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|. Methods of Integration

1. The indefinite integral

We recall some facts about integration from first semesteuhss.

Definition 1.1. A functiony = F'(z) is called anantiderivativeof another functiory =
f(z)if F'(x) = f(x) for all .

< 1.2Example F; (z) = 22 is an antiderivative of (z) = 2z.
Fy(z) = 2% + 2007 is also an antiderivative of(z) = 2x.
G(t) = 1sin(2t 4 1) is an antiderivative of(t) = cos(2¢t + 1). >

The Fundamental Theorem of Calculus states that if a fumgtie f(x) is continuous
on anintervak < = < b, then there always exists an antiderivativer) of f, and one has

b
1) / f(z)dz = F(b) — F(a).

The best way of computing an integral is often to find an anitidéve F' of the given
function f, and then to use the Fundamental Theordgm Kigw you go about finding an
antiderivativeF' for some given functioffi is the subject of this chapter.

The following notation is commonly used for antiderivasve

2) F(x) = / f(z)dz.

The integral which appears here does not have the integrationds: andb. It is called
anindefinite integral as opposed to the integral [d (1) which is callededinite integral
It's important to distinguish between the two kinds of intalg. Here is a list of differences:

INDEFINITE INTEGRAL DEFINITE INTEGRAL

[ f(z)dx is a function ofz. ff f(x)dz is a number.

By definition | f(z)dz is any function f; f(z)dz was defined in terms of Rie-
of x whose derivative ig(x). mann sums and can be interpreted as
“area under the graph of = f(z)", at
least whenyf (z) > 0.

2 is not a dummy variable, for exampley is a dummy variable, for example,
J2zdz = 2?4+ Cand2tdt =t>+C fol 2¢dz = 1, and j;Jl 2tdt = 1, so
are functions of diffferent variables, sofol 9de — fol otdt.

they are not equal.

You can always check the answer
Suppose you want to find an antiderivative of a given funcfign) and after a long and
messy computation which you don't really trust you get ansteer”, F'(z). You can
then throw away the dubious computation and differentiageft(«) you had found. If
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F'(z) turns out to be equal té(z), then yourF(x) is indeed an antiderivative and your
computation isn’t important anymore.

<« 1.3 Example.Suppose we want to findf Inz dz. My cousin Bruce says it might be
F(z) =xlnz — z. Let's see if he’s right:

1
—I(.I'Il(E .I') x I+ nr nr

Who knows how Bruce thought of tfisbut he’s right! We now know thaf Inzde =
rlnz —z + C. >

About “ 4+-C”
Let f(z) be a function defined on some intervak « < b. If F'(z) is an antiderivative of
f(z) on this interval, then for any constafitthe functionF'(z) = F(z) + C will also be
an antiderivative off (). So one given functiorf (z) has many different antiderivatives,
obtained by adding different constants to one given aritideve.

Theorem 1.4. If Fy(x) andFx(z) are antiderivatives of the same functiffr) on some
intervala < x < b, then there is a constafitsuch thatr (x) = Fy(z) + C.

Proof. Consider the differenc€(z) = Fi(z) — Fo(x). ThenG'(z) = F{(z) — Fi(x) =
f(z) — f(x) = 0, so thatG(z) must be constant. Hendg (z) — Fx(x) = C for some
constant. 0

It follows that there is some ambiguity in the notatifrf (z) dz. Two functionsF; (z)
andF;(z) can both equa/ f(x) dz without equaling each other. When this happens, they
(Fy andFy) differ by a constant. This can sometimes lead to confusingtions, e.g. you
can check that

/QSinxcos:cd:r =sin’x
/QSinxcos:cd:r = —cos’x

are both correct. (Just differentiate the two functiehs = and — cos? z!) These two
answers look different until you realize that because oftiggdentity sin® 2 +cos? z = 1
they really only differ by a constantin® z = — cos?® z + 1.

To avoid this kind of confusion we will from now gn
never forget to include the “arbitrary constap®” in
our answer when we compute an antiderivative.

2. Standard Integrals

Here is a list of the standard derivatives and hence the atdmmategrals everyone should
know.

IHe integrated by parts.
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2" dx :n—|—1+0 (n#-1)

In|z|+C

8|~
o
&
I

sin z dz = —cosz+C

tan x dx = —Incosz +C

——dx = arctanz + C

/
/
/
/
/
/

1 T
————dx =arcsinz +C (: — —arccosa:—i—C)

i 2
/dx _11 1—|—sinx+c for 7T< <7T
CcoS & ) nl—sinx 2 . 2

All of these integrals are familiar from first semester chlsu(like Math 221), except
for the last one. You can check the last one by differentiafissingln § = Ina — Inb
simplifies things a bit).

3. Method of substitution

The chain rule says that
dF(G(z)) _ ., ,
T = F(G@)- G (@),
so that

/F’(G(a:)) -G'(z)dx = F(G(z)) + C.

< 3.1ExampleConsider the functiorf(z) = 2z sin(z? + 3). It does not appear in the list
of standard integrals we know by heart. But we do nfitibat2: = %(a? +3). Solet’s
call G(z) = 2% + 3, andF (u) = — cosu, then

F(G(x)) = — cos(z?* + 3)

and
dF(G()) (a2 _
— =sin(z* +3)- 2z = f(x),
F/(G(z)) G'@)
so that

/21: sin(z? + 3) dz = — cos(z? + 3) + C.

2 You will start noticing things like this after doing several exaraple



The most transparent way of computing an integral by swhitit is by introducing
new variables. Thus to do the integral

/ﬂmmamm

where f(u) = F’(u), we introduce the substitutiom = G(z), and agree to writdu =
dG(z) = G'(z) dz. Then we get

/f(G(:v))G’(gc) dz = /f(u) du = F(u) + C.
At the end of the integration we must remember thagally stands foz(x), so that
/f(G(:v))G’(:c) dz = F(u) + C = F(G(z)) + C.

For definite integrals this implies

b
/ [(G(@))G (z)dz = F(G(b)) — F(G(a)).

which you can also write as

b G(b)
3) | H6@)e @ar= [ sdu

G(a)

< 3.2Substitution in a definite integralAs an example we compute

1
x
——d
/0 11220

using the substitution = G(z) = 1 + z2. Sincedu = 2z dz, the associatethdefinite

integral is
1 1
/ rdx = %/— du.
1+ 1‘2 ~—~ u

1 %du

u

To find the definite integral you must compute the new intégmdtounds(0) andG(1)
(see equatior13).) If runs between: = 0 andz = 1, thenu = G(z) = 1 + 22 runs
betweeru =1 + 02 = 1 andu = 1 + 12 = 2, so the definite integral we must compute is

1 2
1
/ %dgc:%/ — du,

which is in our list of memorable integrals. So we find

/1Ld 1/21d — Lnu]? = L2
01—|—x2 I—QIUU—QHU1—2H.



4. The double angle trick

If an integral containsin® z or cos® z, then you can remove the squares by using the
double angle formulas from trigonometry.
Recall that

cos’a —sin?a =cos2a and cos?a+sin®a = 1,

Adding these two equations gives

1
cos? a = B (cos2a+ 1)

while substracting them gives

2

sin“a = = (1 — cos2a) .

1
2
<« 4.1ExampleThe following integral shows up in many contexts, so it is thdmowing:

1
/cosQ:rd:c =3 /(1 + cos 2z)dx

1 1
:§{x+§sin2x}+c

1
:g—i—zsian—i—C.

Sincesin 2z = 2 sin z cos x this result can also be written as

1
/COS2$d$C = g + isinxcos:v—i—C.

>

If you don’t want to memorize the double angle formulas, tiien can use “Complex
Exponentials” to do these and many similar integrals. Hawgxou will have to wait until
we are in§2d where this is explained.

5. Integration by Parts

The product rule states

Lrwew) = T aw) + po S
and therefore, after rearranging terms,
dG(z) d dF(z)
Pla)—— = —(F(2)G(x) - —=G(x).

This implies the formula fomtegration by parts
dG(z) ., dF'(zx)
/F(:C) 1 dz = F(x)G(z) / e G(z)dzx.
<« 5.1Example — Integrating by parts once.

z e doe= x €* —/ e’ 1 do=ze®—-e*+C.
<~ = ~— =
F(z) G'(x) F(z) G(z) G(z) F'(x)

Observe that in this exampt€ was easy to integrate, while the factobecomes an easier
function when you differentiate it. This is the usual stateffairs when integration by



Be careful with all
the minus signs that
appear when you
integrate by parts.

10

parts works: differentiating one of the factoB()) should simplify the integral, while

integrating the other®’(x)) should not complicate things (too much).
d

Another examplesinz = - (— cosx) SO

/xsinxdx:x(—cosx)—/(—cosx)-1d:v == —zcosz + sinz + C.

>

<« 5.2Example — Repeated Integration by Parometimes one integration by parts is not

enough: since®” = & (1¢%) one has

2 oz 262 e
¢ e’ de==x - = 72xdx
F(z) G'(z)
2x 2x 2x
:xze—— € o [ S ods
2 4
2x 2x 2x
9€ e e
=z2°— —< —2r——2+4+C
T {4 Toget }
1
. 2x2€2m 21—{-1821 C

The same procedure will work whenever you have to integrate

/P(:v)e‘” dz

whereP(z) is a polynomial, and is a constant. Each time you integrate by parts, you get

this
/P )e® dz = P(z )——/eamp( ) da

= / P'(z)e™ da.

You have replaced the integrﬁlP(:c)e‘” dz with the integral[ P’(x)e®* dz. This is the
same kind of integral, but it is a little easier since the degf the derivativé’ (x) is less
than the degree aP(z). >

< 5.3Example — My cousin Bruce’s computatioBometimes the facta@’ (x) is “invisi-
ble”. Here is how you can get the antiderivativdof: by integrating by parts:

/lnxd:vz/ln:v 1 dx
<~
F(z) G’(

zlnx-x—/— rzdz
lenx—/ldx

=glnx—2+C.

You can dof P(x)Inz dz in the same way if’(z) is a polynomial. >
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6. Reduction Formulas

Consider the integral

I, = /:17"8‘” dz.

1 1
I, = 2" —e%" — /nx"‘l—e‘” dx

1 n _
— Zphea® _ - Pk 1eam dz.
a a

Integration by parts gives you

We haven’t computed the integral, and in fact the integrat e still have to do is of the
same kind as the one we started with (integrak®df'e®® instead ofx™e®®). What we
have derived is the followingeduction formula

1 n
I, = —z"e*™ — —1I,_ R
axe " 1 (R)

which holds for alln.
Forn = 0 the reduction formula says
1 . 1
Iy = =€, le. /e’” dx = —e® + C.
a a

Whenn # 0 the reduction formula tells us that we have to compljte; if we want to
find I,,. The point of a reduction formula is that the same formula algplies tol,,_1,
andI, -, etc., so that after repeated application of the formula meéeup with Iy, i.e., an
integral we know.

