)
2 + x′2(t)

2 dt.

For most choices ofx1(t), x2(t) the sum of squares under the square root cannot be sim-
plified, and, at best, leads to a difficult integral, but more often to an impossible integral.

But, chin up, sometimes, as if by a miracle, the two squares add up to an expression
whose square root can be simplified, and the integral is actually not too bad. Here is an
example:

J 55.4Length of the Cycloid.After getting in at the bottom of a liberated ferris wheel we
are propelled through the air along the cycloid whose parametrization is given in example
48.6,

~x (θ) =

(
θ − sin θ
1 − cos θ

)

.

How long is one arc of the Cycloid?
Solution: Compute~x ′(θ) and you find

~x ′(θ) =

(
1 − cos θ

sin θ

)

so that

‖~x ′(θ)‖ =
√

(1 − cos θ)2 + (sin θ)2 =
√

2 − 2 cos θ.

This doesn’t look promising (this is the function we must integrate!), but just as in example
51.3 we can put the double angle formulacos θ = 1 − 2 sin2 θ

2 to our advantage:

‖~x ′(θ)‖ =
√

2 − 2 cos θ =

√

4 sin2 θ

2
= 2

∣
∣
∣
∣
sin

θ

2

∣
∣
∣
∣
.

We are concerned with only one arc of the Cycloid, so we have0 ≤ θ < 2π, which implies
0 ≤ θ

2 ≤ π, which in turn tells us thatsin θ
2 > 0 for all θ we are considering. Therefore

the length of one arc of the Cycloid is

Length=

∫ 2π

0

‖~x ′(θ)‖ dθ

=

∫ 2π

0

2

∣
∣
∣
∣
sin

θ

2

∣
∣
∣
∣

dθ

= 2

∫ 2π

0

sin
θ

2
dθ

=

[

−4 cos
θ

2

]2π

0

= 8.

To visualize this answer: the height of the cycloid is 2 (twice the radius of the circle), so
the length of one arc of the Cycloid is four times its height(Look at the drawing on page
123.) I



138

56. Curvature and the unit normal vector

The arclength function

X(t)
X(t0)

s(t)

If you have a parametric curve~x (t) and you pick a particular
point on this curve, say, the point corresponding to parameter
valuet0, then one defines thearclength function(starting at
t0) to be

(67) s(t) =

∫ t

t0

‖~x ′(τ)‖ dτ

Thuss(t) is the length of the curve segment{~x (τ) : t0 ≤ τ ≤ t}.

τ is a dummy variable

If you interpret the parametric curve~x (t) as a description of the motion of some object,
then the lengths(t) of the curve{~x (τ) : t0 ≤ τ ≤ t} is the distance traveled by the object
since timet0.

If you differentiate the distance traveled with respect to time you should get the speed,
and indeed, by the FUNDAMENTAL THEOREM OFCALCULUS one has

s′(t) =
ds

dt
=

d

dt

∫ t

t0

‖~x ′(τ)‖ dτ = ‖~x ′(t)‖ ,

which we had called the speedv(t) in §51. By the Chain Rule the velocity vector~v(t) is

~v(t) =
d~x
dt

=
ds

dt

d~x
ds

= ‖~x ′(t)‖ d~x
ds

= ‖~v(t)‖ d~x
ds

which says that the velocity vector is its magnitude times the vectord~x /ds, so the latter
vector is the direction of of the velocity vector, i.e. the two unit tangent vector to the curve:

~T =
d~x
ds
, ~v(t) =

d~x
dt

=
ds

dt
~T .

Curvature defined
Since all the products (scalar, dot, and cross) are distributive over addition, the derivative
of a product obeys the product rule from first semester calculus. If~u is a unit vector, then
~u • ~u = |~u |2 = 1 so

d~u
dt

• ~u = 0,

i.e. the vectors~u anddv/dt are perpendicular. Apply this with~u = ~T . the unit tangent
vector, andt = s. We get

d~T
ds

• ~T = 0.

Definition 56.1. The vectord~T /ds is called thecurvature vector, its length

κ =

∥
∥
∥
∥

d~T
ds

∥
∥
∥
∥

is called thecurvature, and the normalization

~N =

∥
∥
∥
∥

d~T
ds

∥
∥
∥
∥

−1
d~T
ds

=
1

κ

d~T
ds

is called theunit normal vectorto the curve. Thus
d~T
ds

= κ~N , ‖~T ‖ = ‖~N ‖ = 1, ~T • ~N = 0.
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The curvatureκ measures the sharpness of the curve, i.e, the amount the tangent vector
changes direction per change in arc length.