< 6.1ExampleTo compute/ z3¢** dz we use the reduction formula three times:

1 3
I3 = _:CSeaac — __[2
a a

— 1I3eaz_§{lx2€az_ 2]1}
a |a a

a
— 1I3eaz_§{lx2€az_ 2 (lxeaz_ 110)}
a a |a a \a a

Insert the known integral, = %e‘” + C and simplify the other terms and you get

1 3 6 6
z3e dx = 3 — —QxQe‘” + e — —e* + C.
a a a a

<« 6.2Reduction formula requiring two partial integration€onsider
Sp = /:c” sin z dzx.
Then forn > 2 one has

Sy, = —a2" cosx—i—n/x"_l cos z dx

= —z"cosx +na" Lsinz —n(n —1) /ZC”_Q sinz dx.

Thus we find the reduction formula

1

Sp = —a"cosz +nz" " sinz —n(n —1)S,_q.
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Each time you use this reduction, the exponetops by 2, so in the end you get either
Sy or .Sy, depending on whether you started with an odd or even >

< 6.3A reduction formula where you have to solve fgr We try to compute

I, = /(sinx)" dz
by a reduction formula. Integrating by parts twice we get
I, = /(sin )" sinz de

= —(sinz)" ' cosz — /(— cosz)(n — 1)(sinz)" 2 cosz dx

= —(sinz)" tcosz + (n — 1) /(sin x)" "% cos® x du.
We now useos? z = 1 — sin® 2, which gives

I, = —(sinz)" 'cosz + (n — 1) / {sin" %z —sin"z} dz
= —(sinz)" tcosz+ (n— 1), 2 — (n—1)I,.
You can think of this as an equation foy, which, when you solve it tells you
nl, = —(sinz)" *cosz + (n — 1)1, o

and thus implies

1 n—1

I, =——sin" "xzcosx + ——1I,_o. (8)
n n

Since we know the integrals
Iy = /(sin:z:)od:c = /dx =z +Candl; = /sin:cd:z: =—cosz+C

the reduction formul@S) allows us to calculaté, for anyn > 0. [

< 6.4 A reduction formula which will be handy latein the next section you will see how
the integral of any “rational function” can be transformetbiintegrals of easier functions,
the hardest of which turns out to be

dx
fn—/m-

Whenn = 1 this is a standard integral, namely

d
Il :/?1;[2 = arctanx—l—C’.

Whenn > 1 integration by parts gives you a reduction formula. Hereéseomputation:

I, = /(1 + %) " dx

-t [u(-n 22) " g da
S @+ /( J(ta) o 2

2
€T
|
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Apply
x? (1+2%)—1 1 1

(I422)7+tt — (14227t~ (1+a22)" (14 a22)"H!
to get

/——3:—4m—/ L L de=1,—1I
(1 + z2)nt1 - (1+a22)"  (1+a2)ntl —in n+1-

Our integration by parts therefore told us that

= g g 2~ ),

which you can solve fof,, ;. You find the reduction formula
Lot = i T n 2n —1
" 2n (1 + a2)n 2n
As an example of how you can use it, we start with= arctan x + C, and conclude
that

Ip.

dx
R

1 z 211
T2 1142 21 !
= %ﬁ + %arctanx +C.

Apply the reduction formula again, now with= 2, and you get

dx
/7(1 eIt Iy =144

1w 22-1,
T 221+ 2.2 7

=1 a +3.1 + L arctanz
4(1+I2)2 4 21+I’2 2

_1 o 3 L 3

_1(14—:1:2)2 +§1—|—:c2 + g arctanz + C.

7. Partial Fraction Expansion

A rational function is one which is a ratio of polynomials,

fla) = P(@) _ pn” +pa12™ 4+ +p12+po
Q@)  qazd+ gz + -+ qr+qo

Such rational functions can always be integrated, and tbk which allows you to do
this is called gpartial fraction expansion.The whole procedure consists of several steps
which are explained in this section. The procedure itsedf tathing to do with integra-
tion: it's just a way of rewriting rational functions. It is ifact useful in other situations,
such as finding Taylor series (see Hdrt Il of these notes) ampating “inverse Laplace
transforms” (see MTH 319.)

Reduce to a proper rational function
A proper rational functionis a rational functionP(x)/Q(x) where the degree aP(x)
is strictly less than the degree @f(x). the method of partial fractions only applies to
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proper rational functions. Fortunately there’s an addgidrick for dealing with rational
functions that are not proper.
If P/Qisn’'tproper, i.e. ifdegree(P) > degree(Q), then you divideP by @, with result

P(x) R(x)

o o)
whereS(z) is the quotient, an®(z) is the remainder after division. In practice you would
do a long division to find5(z) and R(x).
<« 7.1ExampleConsider the rational function

22— 22 +1

flx) = T 21
Here the numerator has degree 3 which is more than the defgfeadenominator (which
is 2). To apply the method of partial fractions we must firstaddivision with remainder.

One has
z 41 =S(x)
22—z | 23 —2x 42
3 —z?
x2 —2x
x2 —x
-z +2 =R(z)
so that 3y . )
r° — 21 -
flo) =T m i

When we integrate we get
23 -2 41 —x+2

2
- 2
Zx——l—x—i—/ vt dx.

2 2 -1
The rational function which still have to integrate, namg@j—Q, is proper, i.e. its numer-
ator has lower degree than its denominator. >

Partial Fraction Expansion: The Easy Case
To compute the partial fraction expansion of a proper rafdanction P(z)/Q(x) you
must factor the denominat@}(x). Factoring the denominator is a problem as difficult as
finding all of its roots; in Math 222 we shall only do problemberve the denominator is
already factored into linear and quadratic factors, or wlileis factorization is easy to find.
In the easiest partial fractions problems, all the root§¢f) are reall and distinct, so
the denominator is factored into distinct linear factoes, s

P(z) _ P(z)
Qx)  (r—ai)(z—az) - (r—ay)
To integrate this function we find constamts, A, ..., A,, so that
P(SC) o Al A2 An
Q(:C)_:C—a1+x—a2+ +9c—an' (#)

Then the integral is

/ggsc; dr = AyIn|z —ar| + ApInfo — ag| + -+ + ApInf2 — an| + C.
X
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One way to find the coefficients; in (#) is called themethod of equating coefficients
In this method we multiply both sides of (#) with(x) = (x —a1) - - - (x — a,,). The result
is a polynomial of degree on both sides. Equating the coefficients of these polynomial
gives a system af linear equations fory, ..., A,. You get theA; by solving that system
of equations.

Another much faster way to find the coefficiemtsis theHeaviside Tricl. Multiply
equation#) by x — a; and then plug hz = a;. Onthe right you are left wittl; so

4 - P@@—a)| P(a;)
Q@) ., (ai—a)--(ai —ain) (@i = aipr) - (@ — ag)

. . —x+2 .
<« 7.2Example continuedTo mtegrate;lc——i_1 we factor the denominator,
72 —
22 —1=(z—1)(z+1).
. . .o =x+2 .
The partial fraction expansion efﬁ thenis
T2 —

—r+2 -+ 2 A n B )

22—1 (r—1)(z+1) 2z-1 =x+1
Multiply with (z — 1)(x + 1) to get

—z+2=A(x+1)+B(x—-1)=(A+B)x+ (A—- B).
The functions of: on the left and right are equal only if the coefficientidind the constant
term are equal. In other words we must have
A+ B=-landA—- B =2.

These are two linear equations for two unknowhsnd B, which we now proceed to
solve. Adding both equations givest = 1, so thatA = %; from the first equation one
then findsB = -1 - A= —-3.So

—z+2  1/2 32

2 -1 r—1 x+1
Instead, we could also use the Heaviside trick: multip)ywith = — 1 to get

— 2 -1
x + :A—i—Bx
r+1 r+1
Take the limitz — 1 and you find
—1+2 . 1
=A ie.A=—.
1r1 2

Similarly, after multiplying ¢) with 2 + 1 one gets
—x+2 z+1

rz—1 - A:z: -1 +5,

and lettingr — —1 you find
p_-h+2 3
(-1) -1 2

as before.

3 Named after @ VER HEAVISIDE, an electrical engineer in the late 19th and early 20iettucgn
4 More properly, you should take the limit — a;. If you multiply both sides withz — a; and then set
x = a;, then you have effectively multiplied both sides of the duawith zero!
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Either way, the integral is now easily found, namely,

32z +1 2 —z+2
/wdx:x——l—x—i—/ s dx

2 -1 2 2 -1
22 1/2 32
=T - d
2+I+/{x—1 :v—l—l} v
IQ

1
7+x—|—§ln|x—1|—gln|x+1|+0

Partial Fraction Expansion: The General Case
Buckle up.
When the denominatdp(z) contains repeated factors or quadratic factors (or both) th
partial fraction decomposition is more complicated. Inith@st general case the denomi-
nator@(x) can be factored in the form

(4) Q@)=(r—a)® - (z—apn) " (@ +bz+ 1) (22 4+ bpx + )"

Here we assume that the factars- a4, ...,z — a,, are all different, and we also assume
that the factors:2 + byz + c1, ..., 22 + b,z + ¢, are all different.

It is a theorem from advanced algebra that you can always wré rational function
P(z)/Q(x) as a sum of terms like this

P(x) A Bx+C
5 -4 4.4y
© Q@) T amar T @b ey
How did this sum come about?
For each linear factotr — a)* in the denominatof]4) you get terms

Ay n A T Ay
x—a (zv—a)? (x —a)k
in the decomposition. There are as many terms as the expoh#r linear factor that
generated them.

For each quadratic fact¢x? + bz + ¢)* you get terms
B1I + Cl BQZC + 02 + + BmZC + Cm
22 +br+c (22 +bx+c)? (22 + bz + )t
Again, there are as many terms as the expofevith which the quadratic factor appears
in the denominatoi{4).
In general, you find the constants , B,  andC . by the method of equating coeffi-

cients.
<« 7.3ExampleTo do the integral

/ 2 +3
dx
22(x + 1)(x? 4+ 1)2
apply the method of equating coefficients to the form
I2+3 7é+ﬁ+ Ag B1$+Cl BQI"’CQ
2(x+1)(22+1)2 = 2 x+1 2 +1 (22 +1)%°
Solving this last problem will require solving a system ofee linear equations in the

seven unknownsl,, As, Az, B1,C1, By, Cy. A computer program likéMaple can do
this easily, but it is a lot of work to do it by hand. In genertle method of equating

(€X)
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coefficients requires solvinglinear equations im unknowns where is the degree of the
denominator)(x).
See Problefi27 for a worked example where the coefficienfeansl. >

| Unfortunately, in the presence of quadratic factors or aggmblinear fac- I
. tors the Heaviside trick does not give the whole answer; yostmse ..
the method of equating coefficients.