Curvature and acceleration

Theorem 56.2. For any parametric curve~x (t), the acceleration vector~a = d2~x /dt2

satisfies

~a =
d2s

dt2
~T +

(
ds

dt

)2

κ~N .

The coefficientsaT = d2s/dt2 andaN = (ds/dt)
2
κ of ~T and~N are called respectively

thetangentialandnormal components of the acceleration.

Proof. By the Chain Rule the velocity vector~v = d~x /dt and the unit tangent vector
~T = d~x /ds are related by

~v =
ds

dt
~T .

Differentiate this with respect tot:

~a =
d~v
dt

=
d2s

dt2
~T +

ds

dt

d~T
dt

=
d2s

dt2
~T +

(
ds

dt

)2
d~T
ds

=
d2s

dt2
~T +

(
ds

dt

)2

κ~N .

The first line follows by the Product Rule for differentiation, second line follows by the
Chain Rule, and third line follows by the definition of the curvatureκ and unit normal
vector~N in Definition 56.1. �

Theorem 56.2 explains why we are pressed against the right door of an automobile
when making a sharp left turn. The force in the normal direction is proportional to the
acceleration in the normal direction which is the product ofthe square of the speed with
the curvature: the sharper the curve, the greater the sideways force.

Formula for the curvature
Theorem 56.2 gives a simple formula for the curvature. Take the cross product of the
velocity vector~v with the acceleration~a :

~v ×××~a =
d2s

dt2
~v ××× ~T +

(
ds

dt

)2

κ~v ××× ~N

=
d2s

dt2
ds

dt
~T ××× ~T +

(
ds

dt

)3

κ~T ××× ~N

= ~0 +

(
ds

dt

)3

κ~T ××× ~N

But the geometric interpretation of the cross product (see Theorem 43.7)‖~T ××× ~N ‖ = 1

because~T and~N are perpendicular unit vectors. Hence‖~v ×××~a‖ = (ds/dt)3 κ so

κ =
‖~v ×××~a‖
(ds/dt)3

.
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For a plane curve~x (t) =

(
x1(t)
x2(t)

)

this formula simplifies to

κ =
|ẋ1ẍ2 − ẋ2ẍ1|
(ẋ2

1 + ẋ2
2)

3/2
.

J 56.3Example: The curvature of a circle of radiusL is 1/L Let the center of the circle
be at the point(a, b). Then the circle is given by the parametric equations

~x =

(
a+ L cos θ
b+ L sin θ

)

The arclength swept out by an angle ofθ is s = Lθ soθ = s/L so by the chain rule

d~x
ds

=
dθ

ds

d~x
dθ

=
1

L

(
−L sin θ
L cos θ

)

=

(
− sin θ
cos θ

)

and similarly
d~x

ds2
=

1

L

(
− sin θ
cos θ

)

.

Thusκ = ‖d~x /ds2‖ = 1/L as claimed. I

J 56.4Example: the pendulum again

Fstring

θ

θ
L

F
gravity

=mg

m

P

In Example 33.2 we found the equation of motion for a pendulum. Now we’ll rederive the
equation using vector arguments. Suppose that the pendulumhas lengthL and is suported
at the origin, so the end of the pendulum lies on the circle of radiusL centered at the origin.
Letθ be the angle of the pendulum with the vertical so the pendulumlies along the negative
vertical axis whenθ = 0. The unit tangent and unit normal vectors to the circle are

~T =

(
− cos θ
sin θ

)

, ~N =

(
sin θ
cos θ

)



141

and the position vector is

~x = −L
(

sin θ
cos θ

)

= −L ~N

By the Chain Rule the velocity vector and acceleration vector are given by

~v = L
dθ

dt
~T , ~a = L

d2θ

dt2
~T + L

(
dθ

dt

)2

~N .