Once you have found the partial fraction decompositi&iii) you still have to integrate
the terms which appeared. The first three terms are of the fadtw — ) ~? dz and they

are easy to integrate:
Ad
/ x=A1n|x—a|+C
a

T —

Adx A
/@—@p:u—mw—wwi+c

if p > 1. The next, fourth term it€X) can be written as

B1I + Cl €z dz
——dz =B —d C | ——
/ 2 +1 . 1/x2+1 T 1/£C2+1
B
= 71 In(z* + 1) + Cy arctanx + Cintegration const.

and

While these integrals are already not very simple, the iatlsg
Bx +C .
——d with 1
/(w2+bx+c)1’ v p=

which can appear are particularly unpleasant. If you reallyst compute one of these,
then complete the square in the denominator so that theraitiadges the form

Ax+ B d
/((z+b>2+a2>P m'

After the change of variables = = + b and factoring out constants you have to do the

integrals
/ du and / u du
(w? + a2 (w2 + a2

Use the reduction formula we found in examipld 6.4 to comphigeintegral.

An alternative approach is to use complex numbers (whichoarthe menu for this
semester.) If you allow complex numbers then the quadratiofsz? + bx + ¢ can be
factored, and your partial fraction expansion only corga@rms of the formd/(x — a)?,
althoughA4 anda can now be complex numbers. The integrals are then easydahswer
has complex numbers in it, and rewriting the answer in terfmeal numbers again can be
quite involved.

8. Problems

Basic Integrals

8.1. Evaluate the following integrals. They shouldn’t requiaa@dy substitutions, integra-
tion by parts, or partial fraction expansions.
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(i) /(6x5—2x*4—7x+3/x—5+4er+7z)dx
(i) /(E—l—g—i—x“—i—aw—i—ax) dx

a T

(iii ) /(f—f'/x_u ! —6ew+1>dx

4 W 2
(iv) [2(3x —5)dx (v) /1 r2dx
(vi) /1(1 — 2z — 32%)dx (vii) /2(5962 — 4z +3)de
0 1
0 1
(viii ) [ 3(5y4 — 6y* + 14) dy (ix) /0 (y° — 2y° + 3y) dy
4 1
() vz dz (xi) 237 dx
) /03 11 /O%G—ﬁ
(xii) /1 (t_2 — t_4) dt (xiii) /1 —a dt
2 2
(xiv) : 562—\/;1 dz (xv) /0 (z* —1)?dx
(xvi) /01 u(vu + u)du (xvii) /11 %dt
2 3
(xviii ) / (z+1/x)*da (xix) / Vb +2dx
1 3
(xx) / 1(x —1)(3z +2) da (xxi) /4(\/Z —2/Vt)dt
1 1
(xxii ) /lgo(e/h %) dr (xxiii ) /0121iud“
. 2¢x — 3 “1-0
(xxiv) /_ Tra dx (xxv) /_ . 112 do
. 0 .. 2t 1
(xxvi) /4<I +1)3dx (xxvii) [5 proa dx
2 2
(xxviii ) et dt (xxix) 2t dt
‘6/0502 +z+1 . /09 12
(xxx) /1 — dx (xxxi) A (x/E + ﬁ) dz
. Lo, 5 8 —1
(xxxii) /0 /(3\/:17_5 + \/:c_4) dx (xxxiii') /1 / ;ﬁ dx
(xxxiv) / sint dt (xxxv) / (cos @ + 2sin ) db
/4 0
. V36 ) 05 dg
(xxxvi) /1 8 5.2 dx (xxxvii ) /(l) 6 Vi
(xxxviii ) 9 A (1/z)dx (xxxix) /é . 8e” dx
(x1) /8 2t dt (xli) L . gdx

8.2. Compute the following integrals.
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(i /3 |z — 1| dz (i) /2 lv — 2% dx @iii ) /2 (x — 2|z]) dx

-2 -1 -1

(iv) /02($2 — |z =1 dz (v) /02”‘81119‘ dé

1 ifo<e <1,

2
8.3./0 () de wheref (z) — {x5

2, fl<ax<2.

x, if —r<xz<0,

sinz, fo<z<m.

8.4. i f(z) dx wheref(x) = {

Basic Substitutions

8.5. Use a substitution to evaluate the following integrals.

2 2 /3
. d .. d
(i) / U—UQ (i) / * x2 (i) / sin® 0 cos 6 d6
. 1 sin 2x . sin 2x
(iv) /2 el (v) /1+cos2:z: T (vi) /1+sin:z: x
. ! 5 ? In 2z . V2 910
(vii) ; 2V1—22dz (viii ) T dz (ix) A 05(14—2{ ) dg
: et
(x) / sinp(cos2p)*dp  (xi) / ae™® da (xii) / i—th
2

Review of the Inverse Trigonometric Functions

8.6. Theinverse sine functionis the inverse function to the (restricted) sine functioa, i
whenr/2 < § < 7/2 we have

6 =sin"!(y) <= y=-sind.

WARNING: sin™!(y) # (siny)~!'. The inverse sine function is sometimes catedsine
function and denoted = arcsin(y).

(i) If y = sin 6, expressin 4, cos §, andtan 6 in terms ofy when0 < 0 < /2.

(if) If y = sin 0, expressin §, cos §, andtan 6 in terms ofy whenn/2 < 6 < 7.

(iii) If y = sin 0, expressin 0, cos 6, andtan 6 in terms ofy when—7/2 < 6 < 0.

dy
V1 =192
terms ofy.

8.7.Express in simplest form:

(iv) Evaluate using the substitutiony = sin @, but give the final answer in

Ini
(i) cos(sin™!(z)); (if) tan {arcsin 11?146 }; (i) sin(2arctanu)
8.8.Draw the graph of) = f(z) = arcsin(sin(:v)), for —27 < 2 < +27. Make sure you
get the same answer as your graphing calculatavi@ple , or Matlab , or Octave , etc.
if you use a computer.)

8.9. Evaluate these indefinite integrals:
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0) / dx (ii) / dzx (i) rdx
V1—22 V4 — a2 V1 — 4zt
and these definite ones:
w [ Yk v [ L w [
12 VE—2? G Vi-a2 o Vi-a?
V3/2 2
8.10. Use the change of variables formula to evaluj([e ———— first using the
12 V1-—a?

substitutionr = sin » and then using the substitution= cos u.
8.11.Theinverse tangent functions the inverse function to the (restricted) tangent func-
tion, i.e. forr/2 < # < w/2 we have

0 =tan"!(w) <= w = tané.

WARNING: tan~!(w) # (tanw)~!. The inverse tangent function is sometimes called
arctangent functionand denoted = arctan(w).
(i) If w = tan#, expressin § andcos 6 in terms ofw when
@iy 0<6<nw/2; @iy w/2<6<m,; (iv) —-m/2<60<0.
d . - : ) :
(v) Evaluate/ 1+—w2 using the substitutiomw = tan 6, but give the final answer in terms
w
of w.

8.12.Evaluate these indefinite integrals:

. dz . dx dx
I — ] —, il N —
(7) /x2+1 (i) /:v2+a2 (ir) /7+3:v2
V3 d a3 d
and these two definite onesvy) / 2_:0 (v) / _
1 r2+1 o 22+ a?
Integration by Parts and Reduction Formulae
8.13.Eva|uate/ 2" Inxz dax wheren # —1.
. n B anrl Inz :Cn+1
< Answer: /m Inzdx = T —(n+1)2+(}. >

8.14. Evaluate/ e sin bx dr wherea? + b2 # 0. [Hint: Integrate by parts twice.]

azx

< Answer: /e” sinbr dz = (asinbz — beosbx) + C. >

a2 + b2

8.15. Evaluate/ e cos br dr wherea? + b2 # 0.

azx

<4 Answer: /eaz cosbr dx = acosbx + bsinbx) + C. >

e
a? + b? (
8.16.Prove the formula

/ac"eﬂE dz = 2"e” — n/:v"_le”” dz
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and use it to evaluatf z2e® dz.

8.17.(i) Prove the formula

. 1 e n—1 e
/sm”xdxz——cos:vsm" Lo+ sin" 2 z de, n#0
n n

(i) Evaluate [ sin? z dz. Show that the answer is the same as the answer you get using
the half angle formula.
™
(i) Evaluate/ sin'* z dz.
0

8.18.Prove the formula

1. _ n—1 _
/cos”xd:vz —sinzcos" 'z + cos" 2 zdu, n#0
n n

w/4
and use it to evaluatf cos? z dz.
0

8.19.(i) Prove the formula

m+1 1 n
/xm(lnx)" dz =2 m(—’—nlx) - mZ— 1 /a:m(ln:z:)"*1 dz, m#£ —1.
and use it to evaluate
(i) /lnxd:v, (iii ) /(ln r)?da, (iv) /x3(ln z)* d.

(v) Evaluate/ x~ ! In 2 dz by another method. [Hint: the solution is short!]

8.20.For an integer. > 1 derive the formula

1
/tan” rdxr = 1 tan” "tz — /tann*2 zdx
n—

/4
Using this, find/ tan® = dz by doing just one explicit integration.

0
8.21.Use the reduction formula from exampl€l6.4 to compute
. dx . dx rdx . 1+2x

S S e — Tt .

O [ O [aiE @ [qim @ [
[Hint: [z/(1 + 2?)"dz is easy.]

8.22. The reduction formula from exampleb.4 is valid for all£ 0. In particular,n
does not have to be an integer, and it does not have to bevgogiind a relation between

/\/1+:c2d:z:and/d7x
Vita?

Integration of Rational Functions

by settingn = —1.

8.23.Express each of the following rational functions as a potyiab plus a proper ratio-
nal function. (Sedd for definitions.)
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) a3 o xS+ 2 oy xP—22—2x-5
(1 I33_4, (i) ey (i) S
. z° —1
(iv) pCRNEE

8.24.Factor the following rational functiong(z). [Hint: f(0) = f(1) = f(2) =0.]

(i) f(z) = 162° — 162* — 5623 + 4022 + 16z

(if) f(z) = 162° — 482 + 3227 — 252° + 75z — 5023

8.25. Write ax?® + bz + c in the forma(x + p)? + ¢, i.e. findp andq in terms ofa,
b, andc (this procedure, which you might remember from high schdégélara is called
“completing the square.”). Then evaluate the integrals

(i) / v (i) / iy / __dr
22 + 62+ 8’ 22 + 62 +10° 522 + 20x + 25°
8.26.(i) Use the method of equating coefficients to find numbkr®, C such that
22 +3 A B C
— ==+ —+
zz+1)(z—-1) 2 z+1 zx-1
22+ 3

and then evaluate the integrgl —— dx

z(z+1)(x—1)

< Answer: We add
é+ B n c A+ 1)(x—1)+Bx(x—1)+ Cx(x+1)
zr x4+l -1 z(x+1)(xz—1)

(A+B+C)z*+ (C—B)x— A
z(z+1)(z—1) '

The numerators must be equal, i.e.
> +3=(A+B+C)2°+(C—-B)z— A

for all z, so equating coefficients gives a system of three lineart@msain three unknownsl, B,
C:

A+B+C=1

C—-B=0

-A=3
soA=-3andB=C=2,i.e.

2?43 3 2 2
:c(:c—|—1;ix—1) :_;+:c+1+:c—1
and hence
/Adx:—31n|:c|+21n|:c+1|+21n|:c—1|+constant >

z(x+1)(xz—1)

(ii) Do this problem using the Heaviside trick.
< Answer: To solve

22+ 3 A B C
—— T =y + ,
z(x+1)(x—1) r x+1 =x-1
multiply by x:
22+ 3 Bx Cx
(z+1)(z—1) 7A+:1:—|—1+x—1

and plug inz = 0 to getA = —3; then multiply byx + 1:
22 +3 _Al@+1) LB+ Cz+1)
z(x —1) x xz—1
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and plug inz = —1 to getB = 2; finally multiply by  — 1:
z? +3 A(x—1)  B(z—1)

:c(:c—l—l): x + z+1 +6
and plug inz = 1 to getC = 2. >
2
8.27.Find the integray T H3
x2(x —1)

< Answer: Apply the method of equating coefficients to the form

2
3 A B C
x° 4+ _A I

22(z—1) =z a2
In this problem, the Heaviside trick can still be used to fifidnd B; we getB = —3 andC = 4.
Then

x—1"

A 3 4 Ax(x — 1) 4+ 3(x — 1) + 42
- =4 —
x x2 x-—1 x2(zx — 1)

soA = —3. Hence

2
/xi% dez = —-3lnz + 3 + 4In(x — 1) 4+ constant
z2(z —1) x

8.28.Evaluate the following integrals:

0 [ W [ iy [ 5
i [ v == O
@ [ eveaeg® 0D /(w—l)gj;)(w—?))dx

. 3 +1
d
o | e
2
8.29.(i) Compute/ % whereh is a small positive number.
1 T\T —
(i) What happens to your answer i) whenh — 0T ?
2 dx
(i) Compute/ —-
1 T
Miscellaneous and Mixed Integrals

8.30.Find the area of the region bounded by the curves

2 22 —8x+7

. ’ 4 2 —4x+5’ 4 2 — 8z + 16

8.31.Let P be the piece of the parabaja= z? on which0 < z < 1.
(i) Find the area betweéh, thez-axis and the linec = 1.
(i) Find the length ofP.

8.32.Let a be a positive constant and

F(z) = /OZE sin(a#) cos(6) d6.
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[Hint: use a trig identity fosin A cos B, or wait until we have covered complex exponen-
tials and then come back to do this problem.]

(i) Find F(x) if a # 1.
(i) Find F'(z) if a = 1. (Don’t divide by zero.)

. dx x+1d
&%qu/ﬂx—U@—m@F' md(/ (@—1)(z—2)(x—3)

8.34.Evaluate the following integrals:

(i) axsinxdx (i) axz cosx dx
/0 1 orda . /01/3 rdx
) \ T (iv) /1 p Vi
4 dzx . rdx
S A o | (vi) /ﬂ+%+w
4 4
(vii ) /Gi%ﬁﬁm (viii ) /F%%M
z? x?
. 22 +1)dz .. 2 +3)dx
(X7) /QF:%‘ “”(/%C%T
(xiii) / @211% (xiv) /eﬁE (x + cos(z)) dz
" ; dx
(xv) /(e +1In(z)) dz (xvi) / RGNS
% 4+ 2x — x?
(xvii) / % dz (xviii ) / g
. x 4
o0 [ e S e
0 N oodii) [ —3F
V1—2x — 22 \3/x2—|—2:c—|—3
(xxiii ) / zlnz dx (xxiv) / z?Inzdz
1 e2
(xxv) /1 z(lnz)? dz (xxvi) /arctan(\/z) dx

(xxvii) /:c(cos x)? dz (xxviii ) /7r v/ 1+ cos(6w) dw
0

8.35. You don't always have to find the antiderivative to find a dedirintegral. This
problem gives you two examples of how you can avoid findinggthiéderivative.

(i) To find
I /”/2 sinz dz
~Jo sinz+cosx

you use the substitutiom = 7/2 — z. The new integral you get must of course be equal
to the integrall you started with, so if yoadd the old and new integraigou get2/. If
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you actually do this you will see that the sum of the old and meegrals isvery easy to
compute.

w/2
(i) Use the same trick to finf sin? x dx
0

8.36.Graph the equation? + y3 = a3. Compute the area bounded by this curve.

8.37. THE Bow-TIE GRAPH. Graph the equatiop? = z* — 6. Compute the area
bounded by this curve.

8.38.THE FAN-TAILED FIsH. Graph the equation

y2_12<a—:1:> a > 0.
a+x

Find the area enclosed by the loop.I{fi: Rationalize the denominator of the integrand. )
8.39.Find the area of the region bounded by the curves

x
T =2, y =0, yleni

8.40. Find the volume of the solid of revolution obtained by ratgtaround ther—axis
the region bounded by the lines= 5, x = 10, y = 0, and the curve

X
V= Va2 £25
. . de .
8.41.Find the integral| secfdf = wosd in four ways.
COS
(i) Verify the answer given in the table in Sectldn 2.
(ii) Show that
1 sec?x +secxtanx
=Ssecxr =
cosST secx + tanx

and observe that the numerator is the derivative of the devador.
(iii ) Show that

1 cos T CcoS T
2

cosz  cos?z  1—sinlz’
and apply the substitutiom = sin « followed by a partial fraction decomposition to com-

/ dx
pute .
Ccos T

(iv) Show that the substitutifin

0
u = tan -
2
leads to the formulas
1—u? . 2u 2du
COS@ZW, Sln@zm, d :m

dé . . . .
Then evaluat(# secf df = /m using partial fractions. Hints:

tan(0/2) = sinf/2)/cos(0/2),
cos = cos(20/2) = cos*(0/2) — sin?(0/2),
sinf = sin(260/2) = 2sin(6/2) cos(0/2),

SThis is called théNeierstrass substitutionlt transforms an integral of a rational functionsifi # andcos 6
into a rational function of;; the rational function of. can be integrated using the method of partial fractions. The
method is usually to complicated to carry out by hand, bustiisstitution is important in advanced mathematics.
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and the value of one trig function determines the valueslafato a sign.
(v) Are the four answers the same?



27

ll. Taylor's Formula and Infinite Series

All continuous functions which vanish atr = a
are approximately equal at = a
but some are more approximately equal than others.

9. Taylor Polynomials

Definition 9.1. The Taylor polynomial of a function = f(x) of ordefi n ata pointa is
the polynomial

Po(x;a, f) = f(a) + f'(a)(z — a) + fﬁz(!a)

In sigma notation the Taylor polynomial is written

(x_a)2+...+

We usually abbreviat®, (z; a, f) to P,,(xz;a) or even justP, (z).

Note that the zeroth order Taylor polynomial is just a conista

PO(‘T) = f(a)a

while the first order Taylor polynomial is

Pi(z) = f(a) + f'(a)(z — a).

This is exactly thdinear approximation off (z) for = close toa which was derived in
1st semester calculus. The Taylor polynomial generaltzieditst order approximation by
providing “higher order approximations” tf.

For many functiong (z) the Taylor polynomials’, (z) give better and better approx-
imations as you add more terms (i.e. as you incregsd-or this reason the limit when
n — oo is often considered, which leads to tinéinite sum

f"(a)
2!

Pa@) = fa) + @ —a)+ L@ a2 Lo gy
or, in Sigma notation,

*) (g

Poo(a:):zf k!( )(a:—a)k.
k=0

6 A polynomial P(z) is said to haverdern if it has the form
P(x) =co+ciz+ coz? + ...+ cnz™
and havalegreen if ¢, # 0. Recalln! =1-2-3---n, and by definitior0! = 1
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This expression is called thaylor serief for f(z) atz = a. In §I14 below we will make
sense of the “sum of infinitely many numbers” and see thataftisn true thatP,, (z) =
f(=@).
If g(x) = f(a + z), we can use the Taylor polynomial ¢f«) at 0 to approximate
f(z) nearz = a. For example, to approximajz) = /« for z near9 we might as well
approximatey(z) = /9 + « for « near0. For this reason we usually take= 0 in which
case we writeP, (z) instead ofP,, (z; 0), and we get a slightly simpler formula

f"(0) f™o)
o1 24+ o x'",

Pu(z) = f(0) + f'(0)x +

or, in Sigma notation,

nofk)
k=0 ’

Similarly for the Taylor series whein= 0

Po(z) = 1(0) + 1(0) + J“‘//Q(!O)gcgJr f/;(!o)x?’

or, in Sigma notation,

> £(k)
Po(z) = Z f k|(0) 2
k=0 '

Theorem 9.2. The Taylor polynomiaP,,(x; a, f) has the following property: it is the only
polynomial P(x) of ordern whose value and whose derivatives of orders, ..., andn
are the same as those phtx = a, i.e. it is the only polynomial of order for which

P(a) = f(a), P'(a)=f'(a), P"(a)=f"(a), ..., P"(a)=f"Ya)
holds.

Proof. We do the case = 0, for simplicity. Letn be given, and let’s take a polynomial
P(z) of ordern, say,

P(z) = ao—l-alx—l-ang +a’z? + o+ ana”,

and let's see what its derivatives look like. They are:

P(x) = a9 + aiz + axx? + asz® + aqgz? +

P(x) = ar + 2asx +  3asz? + dayx’ 4+
PO(z) = 1-2a9 + 2-3as3z +  3-4daqx? + -
PO(z) = 1-2-3a3 + 2-3-dayx  +---
P(4)(:c) — 1-2-3-4ay +---

When you set: = 0 all the terms which have a positive powerxo¥anish, and you are
left with the first entry on each line, i.e.

P(0) =ag, P'(0)=a;, P?0)=2a, P®(0)=2-3as, etc.

and in general
P®(0) = klay for0 < k < n.

"Whena = 0 this is also called thélaclaurin series
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Fork > n + 1 the derivativeg*) () all vanish of course, sincB(z) is a polynomial of

ordern. If we wantP to have the same values and derivatives at 0 of ordersl,,...,n
as the functiory, then we must havela, = P*)(0) = f*)(0) for all & < n. Thus
(k)
ak:f k|(0) fOfOSkSTL
O

< 9.3 Example: Compute the Taylor polynomials of order 0, 1 and Z(af) = ¢* at
a = 0, and plot them.One has

fla)=e" = [f(x) =e" = ['(z) =",
so that
fO)=1, fO)=1, f"(0)=1.

Therefore the first three Taylor polynomials fifr) = e* ata = 0 are

A y=e"

3+
25T

27 =]+x

2
=1+x+X /2
v / 15T

y=7 1
T

05T

FIGURE 1. Polynomials approximating’ nearxz = 0

Po(I) 1
P(z)=1+ux

1
Py(x)=1+z+ 5172.

The graphs are found in Figutk 1. As you can see from the graéipdJaylor polynomial
Py (z) of order 0 is close te” for smallz, by virtue of the continuity oé”

The Taylor polynomial of order 0, i.2,(z) = 1 captures the fact that by virtue of
its continuity does not change very muchristays close ta: = 0.

The Taylor polynomial of order 1, i.é? () = 1 + = corresponds to the tangent line to
the graph off () = ¢*, and so it also captures the fact that the funcif¢mn) is increasing
nearr = 0.