(The equation for~a matches Theorem 56.2 becauseds = L dθ andκ = 1/L.) There are
two forces acting on the weight at the end of the pendulum: theforce of gravity

~F grav = −mg~j = −mg sin θ ~T −mg cos θ ~N

and the force
~F tension = ‖~F tension‖ ~N .

exerted by the tension in the arm of the pendulum. (The latterpoints toward the center of
the circle at the origin.) The tension‖~F tension‖ is whatever it takes to keep the end of the
pendulum on the circle of radiusL centered at the origin. Newton’s lawm~a = ~F in vector
form becomes

mL
d2θ

dt2
~T +mL

(
dθ

dt

)2

~N = −mg sin θ ~T + (‖~F tension‖ −mg cos θ) ~N

so equating the coefficients of~T (and cancellingm) we get

d2θ

dt2
= − g

L
sin θ

which is the equation we found in Example 33.2. Equating the coefficients of~N gives a
formula for the tension‖~F tension‖. The tension is not a constant. I

57. Graphs in Cartesian and in Polar Coordinates

Cartesian graphs. Most of first-semester-calculus deals with a particular kind of
curve, namely, the graph of a function, “y = f(x)”. You can regard such a curve as a
special kind of parametric curve, where the parametrization is

~x (t) =

(
t

f(t)

)

and we switch notation from “(x, y)” to “ (x1, x2).”
For this special case the velocity vector is always given by

~x ′(t) =

(
1

f ′(t)

)

,

the speed is

v(t) = ‖~x ′(t)‖ =
√

1 + f ′(t)2,

and the length of the segment betweent = a andt = b is

Length
∫ b

a

√

1 + f ′(t)2 dt.
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Polar graphs. Instead of choosing Cartesian coordinates
(x1, x2) one can consider so-calledPolar Coordinatesin the
plane. We have seen these before in the section on complex num-
bers: to specify the location of a point in the plane you can give
its x1, x2 coordinates, but you could also give

r
P

θ

the absolute value and argument of the complex numberx1 + ix2 (see§22.) Or, to say
it without mentioning complex numbers, you can say where a point P in the plane is by
saying (1) how far it is from the origin, and (2) how large the angle between the line
segmentOP and a fixed half line (usually the positivex-axis) is.

The Cartesian coordinates of a point with polar coordinates(r, θ) are

(68) x1 = r cos θ, x2 = r sin θ,

or, in our older notation,

x = r cos θ, y = r sin θ.

These are the same formulas as in§22, where we had “r = |z| andθ = arg z.”

r = f(θ)

θ

X

x1

x2

Often a curve is given as a graph in polar coordinates, i.e. for each angleθ there is one
point (X) on the curve, and its distancer to the origin is some functionf(θ) of the angle.
In other words, the curve consists of all points whose polar coordinates satisfy the equation
r = f(θ). You can parametrize such a curve by

(69) ~x (θ) =

(
r cos θ
r sin θ

)

=

(
f(θ) cos θ
f(θ) sin θ

)

.

or,

~x (θ) = f(θ) cos θ~i + f(θ) sin θ~j .

You can apply the formulas for velocity, speed and arclengthto this parametrization, but
instead of doing the straightforward calculation, let’s introduce some more notation. For
any angleθ we define the vector

~u (θ) =

(
cos θ
sin θ

)

= cos θ~i + sin θ~j .

The derivative of~u is

~u ′(θ) =

(
− sin θ
cos θ

)

= − sin θ~i + cos θ~j .

The vectors~u (θ) and~u ′(θ) are perpendicular unit vectors.

~u (θ) θ

~u ′(θ)

Then we have

~x (θ) = f(θ)~u (θ),

so by the product rule one has

~x ′(θ) = f ′(θ)~u (θ) + f(θ)~u ′(θ).
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~x ′(θ)

~x ′(θ)

f ′(θ)~u (θ)

f(θ)~u ′(θ)

~x ′(θ)

~u (θ)
~u ′(θ)

ψ
ψ

Since~u (θ) and~u ′(θ) are perpendicular unit vectors this implies

v(θ) = ‖~x ′(θ)‖ =
√

f ′(θ)2 + f(θ)2.

The length of the piece of the curve between polar anglesα andβ is therefore

(70) Length=
∫ β

α

√

f ′(θ)2 + f(θ)2 dθ.

You can also read off that the angleψ between the radiusOX and the tangent to the curve
satisfies

tanψ =
f(θ)

f ′(θ)
.

58. Problems

58.1. Sketch the curves which are traced out by the following parametrizations. Describe
the motion (is the curve you draw traced out once or several times? In which direction?)

In all cases the parameter is allowed to take all values from−∞ to∞.
If a curve happens to be the graph of some functionx2 = f(x1) (or y = f(x) if you

prefer), then find the functionf(· · · ). Is there a geometric interpretation of the parameter
as an angle, or a distance, etc?

(i ) ~x (t) =

(
1 − t
2 − t

)

(ii ) ~x (t) =

(
3t+ 2
3t+ 2

)

(iii ) ~x (t) =

(
et

et

)

(iv ) ~x (t) =

(
et

t

)

(v) ~x (t) =

(
et

e−t

)

(vi )~x (t) =

(
t
t2

)

(vii ) ~x (t) =

(
sin t
t

)

(viii ) ~x (t) =

(
sin t
cos 2t

)

(ix ) ~x (t) =

(
sin 25t
cos 25t

)

(x) ~x (t) =

(
1 + cos t
1 + sin t

)

(xi ) ~x (t) =

(
2 cos t
sin t

)

(xii )~x (t) =

(
t2

t3

)
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Geometrically described curves.

58.2. Find parametric equations for the curve traced out by the point X in each of the
following descriptions.
(i ) A circle of radius 1 rolls over thex1 axis, andX is a point on a spoke of the circle at a
distancea > 0 from the center of the circle (the casea = 1 gives the cardioid.)
(ii ) A circle of radiusr > 0 rolls on the outside of the unit circle.X is a point on the
rolling circle (These curves are calledepicycloids.)
(iii ) A circle of radius0 < r < 1 rolls on theinsideof the unit circle.X is a point on the
rolling circle.
(iv ) Let O be the origin,A the point(1, 0), andB the point on the unit circle for which
the angle∠AOB = θ. ThenX is the point on the tangent to the unit circle throughB for
which the distanceBX equals the length of the circle arcAB.
(v)X is the point where the tangent line at~x (θ) to the helix of example 48.7 intersects the
x1x2 plane.

Shooting a cannon

58.3. A cannon with muzzle velocity of 1200 ft/sec is fired at an angle of elevation of8◦

above the horizontal. The trajectory is governed by Newton’s law

m~a = −mg~j

whereg = 16ft/sec2. (Note that the massm of the cannonball cancels.)
(i ) Find the horizontal and vertical components of the velocity at the moment of firing.
(ii ) Find the position of the cannonballt seconds after firing. (Assume that the cannon is
at the origin and is fired in the positive direction along the horizontal axis.
(iii ) How high does the cannonball go?
(iv ) How far does the cannonball go?
(v) What should the angle of elevation be so that the cannonballtravels 22500 feet?

Product rules.

58.4. If a moving object has position vector~x (t) at timet, andif it’s speed is constant,
then show that the acceleration vector is always perpendicular to the velocity vector. [Hint:
differentiatev2 = ~v •~v with respect to time and use some of the product rules from§50.]

58.5.If a charged particle moves in a magnetic field~B , then the laws of electromagnetism
say that the magnetic field exerts a force on the particle and that this force is given by the
following miraculous formula:

~F = q~v ××× ~B .

whereq is the charge of the particle, and~v is its velocity.
Not only does the particle know calculus (since Newton found~F = m~a ), it also knows

vector geometry!
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Show that even though the magnetic field is pushing the particle around, and even
though its velocity vector may be changing with time, its speed v = ‖~v‖ remains con-
stant.

58.6.NEWTON’s law of gravitation states that the Earth pulls any object of massm towards
its center with a force inversely proportional to the squared distance of the object to the
Earth’s center.
(i ) Show that if the Earth’s center is the origin, and~r is the position vector of the object of
massm, then the gravitational force is given by

~F = −C ~r

‖~r ‖3 (C is a positive constant.)

[No calculus required. You are supposed to check that this vector satisfies the description
in the beginning of the problem, i.e. that it has the right length and direction.]
(ii ) If the object is moving, then itsangular momentumis defined in physics books by the
formula~L = m~r ×××~v . Show that, if the Earth’s gravitational field is the only force acting
on the object, then its angular momentum remains constant. [Hint: you should differentiate
~L with respect to time, and use a product rule.]

Curve sketching, using the tangent vector.

58.7.Consider a triangleABC and let~a ,~b and~c be the position vectors ofA,B andC.
(i ) Show that the parametric curve given by

~x (t) = (1 − t)2~a + 2t(1 − t)~b + t2~c ,

goes through the pointsA andC, and that at these points it is tangent to the sides of the
triangle. Make a drawing.
(ii ) At which point on this curve is the tangent parallel to the sideAC of the triangle?