Clearly P, (x) is a better approximation " than Py (z).
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The graphs of botly = Py(z) andy = P;(x) are straight lines, while the graph of
y = e” is curved (in fact, convex). The second order Taylor polyramaptures this
convexity. In fact, the graph of = P»(z) is a parabola, and since it has the same first
and second derivative at = 0, its curvature is the same as the curvature of the graph of
y=-c"atx =0.

Soitseemsthat = P,(z) = 1 +x + 22 /2 is an approximation tg = e* which beats
both Py (x) and P (z). >

< 9.4Example: Find the Taylor polynomials ¢fz) = sinz. When you start computing
the derivatives ofin = you find

f(z) =sinz, f'(x)=cosz, f"(z)=—sinz, [P (z)=—cosz,
and thus
f®(x) =sinz.

So after four derivatives you're back to where you started, the sequence of derivatives
of sin x cycles through the pattern

sinx, cosx, —sinx, —cosz, sinx, sinx, cosx, —sinx, —cosz, sinx, ...
on and on. Atz = 0 you then get the following values for the derivativé®) (0),

J[1|2[3] 4 |5][6]7][8 |-
fa [ojrfol-1]oft]o|-1]--

This gives the following Taylor polynomials

P()(ZC) =0
Pi(z)=x
Py(z) =2z
3
x
Piy(z) =2 — 30
3
x
Py(z) =2 — 30
¥ 2P
Ps(z) =z 3 A

Note that sincef(?(0) = 0 the Taylor polynomialsP; () and P»(z) are the same! The
second order Taylor polynomial in this example is reallyyompolynomial of order 1. In
general the Taylor polynomid, (z) of any function is a polynomial of degree at mast

and this example shows that the degree can sometimes kily d&ss. (See Footnolg 6 in

ga.) >

10. Some special Taylor polynomials

Here is a list of functions(z) whose Taylor polynomial®,(z) = P,(x;0, f) are
sufficiently regular that you can write a formula for thih term.
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/N L
7 NG

FIGURE 2. Taylor polynomials off (z) = sinx

. 2 I3 "
R S L2t

—si _ (1)

f(z) =sinw, P2n+1($)—17—§+§—ﬁ+ +(-1) (271—}-1)!'
22 gh 46 g
f(z) = cosz, Pz"(x)zl_ﬁ—’—ﬂ_a—’“”—’—(_l) ek

1 . .
fl@) = T Puz)=1+a+2* +23+2* 4+ ...+ 2" (Geometric Series)

2 3 4 n
f(x) =In(1+ ), Pn(x):x—%—i—%—%-i—---—i—(—l)"“%.

All of these Taylor polynomials can be computed directlynfrthe definition, by re-
peatedly differentiating ().

11. The Remainder Term

The Taylor polynomialP, (x) is almost never exactly equal #{x), but often it is a
good approximation, especially if is small. To see how good the approximation is we

define the “error term” or, “remainder term”.

Definition 11.1. If f is ann times differentiable function on some interval containing
then

is called thenth order remainder (or error) term in the Taylor polynomidl f.
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We usually writeR,, (z; a) instead ofR,,(z; a, f). If a = 0, as will be the case in most
examples we do, then we wrif, (z) instead ofR,, (z; a).
<« 11.2Examplelf f(z) = sinz then we have found thadt; () = = — 12®, so that

R3(z) =sinz — x + $a°.

This is a completely correct formula for the remainder telomt,it's rather useless: there’s
nothing about this expression that suggests:trhaté:c3 is a much better approximation to
sinz than, sayz + gz >

The usual situation is that there is no simple formula forrtainder term.
< 11.3An unusual example, in which there is a simple formula®pz). Consider
f(x) =1—2+32? —1523. Then you find

Py(z) =1 —x + 327, sothatRy(z) = f(z) — Po(z) = —152°.

The moral of this example is thisiven a polynomiajf (x) you find itsnth order Taylor
polynomial by taking all terms of degreen in f(x); the remainderR,,(z) then consists
of the remaining terms. >

< 11.4Another unusual, but important example where you can coefpufz). Consider
the function

1
f@)= 7=
Then repeated differentiation gives
, - 1 (2) 1.2 (3) ~1-2-3
f (I) - (1_$)25 f (I) - (1_$)37 f (CC) 1—1')47
and thus L9.3
(M)(p) = 227201
f (I) (1 _ .T)n-’_l °
Consequently,

1
f™0)=n = Eﬂ")(o) —1,
and you see that the Taylor polynomials of this function agdly simple, namely
Pyx)=1+z+2*+2° +2*+.. +a"

But this sum should be really familiar: it is just tl@eometric Sum(each term isc times
the previous term). Its sum is givenﬂ)y

1— gnt!
Pyz)=1+z+2+2°+2" + - 42" = T
— X
which we can rewrite as
1 xn-ﬁ-l xn-ﬁ-l
Pn = —_ = —_
(x) 1—=x 1—=x f(:v) 1—=x
The remainder term therefore is
xn-l—l

8Multiply both sides withl — z to verify this, in case you had forgotten the formula!
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12. Lagrange’s Formula for the Remainder Term

Theorem 12.1. Let f be amn + 1 times differentiable function on some internfatontain-
ingx = 0. Then for every: in the intervall there is & betweerd) andx such that

f(n+1)(§) In-ﬁ-l
(n+1)! '

(¢ betweerD) andx means eitheb < £ < x orz < £ < 0, depending on the sign af)

This theorem (including the proof) is similar to the Meand&aTheorem. The proof is
a bit involved. It appears at the end of this chapter.

There are calculus textbooks which, after presenting thisainder formula, give a
whole bunch of problems which ask you to figdfor given f andx. Such problems
completely miss the point of Lagrange’s formula. The parihiateven though you usually
can’t compute the mystery poiéitprecisely, Lagrange’s formula for the remainder term
allows you toestimateit. Here is the most common way to estimate the remainder:

Theorem 12.2(Estimate of remainder term)f f is ann + 1 times differentiable function
on an interval containing = 0, and if you have a constanf such that

R,(z) =

‘f(”“)(t)‘ < M for all t betweerh andz,

then
M|$|n+1

|Rn ()] < m

Proof. We don’t know what is in Lagrange’s formula, but it doesn’t matter, for wheneve
itis, it must lie betwee® andz: so that our assumption impligs(™ 1) (¢)| < M. Put that
in Lagrange’s formula and you get the stated inequality. O

< 12.3How to compute: to a few decimal placesConsiderf(z) = e*. We computed
the Taylor polynomials before. If you set= 1, then you get = f(1) = P,(1) + R,.(1),
and thus, taking. = 8,

1+1+1+1+1+1+1+1+1+R()
e =
T 4! 6l 7! 8

By Lagrange’s formula there is@betweer) and1 such that
O o _ €
17 =—.
9! 9!
(remember;f(xz) = e*, so all its derivatives are algd.) We don't really know wheré€ is,

but since it lies betweef and1 we know thatl < e¢ < e. So the remainder teriig(1)
is positive and no more than'9!. Estimatinge < 3, we find

Rs(1) =

$<Rg() 3
Thus we see that
1+1+1+1+ +1+1+i<e<1+1+1+1+ —1-1—1-1—1-i
2t 3! 708 9l 2t 3! 708 9l

or, in decimals,
2.718281... < e < 2.718287...
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<« 12.4Error in the approximationsinxz ~ z. In many calculations involvingin x for
small values ofr one makes the simplifying approximatieimz =~ =z, justified by the

known limit )
smx

lim =1.
z—0 X
Question: How big is the error in this approximation?
To answer this question, we use Lagrange’s formula for theneder term again.

Let f(x) = sinz. Then the first order Taylor polynomial gfis
Pi(x) =z

The approximatiosin z = z is therefore exactly what you get if you approxim#te) =
sin x by its first order Taylor polynomial. Lagrange tells us that

f(z) = Pi(x) + Ri(z), i.e. sinx = x + Ry(x),
where, sincef”(z) = —sinz,

"
Ri(z) = fz—(!g)xQ = —1isin¢- 2’
for some¢ betweerD andz.
As always with Lagrange’s remainder term, we don’t know vetgeis precisely, so we
have to estimate the remainder term. The easiest (but ndtetste see below) way to do
this is to say that no matter whats, sin ¢ will always be betweer-1 and1. Hence the

remainder term is bounded by
1 |Ri(2)] < 52,
and we find that
xr — %:102 <sinx < x + %:102.

Question: How small must we chooseto be sure that the approximatigim z ~ x isn’'t
off by more thanl % ?

If we want the error to be less thas of the estimate, then we should requ%ré to
be less than% of |z|, i.e.

122 <0.01- |z| & |z| < 0.02

So we have shown that, if you chodsé < 0.02, then the error you make in approximating
sin x by justx is no more thar %.

A final comment about this example: the estimate for the en®rgot here can be
improved quite a bit in two different ways:

(1) You could notice that one hasin z| < z for all z, so if £ is betweerd andz, then
|sin¢| < |¢] < |z|, which gives you the estimate

|Ri(z)] < 3|zf* instead oftz® asin(Y).

(2) For this particular function the two Taylor polynomidfs(z) and P;(z) are the

same (becausg’(0) = 0). SoPz(x) = x, and we can write
sinz = f(z) = 2 + Ra(x),
In other words, the error in the approximatign = ~ z is also given by thesecondorder
remainder term, which according to Lagrange is given by
Ra() = =S8y s

which is the best estimate for the errosin xz ~ = we have so far.

|Ra ()] < glaf,
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13. The limit as =z — 0, keepingn fixed

Lagrange’s formula for the remainder term lets us write afiomy = f(x), which is
defined on some interval containing= 0, in the following way

fOO) o FO) o SO

6) @)= F(0) + 10+ — T

Note that the last term contains thdrom Lagrange’s theorem, which dependsigrand
of which you only know that it lies betwedhandz.

Here is an MPORTANT THEOREM which is very helpful when you want to compute
Taylor polynomials.

Theorem 13.1.If f(x) andg(x) aren times differentiable functions and i, (z;0, f) =
P, (z;0,9), then

) i @) — g(@)

x—0 xn

=0.

Conversely, if the functiong(x) andg(x) satisfy [) then they have the sargh order
Taylor polynomials.

In other words, if two functions have the samih order Taylor polynomial, then their
difference is much smaller thatt* for small enough.

14. Little-oh

Landau introduced the following notation which many pedipld useful. By definition

“o(z™)" is an abbreviation for any functioh(x) which satisfies
h
lim ﬂ

z—0 "

=0.

So you can rewritd{7) as

f(@) = g(@) = o(@") (z —0), or| f(z) = g(x) + o(a"), (x = 0) |

The last equation is pronounced g&#) is equal tog(z) plus little-oh ofz™ asx goes to
zero.” The intuitive interpretation is thgtx) andg(x) are almost the same, and that they
differ by something which is negligible comparedit®, at least for very small values of

With Landau’s notation Theorem IB.1 says that tw@imes differentiable functions
f(z) andg(z) have the sameth order Taylor polynomial if and only if

f(x) =g(x) +o(z") (z—0)
The nice thing about Landau’s little-oh is that you can cotapuith it, as long as you obey
the following (at first sight rather strange) rules whichlwi proved in class

2" o(2™) = o(x™™) (v —0)

oz") - o(z™) = o(z""") (x —0)
2 =o(z") (x—0) ifn<m
o(z™) +o(z™) =o(z") (z —0) ifn<m
o(Cz"™) =o(z") (x—0) for any constan€

<« 14.1Example: prove one of these little-oh rule&et’s do the first one, i.e. let's show
thatz™ - o(z™) is o(z"™™) asz — 0. Remember, if someone writed - o(z™), then the
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0.5

Y

FIGURE 3. How the powers stack up

o(z™) is an abbreviation for some functiériz) which satisfiedim,_.o h(z)/z™ = 0. So
thez™ - o(z™) we are given here really is an abbreviationf6h(x). We then have
x"h(x) h(x)

>

< 14.2Canyou see that® = o(x?) by looking at the graphs of these functiona®icture

is of course never a proof, but have a look at fidire 3 which shaw the graphs aof = z,
22, 23, 24, 2° andx'°. As you see, whem approaches, the graphs of higher powers of
2 approach the:-axis (much?) faster than do the graphs of lower powers.

You should also have a look at figure 4 which exhibits the gsagfly = 22, as well
as several linear functions= Cx (with C = 1,3, + and;.) For each of these linear
functions one has? < Cz if x is small enough -how small is small enough depends
on C. The smaller the constant, the closer you have to keepto 0 to be sure that?
is smaller tharCz. Nevertheless, no matter how sméllis, the parabola will eventually
always reach the region below the lipe= Cx. >

%2
X/2

X/5
x/10

Y

FIGURE 4. Inthe end (ag — 0) the parabola always wins
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< 14.3Example: Little-oh arithmetic is a little funnyBoth 22 andx? are functions which
areo(x) asx — 0, i.e.

2?2 =o(x) (r — 0) and 2® =o(z) (z — 0)

Nevertheless? # z3. So in working with little-oh we are giving up on the prinagthat
says that two things which both equal a third object must Bedves be equal; i.e. = b
andb = cimpliesa = ¢, but not when you're using little-ohs! You can also put igithis:
just because two quantities both are much smaller thasxz: — 0, they don't have to be
equal.

In particular, you can never cancel little-ohs!!!
In other words, the following is pretty wrong

o(z?) —o(z®) =0 (z —0).

Why? The twoo(z?)'s both refer to function&(x) which satisfylim, . h(z)/2? = 0,
but there are many such functions, and the @ )’s could be abbreviations for different
functionsh(x).

Contrast this with the following computation, which at fisght looks wrong even
though it is actually right:

o(z?) —o(2?) = o(2?) (z — 0).

In words: if you subtract two quantities both of which are ligigle compared ta:? for
smallz then the result will also be negligible compared:fofor smallx.
>

15. Computations with Taylor polynomials

In principle the definition of?, () lets you compute as many terms of the Taylor poly-
nomial as you want, but in many (most) examples the communstguickly get out of
hand. To see what can happen go though the following example:
< 15.1How not to compute the Taylor polynomial of order 12f¢f) = 1/(1+z2). Dili-
gently computing derivatives one by one you find

—2x

fx) = AFa22 sof'(0)=0

) = 2 0(0) = ~2
PO =2 50/(0) =0
fO(x) = 24%3553”4 sofM(0) =24 = 4!
PO = 2027 ioﬁ)? e 50/ (0) =0
£ () = 7oL F 2La” = 3507 + Ta s0 /() (0) = 720 = 6!

(I +a2)7



38

I'm getting tired of differentiating — can you finf(1?) (z)? After a lot of work we give up
at the sixth derivative, and all we have found is

Ps(x) =1 — 2% + z* — ab.
By the way,
1— 7822 + 7152 — 171625 + 1287 2% — 286 210 + 13212
(14 22)13
and479001600 = 12!. >

< 15.2The right approach to finding the Taylor polynomiakwfy order of f (z) = 1/(1+
x?). Start with the Geometric Series:gft) = 1/(1 — t) then

gt) =1+t +2+ 83+t + - 4" 4 o(t").
Now substitute = —22 in this limit,
g(—$2) =1— ,TQ +$4 _ 1‘6 Lt (_1)nx2n 1o ((_xz)n)

Sinceo ((—22)") = o(z*") and

FA2 () = 479001600

1 1
—_ 2 = =
g(=27) 1—(—22) 1+a2%
we have found
1
oz et e ()" o)

By Theorem[(I3]1) this implies
Pop(z)=1—a2* +2* —2® + .. 4 (1) 2",
>

<« 15.3Example of multiplication of Taylor serieginding the Taylor series ef* /(1+z)
directly from the definition is another recipe for headachiestead, you should exploit
your knowledge of the Taylor series of both factet$ and1/(1 + x):

2242 2343 2454

e =1 204 S g+ e o)
4 2
=1+2x+212+§x3+§$4+0(9€4)
1

H—x=1—1+$2—x3+$4+0(9€4).

Then multiply these two

e . 1—|1—:c = (1+2x+2x2+ §x3+ §ZC4+O(.’L‘4)) (I—z+2%—2°+2" + o(z"))
=1 - z + 22 - 22 + 22 + ofa?)
+ 2 — 222 + 223 — 22 + o(z?)
+ 222 — 222 + 22 4+ o(z?)
+ %x?’ — At 4+ o(zY)
+ %x‘l + o(z*)

1 1
:1+x+x2+§x3+§x4+o(:§4) (x —0)
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<« 15.4Taylor’s formula and Fibonacci number$he Fibonacci numbers are defined as
follows: the first two arefy = 1 andf; = 1, and the others are defined by the equation

(Fib) [Jo = Fo 1+ Jn 2]
So

fo=h+fo=1+1=2,

fs=fot+tfi=2+1=3,

fa=fs+f2=3+2=5,
etc.

The equation (Fib) lets you compute the whole sequence obemnone by one, when
you are given only the first few numbers of the sequerfgea(d f; in this case). Such an
equation for the elements of a sequence is calletarsion relation

Now consider the function

fla) = ——

Cl—z—22
and let
Po(x)=co+ 1z + cox? + c3x® + - -
be its Taylor series.
Due to Lagrange’s remainder theorem you have, forrany

1

Tp———— co+ 1z + cax? + ez + -+ ez +o(z™)  (z— 0).

Multiply both sides withl — z — 22 and you get

l=1-z—2%) - (co+crz+cox® + -+ ¢, +0(z") (x—0)
= c + cr + cx? + - 4+ cpa™  + o(a")
— ¢z — 1 — - — cpa™ + o(a™)
— coz? — - — cpox™ — ofz") (x —0)
=co+(c1 —co)x+ (ca —c1 — co)x? + (c3 — ¢ — c1)a +
oot (e — Cp—1 — cp—2)x” +o(z") (x —0)
Compare the coefficients of power$ on both sides fok = 0, 1,...,n and you find

co=1, c1—cg=0 = c1=cg=1, co—c1—cp=0 = ca=c1+cy=2
and in general
Cph—Cn1—Cn2=0 = ¢, =Cn_1+Cpn_2
Therefore the coefficients of the Taylor series («) are exactly the Fibonacci numbers:
cn = fnforn=0,1,2,3,...

Since it is much easier to compute the Fibonacci numberspoedthan it is to compute
the derivatives off () = 1/(1 — x — 2?), this is a better way to compute the Taylor series
of f(x) than just directly from the definition. >

<« 15.5More about the Fibonacci numbers.
In this example you'll see a trick that lets you compute thgldiaseries ofany rational
function. You already know the trick: find the partial fraction decarsjtion of the given
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rational function. Ignoring the case that you have quadegpressions in the denominator,
this lets you represent your rational function as a sum ofisesf the form
A
( —a)p

These are easy to differentiate any number of times, andiieysallow you to write their
Taylor series.

Let’s apply this to the functiorf (z) = 1/(1 — 2 — 2?) from the examplEZIRl4. First we
factor the denominator.

-1+
l—z—22=0 <= 2’+2-1=0 x:T\/g.
The number
1 5
o= +2\/— ~ 1.61803398874989...
is called theGolden Ratio It satisfie§
1
¢+ — =5
¢
The roots of our polynomiat? + x — 1 are therefore
5177—1—\/57_(Zs P EC R
- = 92 - ’ + — 2 - ¢

and we can factor — = — 22 as follows
1—x—a:2:—(x2—|—x—1):—(x—:z:,)(:c—:mr):—(:c—%)(:c—i—(b).

So f(x) can be written as
1 -1 A B
xTr) = = = -+
/(@) 1—2— 22 (x—%)(a:—i—gb) x—% T+

The Heaviside trick will tell you wha#l and B are, namely,

-1 -1 1 1
A = = =y B = [ —
s+o Vb s+o V5
Thenth derivative off (z) is
—1)"p! —1)"p!

(I_ %)n-l-l + (x+¢)n+l

Settingz = 0 and dividing byn! finally gives you the coefficient af” in the Taylor series
of f(z). The result is the following formula for theth Fibonacci number

SO LAY LB (1)"“

B R (_1)"+1 nl (¢)" é
%

Using the values for and B you find

1 " 1
fn—cn—%{gb +1_¢n+1}

2 2 1-v5 —-14++5

1+v5 1+v51—+5 2

1
o prove this, us% =
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16. Differentiating Taylor polynomials

In the Y13 you learned some tricks for evaluating Taylor polynomiiala smart way.
The most powerful trick of all is the following

Theorem 16.1. The Taylor polynomial of the derivative is the derivativethé Taylor
polynomial, i.e. If

Pn(I;O,f):a0+a1x—|—a2:1:2+-~-+an:c"

is the Taylor polynomial of a functiop = f(x), then the Taylor polynomial order— 1
of f'(x) is given by

Po_1(2;0, f) = ay + 2097 + - - - + naz" L.
Proof. Let g(z) = f’(x). Theng(®(0) = f*+1)(0), so that The the Taylor polynomial

for g(x) is
Po_1(2;0,9) = g(0) 4+ ¢'(0)z + <2>(0)‘7’—2 + -+ ¢ D(0) e
w-1(730,9) = g(0) + ¢'(0)z + g T g T
: (@) @) (% () () "
($) = f1(0)+ f(0)x + f (O)E‘F""Ff (O)M
On the other hand, iP, (2;0, f) = ap + a1z + - - - + a,z”, thena, = f*)(0)/k!, so that
k F®(0)
b =g/ O = G
In other words,
(3)
l-a1 = fI(O), 209 = f(2)(0), 3ag = f 2'(0), etc.