58.8.Let~a ,~b ,~c ,~d be four given vectors. Consider the parametric curve (known
as aBezier curve)

~x (t) = (1 − t)3~a + 3t(1 − t)2~b + 3t2(1 − t)~c + t3~d

where0 ≤ t ≤ 1.
Compute~x (0),~x (1),~x ′(0), and~x ′(1).
The characters in most fonts (like the fonts used for these notes) are made
up of lots of Bezier curves.

58.9.Sketch the following curves by finding all points at which thetangent is either hori-
zontal or vertical

(i ) ~x (t) =

(
1 − t2

t+ 2t2

)

(ii ) ~x (t) =

(
sin t
sin 2t

)

(iii ) ~x (t) =

(
cos t
sin 2t

)

(iv ) ~x (t) =

(
1 − t2

3at− t3

)

(v) ~x (t) =

(
1 − t2

3at+ t3

)

(vi ) ~x (t) =

(
cos 2t
sin 3t

)

(vii ) ~x (t) =

(
t/(1 + t2)

t2

)

(viii ) ~x (t) =

(
t2

sin t

)

(ix ) ~x (t) =

(
1 + t2

2t4

)

(in these problems,a is a positive constant.)

Lengths of curves.

58.10.Find the length of each of the following curve segments. An “
∫

” indicates a difficult
but possible integral which you should do; “

∫∫
” indicates that the resulting integral cannot
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reasonably be done with the methods explained in this course– you may leave an integral
in your answer after simplifying it as much as you can. All other problems lead to integrals
that shouldn’t be too hard.
(i ) Thecycloid~x (θ) =

(
R(θ−sin θ)
R(1−cos θ)

)

, with 0 ≤ θ ≤ 2π.

(ii )
[∫∫ ]

Theellipse~x (t) =

(
cos t
A sin t

)

with 0 ≤ t ≤ 2π.

(iii )
[∫ ]

Theparabola~x (t) =

(
t
t2

)

with 0 ≤ t ≤ 1.

(iv )
[∫∫ ]

TheSine graph~x (t) =

(
t

sin t

)

with 0 ≤ t ≤ π.

(v) Theevolute of the circle~x =

(
cos t+ t sin t
sin t− t cos t

)

(with 0 ≤ t ≤ L).

(vi ) TheCatenary, i.e. the graph ofy = coshx =
ex + e−x

2
for −a 6 x 6 a.

(vii ) The Cardioid, which in polar coordinates is given byr = 1 + cos θ, (|θ| < π), so

~x (θ) =

(
(1 + cos θ) cos θ
(1 + cos θ) sin θ

)

.

(viii ) TheHelix from example 48.7,~x (θ) =





cos θ
sin θ
aθ



, 0 ≤ θ ≤ 2π.

58.11.Below are a number of parametrized curves. For each of these curves find all points
with horizontal or vertical tangents; also find all points for which the tangent is parallel
to the diagonal. Finally, find the length of the piece of thesecurves corresponding to the
indicated parameter interval (I tried hard to find examples where the integral can be done).

(i ) ~x (t) =

(
t1/3 − 9

20 t
5/3

t

)

0 ≤ t ≤ 1

(ii ) ~x (t) =

(
t2

t2
√
t

)

1 ≤ t ≤ 2

(iii ) ~x (t) =

(
t2

t− t3/3

)

0 ≤ t ≤ √
3

(iv ) ~x (t) =

(
8 sin t

7t− sin t cos t

)

|t| ≤ π

2

(v) ~x (t) =

(
t√

1 + t

)

0 ≤ t ≤ 1
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(The last problem is harder, but it can be done. In all the other ones the quantity under the
square root that appears when you set up the integral for the length of the curveis a perfect
square.)

58.12. Consider the polar graphr = ekθ, with −∞ < θ < ∞, wherek is a positive
constant. This curve is called thelogarithmic spiral.
(i ) Find a parametrization for the polar graph ofr = ekθ.
(ii ) Compute the arclength functions(θ) starting atθ0 = 0.
(iii ) Show that the angle between the radius and the tangent is thesame at all points on the
logarithmic spiral.
(iv ) Which points on this curve have horizontal tangents?

58.13.TheArchimedean spiralis the polar graph ofr = θ, whereθ ≥ 0.
(i ) Which points on the part of the spiral with0 < θ < π have a horizontal tangent? Which
have a vertical tangent?
(ii ) Find all points on the whole spiral (allowing allθ > 0) which have a horizontal tangent.
(iii ) Show that the part of the spiral with0 < θ < π is exactly as long as the piece of the
parabolay = 1

2x
2 betweenx = 0 andx = π. (It is not impossible to compute the lengths

of both curves, but you don’t have to to answer this problem!)