So, continuing from ($) you find that
Po_1(7;0,9) = a1 + 2asz + - - - + napz" !
as claimed. O

< 16.2ExampleWe compute the Taylor polynomial ¢fiz) = 1/(1 — x)? by noting that

f(z) = F'(z), whereF(z) = I 1

J— x :
Since the Taylor polynomial of'(z) is 1 + = + 22 + 23 + - - + ™!, TheorenI6]1
implies that the Taylor poynomial @ff () id

Py(z) =142z +32% +42° + -+ (n+ 1)z"
>
< 16.3Example: Taylor polynomials afrctanz. Let f(a) = arctan 2. Then know that
1
f(z) = Ty
By substitution ot = —2? in the Taylor polynomial ofl /(1 — ¢) we had found
P (z)=1-2>+2" -2+ + (=1)"2*" + 0 (z*") .
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This Taylor polynomial must be the derivative Bf,, 1 (z), so we have

1‘3 1‘5 1‘2n+1
Py, —r— 4+ 4. (=1
(@) =@ -4 p e+ (CU
>
17. The limit n — oo, keepingx fixed
Sequences and their limits
We shall call asequenceany ordered sequence of numbesSas, as, . ... for each
positive integer we have to specify a numbey,.
<« 17.1Examples of sequences.
definition first few number in the sequence
an =n 1,2,3.4,...
b =0 0,0,0,0,...
1 11 11
Cn = 10293020
— 1\" 1 1 1 1
dn = (—3) 390 37 Rl
— 1 1 1 1 2 17 943
E, =1+ 5+ ittt 1,2,23,22 217 243
,T?’ $2n+1 ,T?’ 1‘3 1‘5
Py, =z— = o e ST — =, — — ...
tsi(t) =@ = 544 CU G S TR T
>

The last two sequences are derived from the Taylor polynigrofee” (atx = 1) and
sinx (at anyz). The last exampl®, really is a sequence of functions, i.e. for every choice
of z you get a different sequence.

Definition 17.2. A sequence of numbe(s,, )52 ; converges to a limiL, if for everye > 0
there is a numbem, such that for alln > N, one has

lan, — L] < e.
One writes

lim a,, =L

n—oo

The idea of the definition is this. The notatitm,, .., a,, = L means that,, is very
close toL whenn is large, i.e. that, ~ L whenn ~ co. But how close? How large?
When | assert thdim,, ., a,, = L, | am saying that if you tell me how close you want
a, to be toL, then I'll tell how big n has to be. If you want,, to be withine of L,
then you should take bigger thanV.. The small numbet estimates how accuratedy,
approximated..

1
<« 17.3Example: lim — = 0.

n—oo n

The sequence, = 1/n converges td. To prove this lek > 0 be given. We have to
find an N, such that

len| < eforalln > Ne.
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Thec, are all positive, séc,,| = ¢,, and hence
1 1
len| <€ <= —<e <= n>-,
n €
which prompts us to chood€. = 1/¢. The calculation we just did shows thatif> % =
N, then|c,,| < e. That means thdtm,, . ¢, = 0. >
<« 17.4Example: lim " =01if |a| < 1.

As in the previous example one can show thait, .., 2~ = 0, and more generally,
that for any constant with —1 < a < 1 one has

lim a™ = 0.
n—oo
Indeed,
|an| — |a|n — enln\a\ <€

holds if and only if
nlnlal < lne.

Sincela| < 1 we haveln |a| < 0 so that dividing byin |a| reverses the inequality, with

result
Ine

[a"] <€ <= n>
In |a

The choiceN, = (In€)/(In |a|) therefore guarantees that'| < e whenevemn > N.. »

One can show that the operation of taking limits of sequenbeys the same rules as
taking limits of functions.
Theorem 17.5. If
lim a, = Aand lim b, = B,

n—oo n—oo

then one has

lim a, £b,=A+B

lim a,b, = AB
n A .
lim Z— =3 (assumingB # 0).

The so-called “sandwiffl theorem” for ordinary limits also applies to limits of se-
guences. Namely, one has

Theorem 17.6("Sandwich theorem”) If a,, is a sequence which satisfies < a,, < cy
for all n, and iflim,, o b, = lim, _,o ¢, = 0, thenlim,, ., a,, = 0.

Finally, one can show this:

10zar1 of Sandwich, John Montague, was born Nov. 3, 1718 ardl Afil 30, 1792. In John Montague’s
life time, he was a Politician, Naval Administrator, membéthe Bedford Gang, Duke of Bedford, Lord of the
Admiralty, Secretary of state, leader of the Monks, invdrttee sandwich, discovered the Hawaiian Islands, and
devoted his life to gambling.

When the Earl of Sandwich was gambling, he would sit at theigantable for hours without meals.
One day he sent his menservants to get him: 2 slices of breadt, rand cheese. Thus made the sand-
wich. He did this so he wouldn't get his cards greasy. The wa&idwas named after him in 1762. (from
www.kusd.edu/schools/washington/valerimaster _site/academic2/kimd _site/earls.html )
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Theorem 17.7.If f(z) is a function which is continuous at= A, anda,, is a sequence
which converges tal, then

lim f(ap)=f ( lim an) = f(A).
< 17.8Example Sincelim,,_.o, 1/n = 0 and sincef (z) = cosz is continuous at: = 0

we have

. 1
lim cos— = cos0 = 1.
n—oo n

>

<« 17.9 Example.You can compute the limit of any rational function ofby dividing
numerator and denominator by the highest occurring power bfere is an example:

w1 _ 2-(4)?  2-0?

I _
niben? 4 3n  miose 143-1 14302

>

<« 17.10Application of the Sandwich theoreriWe show thatim,, =0intwo
different ways.
Method 1: Sincevn? + 1 > v/n? = n we have
1 1
0< ——=—=<—.
n2+1 n

The sequences)” and% both go to zero, so the Sandwich theorem implies thigtn2 + 1
also goes to zero.

Method 2: Divide numerator and denominator bothyo get

1
Vil

B 1/n B 1 ) = x
an = 7\/@ =f (n) ,  wheref(zx) Nt

Since f(z) is continuous at = 0, and since}L — 0 asn — oo, we conclude that,,

converges t@. >
<17.11 lim x—' = 0 for any real number:.
n—oo M.
If || < 1thenthisis easy, for we would haje”| < 1 for all n > 0 and thus

z" 1 1 1 1

Z < = = < =

n'|~n 1-2.3---(n—1)-n " 1-2.2...2.2  2n-1

—_——————
n—1 factors n—1 factors

which shows thaltim,, _, o, fl—rf = 0, by the Sandwich Theorem.
For arbitraryx you first choose an integé¥ > 2x. Then for alln > N one has

2 ol fe] - Jo] -] ssele] <
n! — 1-2-3---n - 2
N-N-N---N-N /1\"
- 1-2-3---n 2

Split fraction into two parts, one containing the fir§tfactors from both numerator and
denominator, the other the remaining factors:

N N N N N N NV N N
1 2 3 N N+1 n N N+1 N+2
N—— N —
=N~N/N! <1 <1

NN
< —
- N!

a{:iz
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Hence we have

xn

nl

NN /1\"
< _(Z
- N! \2
if 2|2| < N andn > N.

Here everything is independent of except for the last factc(r%)" which causes the
whole thing to converge to zero as— ~o. >

Convergence of Taylor Series

Definition 17.12. Lety = f(x) be some function defined on an interval< = < b
containing0. We say the Taylor serid3,, (z) converges tgf (x) for a givenx if

Tim_ Po(w) = f().
The most common notations which express this condition are
oo o
f(z) = Zf(k)(o)g
k=0
or

$2 I3
Fl@) = FO)+ f(O)z+ f"(O) 5 + fPO) 57+

Convergence justifies the idea that you can add infinitelyynteanms, as suggested by
both notations.
There is no easy and general criterion which you could agply given functionf (z)
that would tell you if its Taylor series converges for anytgaar z (exceptr = 0). On  What does the Taylor se-
the other hand, it turns out that for many functions the Tagéwies does converge fdxz) ries look like when you
for all z in some interval-p < x < p. In this section we will check this for two examplessetz = 0?
the “geometric series” and the exponential function.
Before we do the examples | want to make this point about hotrevg®ing to prove
that the Taylor series converges: Instead of taking the lnfnihe P, (x) asn — oo, you
are usually better off looking at the remainder term. Sifqér) = f(x) — R, (z) you
have

lim P,(z) = f(z) <= lim R,(z) =0

So: to check that the Taylor series 6fx) converges tof (x) we must show that the
remainder tern?,, (x) goes to zero ag — oc.

< 17.13Example: TheGEOMETRIC SERIESconverges for-1 < = < 1. If f(z) =
1/(1 — z) then by the formula for the Geometric Sum you have

1
fl@) = 1—
1_In+l+xn+l
1—2x
xn-ﬁ-l
=l+z4+a”+ - +a"+
1—x
In-ﬁ-l

= Pp(z) +
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We are not dividing by zero sinde| < 1 so thatl — = # 0. The remainder term is

xn-l—l
R, (x) =
(@) = —
(|z| < 1implies Since|z| < 1 we have
1-2>0) ||+ . n+1
. . =] limy, o0 |2 0
lim |R, =1 = = =0.
A, B = i T3 -2 =2
Thus we have shown that the series converges forblk = < 1, i.e.
1

= lim {1+x+x2+---+x”}:1+x+12+x3+...

l—2x n—ooo

>

< 17.14Convergence of the exponential Taylor seridset f(z) = e®. It turns out the
Taylor series ok* converges te” for every value ofc. Here's why: we had found that

x? z"
Pn(x):1+x+5+---+ﬁ,
and by Lagrange’s formula the remainder is given by
n+1

(n+ 1)

R,(z)=¢

where¢ is some number betwe@nandz.
If 2 > 0then0 < & < z so thatet < e”; if z < 0thenz < & < 0 implies that
e¢ < e® = 1. Either way one has® < el”l, and thus
n+1

Ru(a)] < o 1

()l < e T
We have shown before thitn,, .. "1 /(n + 1)! = 0, so the Sandwich theorem again
implies thatlim,, ., | R, (x)| = 0.

Conclusion:
e _ 1 x? s 1 L
e’ = lim +x+i+---+m = +x+i+§+z+---
>
18. Leibniz’ formulas for In2 and =/4
Leibniz showed that
iS4l —m2
1 2 3 45 B
and
1111 1w
1 3 5 7 9 4
Both formulas arise by setting= 1 in the Taylor series for
1’2 1’3 1’4
In(1 —r— 44z
n(l+z)==z 5 + 3 + 1
ZC3 ZC5 ZC7
arctanr = — — + —+ - — -

3 ) 7
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This is only justified if you show that the series actually wenge, which we’ll do here, at

least for the first of these two formulas. The proof of the selcg similar. The following
is not Leibniz’ original proof.
You begin with the geometric sum
n+1,..n+1
1 n (—1)ntignt
142 1+2x
Then you integrate both sides fratn= 0 to x = 1 and get

l—z4+z2 23+ 4+ (=D)"2" =

111 1 Uoda Lantlde
L (=1 = 1)t
1 2%3 +( )n—l-l /01—|—x+( ) /0 142
1 n+1q
:ln2+(—1)"+l/x a
o 1+=z
Instead of computing the last integral you estimate it byrgay
n+1 1, .n+1 1
0< gﬂ“:og/x dxg/x"“dx:L
1+z o l4+=z 0 n+2
Hence ) .
n—l—d
1im(—1)"+1/x L,
n—o00 0o 14z
and we get
11 1 Lantlde
lim ———4+-—--- 4+ (=1)" =In2+ li —1n+1/7
T L L A

=In2.