58.14.Compute the curvatureκ of the ellipse
(
x1

x2

)

=

(
a cos t
b sin t

)

as a function oft. Sketch the curve whena = 4 andb = 3. At which points on the curve
is the curvature largest? Smallest?
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VII. If There’s Time

59. Conic Sections

A coneis a three dimensional figure constructed from a plane curve by drawing all the
line segments form a pointO called theapexof the cone to a pointP of the curve; the
apexO should not lie in the plane of the curve. The figure formed by extending the line
segmentsOP in both directions is also called a cone, and the resulting linesOP are called
thegeneratorsof the cone. The apex of a cone separates it into two parts called thenappes
of the cone. When the plane curve is a circle and the apex lies on the line through the
center of the circle and perpendicular to the plane of the circle the cone is called aright
circular cone.

A conic sectionis the intersection of a plane with a right circular cone. If the plane does
not pass through the apex of the cone there are three possibilities:

(1) If the plane intersects both nappes, the resulting conicsection is ahyperbola.
(2) If the plane intersects only one nappe but intersects every generator, the resulting

conic section is called anellipse.
(3) If the plane intersects only one nappe and is parallel to some generator, the result-

ing conic section is called aparabola.

If F1 andF2 are given points (in a plane) and2a > d(F1, F2), then the set of all points
P such that

(1) d(P, F1) + d(P, F2) = 2a

HereF1 andF2 are two points called thefoci and the number2a is thediameterof the
ellipse. Hered(P,Q) means the distance fromP to Q. If F is a point,D is a line, and
0 < e < 1, then the set of all pointsP such that

(2) d(P, F ) = e d(P,D)

is the ellipse with eccentricitye, directrixL, and corresponding focus atF .
The distanced(P1, P2) from the pointP1(x1, y1) to the pointP1(x2, y2) is given by the

Pythogorean formula:

d(P1, P2) =
√

(x1 − x2)2 + (y1 − y2)2.

The distance from a pointP to a lineD is (by definition) the distance fromP to the nearest
point toP onD.

59.1. Show that if the foci have coordinatesF1(−c, 0) andF2(c, 0) then a pointP (x, y)
lies on the ellipse (1) if and only if

(3)
x2

a2
+
y2

b2
= 1
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whereb2 = a2 − c2.

59.2. Show that ifF has coordinatesF (c, 0), a = c/e. and the lineD has equation
x = a/e, thenP (x, y) lies on the ellipse if and only if (3) holds.

59.3.Show that ifF is at the origin and the directrix has equationx = k/e then the ellipse
has polar equation

(4) r =
k

1 + e cos θ

Warning: In Equation (4) the origin is a focus, but in Equation (3) it is not.

59.4.A parabolais the set of all pointsP such that

d(P, F ) = d(P,D).

HereF is a point called thefocusof the ellipse andF is a line called thedirectrix. Show
that if F has coordinatesF (0, p), and the lineD has equationy = −p, thenP (x, y) lies
on the ellipse if and only if

(5) x2 = 4py.

59.5. (Parabolic Mirror) Let P (a, b) lie on the parabola (5) andL be the tangent line
to the parabola atP . Show that the line fromF (0, p) to the pointP and the vertical line
x = a throughP make equal angles with the tangent lineL to the parabola atP . Hint:
Let α be the angle that the lineFP makes with thex-axis,β be the angle that the line
FP makes with the tangent lineL, andγ be the angle between the tangent lineL and the
x-axis. Thenα+β−γ = 0 (as the angles of a triangle sum toπ), and we are asked to prove
thatβ = (π/2)− γ. The tangent of the angle between a line and thex-axis is its slope, the
slope of the tangent line is the derivative, and the additionformula for the tangent is

tan(A+B) =
tanA+ tanB

1 − tanA tanB
.

59.6. (Whispering Gallery)Let P (a, b) lie on the ellipse (3) andL be the tangent line to
the ellipse atP . Show that the lines fromF1(−c, 0) andF2(c, 0) to the pointP make equal
angles with the tangent lineL. Hint: Letα be the angle betweenF1P and thex-axis,β be
the angle betweenF2P and thex-axis, andγ be the angle betweenL and thex-axis. Draw
a picture which shows that you must proveβ − γ = γ − β and prove it using calculus and
the trigonometric addition formula.

60. The Kepler Problem

• Kepler’s first law: A planet moves in a plane in an ellipse with the sun at one
focus.

• Kepler’s second law:The position vector from the sun to a planet sweeps out area
at a constant rate.

• Kepler’s third law: The square of the period of a planet is proportional to the
cube of its mean distance from the sun. (The mean distance is the average of the
closest distance and the furthest distance. The period is the time required to go
once around the sun.)

Let (x, y, z) be the position of a planet in space wherex, y, andz are all functions
of time t. Assume the sun is at the origin(0, 0, 0). We define the position vector~r , the
velocity vector~v , and the acceleration vector~a by

~r = x~i + y~j + z~k , ~v =
dx

dt
~i +

dy

dt
~j +

dz

dt
~k , ~a =

d2x

dt2
~i +

d2y

dt2
~j +

d2z

dt2
~k .
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Newton’s law of motion is
~F = m~a

where~F is the force on the planet andm is the mass of the planet. Newton’s inverse square
law of gravity is

~F = −GMm

|~r |3 ~r

whereG is a universal gravitational constant andM is the mass of the sun. (The inverse
square law is so called because the magnitude|~F | = GMm|~r |−2 of the force~F is pro-
portional to the reciprocal of the square of the distance|~r | from the planet to the sun.)
Newton’s laws imply

(6) ~a =
d2~r
dt2

= −GM~r|~r |3 .

Note thatm cancelled. This means that the mass of the planet does not affect its motion.
(We are assuming that the sun is motionless. In more advancedtreatments, this assumption
is not made.)

First we show that the planet moves in a plane. By the product rule for differentiation

(7)
d

dt
(~r ×~v) = ~v ×~v +~r ×~a

By (6) and the fact that the cross product of parallel vectorsis~0 the right hand side of (7)
is~0 . It follows that the vector

~h =~r ×~v
is constant. We conclude that both the position and velocityvector lie in a plane normal to
~h . Choose coordinates so that this plane is thexy-plane. Then

~h = h~k

for some constant scalerh. (We have assumed~h 6= ~0 ; in case~h = ~0 it can be shown that
the planet moves on a straight line.)

Since the planet moves in thexy plane we have

(8) ~r = x~i + y~j = r cos(θ)~i + r sin(θ)~j

where the polar coordinatesr andθ are functions oft. The derivative of~r is

(9) ~v =

[
dr

dt
cos(θ) − r sin(θ)

dθ

dt

]

~i +

[
dr

dt
sin(θ) + r cos(θ)

dθ

dt

]

~j

From~r ×~v = h~k we get

r cos(θ)

[
dr

dt
sin(θ) + r cos(θ)

dθ

dt

]

− r sin(θ)

[
dr

dt
cos(θ) − r sin(θ)

dθ

dt

]

= h.

After multiplying out and simplifying this reduces to

(10) r2
dθ

dt
= h

The areaA swept out from timet0 to timet1 by a curve in polar coordinates is

A =
1

2

∫ t1

t0

r2
dθ

dt
dt

soA = h(t1 − t0)/2 by (10). This is Kepler’s second law.

Theorem 60.1(Hamilton). The velocity vector~v moves on a circle.
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Proof. Sincer = |~r | equation (6) can be written

(11)
d~v
dt

= −GM
r2

[

cos(θ)~i + sin(θ)~j
]

.

Divide (11) by (10) and use the chain rule:

d~v
dθ

= −GM
h

[

cos(θ)~i + sin(θ)~j
]

.

Now integrate to obtain

(12) ~v =
GM

h

[

− sin(θ)~i + cos(θ)~j
]

+~c

where~c is the constant of integration. Hence|~v − ~c | = GM/h so~v moves on a circle
centered at~c with radiusGM/h. �

Now we can prove Kepler’s first law. Choose coordinates (in thexy plane) so that~c is
parallel to~j (and in the same direction) and lete = (~c ·~j )h/GM so that (12) takes the
form

(13) ~v =
GM

h

[

− sin(θ)~i + (cos(θ) + e)~j
]

.

The cross product of (8) and (13) is

h~k = ~h =~r ×~v =
GMr

h
(1 + e cos(θ))~k

so

(14) r =
k

1 + e cos θ

wherek = h2/GM. Equation (14) is the polar equation of a conic section with eccentricity
e.

Assume that the conic section (14) is an ellipse, i.e. thate < 1. The ellipse (14) has
one focus at the origin and the other on the negativex-axis so the closest and farthest the
planet comes to the sun are given by

rmin = r

∣
∣
∣
∣
θ=0

=
k

1 + e
, rmax = r

∣
∣
∣
∣
θ=π

=
k

1 − e
.

These are the values ofx = r cos(θ) where the~i componentdx/dt of ~v vanishes, i.e. by
equation (12) wheresin(θ) = 0. The quantity

(15) a =
rmin + rmax

2
=

k

1 − e2

is the major semi-axis of the ellipse. The minor semi-axisb can be found by maximizingy
on the orbit. This maximum value ofy = r sin(θ) occurs whendy/dt = 0, i.e. when the
~j component of~v vanishes, i.e. by equation (12) whencos(θ) + e = 0. Thus

(16) b = y

∣
∣
∣
∣
θ=cos−1(−e)

=
k sin(cos−1(−e))

1 + e cos(cos−1(−e)) =
k
√

1 − e2

1 − e2
=

k√
1 − e2

.

The equation for the ellipse on rectangular coordinates is

(17)
(x+ ea)2

a2
+
y2

b2
= 1.
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We now prove Kepler’s third law in the form

(18) T 2 =
4π2

GM

(
rmin + rmax

2

)3

whereT is the period of the planet, i.e. the time it takes the planet to go around the sun
one time. The area of the ellipse isπab so by the second law we get

(19) πab =
1

2

∫ 2π

0

r2 dθ =
1

2

∫ T

0

r2
dθ

dt
dt =

1

2

∫ T

0

h dt =
Th

2

Thus

(20) T 2 =

(
2πab

h

)2

=
4π2k4

(1 − e2)3h2
=

4π2a3k

h2
=

4π2a3

GM
.

The first equality in (20) comes from (19), the second from (15) and (16), the third from (15),
and the fourth from the definitionk = h2/GM of k given after Equation (14). Equa-
tion (18) results by substituting (15) in (20).

Theorem 60.2. Assume that the motion of a particle satisfies Kepler’s first law, i.e. that
the planet moves in an ellipse

(21) r =
k

1 + e cos θ

(this is the same as Equation (14) above) and that the force isdirected toward the origin,
i.e. that

(22) m~a = m
d2~r
dt

= g~r .

Theng = cr−3 (along the orbit) wherec is a constant.

Proof. We are to prove that|m~a | is proportional to1/r2. We introduce the unit vector

~u = cos θ~i + sin θ~j

in the direction~r . Then~r = r~u and the unit vector

d~u
dθ

= − sin θ~i + cos θ~j

is perpendicular to~u . Differentiating the equation~r = r~u twice shows that

~a =

(

d2r

dt2
− r

(
dθ

dt

)2
)

~u + r

(
d2θ

dt2
+ 2

dr

dt

dθ

dt

)
d~u
dθ

From Equation (22) we get

(23)
d2r

dt2
− r

(
dθ

dt

)2

= gr

(24)
d2θ

dt2
+ 2

dr

dt

dθ

dt
= 0.

By Equation (24) the derivative ofr2dθ/dt vanishes so

(25) r2
dθ

dt
= h
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whereh is constant. This reproves Kepler’s second law (10). Differentiate Equation (21)
and use (25) to get

dr

dt
=

ke sin θ

(1 + e cos θ)2
· dθ
dt

=
k2

(1 + e cos θ)2
dθ

dt

e sin θ

k
= r2

dθ

dt

e sin θ

k
=
he sin θ

k

and hence

(26)
d2r

dt2
=
he cos θ

k
· dθ
dt
.

By Kepler’s second law (25) again and (21)

(27) r

(
dθ

dt

)2

=
r2

r

(
dθ

dt

)2

=
h

r
· dθ
dt

=
h(1 + e cos θ)

k
· dθ
dt

so subtracting (27) from (26) gives

(28)
d2r

dt2
− r

(
dθ

dt

)2

=
h

k
· dθ
dt

=
h2

kr2
.

Combining Equations (22), (28) and (23) we get that

m‖~a‖ = gr =
h2

kr2

which shows that the magnitudem‖~a‖ of the force is inversely proportional tor2 as
claimed. �

Historical Remark. Kepler published his laws in 1609. Newton’sPrincipia was pub-
lished in 1687. The proof of Hamilton was published in 1846. Theorem 60.2 proves
Newton’s inverse square law assuming (a) Kepler’s first law (14) and (b) that the force on
the planet is directed towards the sun. Perhaps this is how Newton discovered the inverse
square law of gravitation.
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