19. Some proofs

Proof of Lagrange’s formula

For simplicity assume > 0. Consider the function

(0 (n) 0
g(t) = f(0) + f'(0)t + fT()tQ +- 4 fT'()t" + K"t — f(t),
where
(n)
® ot _FO) + fO 4+ T - ()
- InJrl
We have chosen this particul&r to be sure that
g(x) = 0.
Just by computing the derivatives you also find that
9(0) = ¢'(0) = "(0) = --- = g™ (0) = 0,
while
9) gt () = (n+ DK — fOD(1).

We now applyRolle’s Theoremm times:
e sinceg(t) vanishes at = 0 and att = z there exists an; with 0 < z; < x such
thatg’(z1) =0
e sinceg’(t) vanishes at = 0 and att = x; there exists ams with 0 < 29 < 21
such thay/’(z2) = 0
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e sinceg”(t) vanishes at = 0 and att = x5 there exists ams with 0 < 25 < x4
such thay” (z3) =0

e sinceg(™(t) vanishes at = 0 and att = z,, there exists am,,;; with 0 <
Tpi1 < x, such thay™ (z, 1) = 0.

We now set = z,,, 1, and observe that we have shown thét"") (¢) = 0, so by [®) we

get
Fr(e)
(1)
Apply that to [B) and you finally get
F@) = 10+ F ) -t LD gy STIE

n! (n+1)!
Proof of Theorem[I3:1

Lemma 19.1. If h(z) is ak times differentiable function on some interval containing

and if for some integelr < n one hash(0) = h'(0) = --- = h*=1(0) = 0, then
. h(z)  AR(0)
@0 I 2 =

Proof. Just apply I'Hopital’s rule: times. You get

llois

. h(z) =8 . h(x)
ili% xk ili% kak-1

g P@) =
220 k(k — Dah—2
RE=D(z) =3 Rk (0)

Taomok(k—1)- 228 k(k—1)---2-1

First define the functioh(z) = f(z) — g(x). If f(z) andg(z) aren times differen-
tiable, then so i%(x). The condition thaf,,(x; 0, f) = P,(z;0, g) means that

F0)=9(0), f(0)=g'0), ... ["(0)=g"(0),
which says, in terms of(z),
(t) h(0) = W'(0) = 1"(0) = --- = h™(0) = 0,
ie.
P,h(x) = 0.

We now prove the first part of the theorem. Suppdse) and g(x) have the sameth
order Taylor polynomial. Then we have just argued that thdof#®,,(z;0,h) = 0, and
LemmdI8M withk = n) says thatim, ¢ h(x)/z™ = 0, as claimed.

To conclude we show the converse also holds. So supposkithat, h(x)/z™ = 0.
We'll show that () follows. If () were not true then there would be a smallest integer
k < n such that

h(0) = K'(0) = h"(0) = --- = K*=1(0) = 0, buth®(0) # 0.



20. Problems

Taylor's
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This runs into the following contradiction with Lemrha9.1
(k) n
PO gy D) gy D@D 2 gk

k! z—0 gk z—0 " xk z—0

()

0#

Here the limit(x) exists because > k.

formula

20.1.(i) A fourth degree polynomiaP(x) satisfies
P(0)=1, P'(0)=-3, P"(0)=-8, P"(0)=24.

Find P(x).
(i) A fourth degree polynomiaP(z) satisfies
P(2)=1, P'(2)=-3, P’'(2)=-8, P"(2)=24.
Find P(z).
20.2.Let f(x) = 1 + o — 22 — 2. Compute and grapBy(z), P (z), P»(x), P3(z), and

P,(z), as well asf(x) itself (so, for each of these functions find where they arétipes
or negative, where they are increasing/decreasing, andHaéhflection points on their
graph.)

20.3.Find Py(z) andPy(x) for f(x) = cosx. GraphP,(x) andPy(z) as wellagy = cosx

in one picture. (As before, find where these functions ardtigesor negative, where
they are increasing/decreasing, and find the inflectiontpain their graph. This problem
can&should be done without a graphing calculator.)

20.4.Find thenth degree Taylor polynomia®, (x; a, f) of the following functionsf(x)

n_a  f(@) n_a f(z)

2 0 1+z—2° 1 1 x?

3 0 14+x—2a3 2 1 x?

25 0 1+z—2a° 5 1 1/z

25 2 1+x—a? 5 0 1/(1+2z)

2 1 1+z—23 3 0 1/(1—3x+22?%)

For which of these combinatioris, a, f(z)) is P, (z; a, f) the same ag(z)?
20.5.Find a second degree polynomial (i.e. a quadratic functipfm)) such that

Q(7) = 43, Q'(7) =19, Q" (7) =11.

a Answer: Q(x) = Az® + Bz + C, Q' (z) = 24z + B, Q" (x) = 24, s0A = 11/2, etc. but
it is easy to check that

Q(z) =43+ 19(x —7) + %(z —7)?

satisfiesQ(7) = 43, Q'(7) =19, Q" (7) = 11. >
20.6.Let f(z) = /2 + 25. Find the polynomiaP(z) of degree three such th&t*) (0) =
f®(0) fork =0,1,2,3.

20.7.Compute the Taylor serigR,, (z) for the following functions ¢ is a constant). Give

a formula for the coefficient of™ in Py (x). (Be smart. Remember properties of the
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logarithm, definitions of the hyperbolic functions, parfimction decompositioi.

(i) e” (if) e** (ifi’) sin(3x)
(iv) ﬁ (V) In(1 + 2) (vi) In(2 + 2z)
(vii) Inv1+x (viii') In(1 + 2x) (ix) In{(1 +z)(1+2x)}
00 /3 00 4 (i) 1=
(xiii ) sinz + cosx (xiv) 2sinz cosx (xv) tanz (3 terms only)
(xvi) 1+ 2° — 22" (xvii) (1 + x)®

20.8.Find the Taylor series for the functions

coshz = ete” and sinhz = l,
2 2
and compare with the Taylor series
s (_1)kx2k ] & (_ka%—ﬁ-l
= ———— and s = L 7
COS & ];) (2k)! s ; 2k + 1)

20.9.Find the Taylor series for the following functions, by sutding, adding, multiply-
ing, applying long division and/or differentiating knowarges for——, e*, sinx, cosz

1+x?
andln z.
(i) e (i) e +e (iii ) e~
14z 1 . In(1+2)
(V) 1—=x ) 1+22 (vi) x
.. x 1 .
(vii) 1e_x (viii') \/ﬁ (ix) arcsinzx

20.10.Find P;(x) for these functions:

. .. 1
(i) tanz (ii) e7% cos 2z (i) ————
1—2—22

20.11. There are two ways (at least) to find the Taylor series of edcheofollowing
functions:

() Y/1+2t+ 2 (i) In(1 — ¢2) (iii ) sint cost
20.12.Compute the Taylor series of the following two functions
f(z) =sinacosz 4+ cosasinz and g(x) = sin(a + z)
whereq is a constant. Do the same for the two functions
h(z) = cosacosx —sinasinz and k(x) = cos(a + z).
20.13.The following questions ask you to discowéewton’s Binomial Formula

14z = i (i)xk

k=0
which is just the Taylor series f@t + 2)?. Newton’s formula generalizes the formulas for
(a+b)?, (a +b)3, etc that you get using Pascal’s triangle. It allows nongatexponents
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which can be both positive and negative. TBiaomial Theoremstates that this series
converges whefx| < 1.

(i) Find the Taylor series of (z) = 1+ (= (1 + z)'/?)

(i) Find the coefficient ofr* in the Taylor series off(z) = (1 + x)™ (don't do the
arithmetic!)

(ii ) Let p be any real number. Compute the terms of de@rek 2 and3 of the Taylor
series off (z) = (1 + z)?.

(iv) Compute the Taylor polynomial of degreeof f(x) = (1 + z)?, i.e. find the coefefi-
cients(?) in Newton’s Binomial Formula above.

(v) Write the result of §) for the exponentp = 2,3 and also, fop = —1, -2, -3 and
finally for p = 3.

Lagrange’s formula for the remainder

20.14. Find the fourth degree Taylor polynomi&,(z) = Ps(x;0, f) for the function

f(z) = cosz and estimate the erroptos z — Py(z)| for |z| < 1.
< Answer:

f@) = fV(@) = cos,  f'(2) = O (a) = —sinz, f'(x) = —cosz, fO(z)=sinaz,
SO

fO =20 =1 fO)=rP0=0  f(0)=-1

and hence the fourth degree Taylor polynomial is

4
_ f<k)(0)xk B 562 £C4
Pl =2 gy =l-g g
The error is
R4(CC) _ f(5)(€)x5 _ (—sinf)x5

51 5!
for some unknowtrg betweerD andz. As |sin¢| < 1 we have

2 4 5
T x T 1
COS‘T—<1_E+I)’:|R4($)|S|5_!|<ﬁ

for |z| < 1. >

20.15.Find the4th degree Taylor polynomidty (x) = Py (z;0, f) for the functionf (z) =
sin z. Estimate the errdrsin z — Py(x)| for |z| < 1.

20.16.(Computing the cube root 8) The cube root 08 = 2 x 2 x 2 is easy, and is only
one more thas. So you could try to comput&’9 by viewing it as/8 + 1.

(i) Let f(x) = ¢/8+ z. Find P»(z) = Py(x;0, f), and estimate the erropf/9 — P (1)).
(i) Repeat parti{ for “n = 3”, i.e. computePs(x) and estimatéy/9 — P3(1)].

20.17.Follow the method of problefl6 to compud 0:

(i) Use Taylor’s formula withf (z) = v/9+ z, n = 1, to calculate\/10 approximately.
Show that the error is less than216.

(ii) Repeat withm = 2. Show that the error is less thard003.

20.18.(i) Find the eighth degree Taylor polynom#aj(x) = Ps(x;0, f) about the poin®
for the functionf (z) = cos z and estimate the erroros x — Ps(z)| for |z| < 1.
(i) Now find the ninth degree Taylor polynomial, and estimate « — Py (x)| for || < 1.
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Little-oh and manipulating Taylor polynomials

20.19. Are the following statement$rue or False?In mathematics this means that you
should eitheshow that the statement always hotdlsegive at least one counterexample,
thereby showing that the statement is not always true.

(i) (1 +2%)? -1 =o(x) (i) 1+2?)* =1 =o0(z?) (ii)V1i+z—V1—x=o0(z)
(V) oz) +0(@) = o) (V)olx)—o(x) =olx)  (vi)o(x)- ofx) = ofx)
(vii) o(z?) + o(x) = o(2?) (viii ) o(z?) — o(x?) = o(x®)  (iX) 0o(22) = o(x)

(X) o(z) + o(z?) = o(x) (xi) o(x) + o(z?) = o(2*)  (Xii) 1 — cosz = o(x)
(asz — 0, in all cases).

20.20.

(i) For which value(s) ok is V1 + 22 = 1 + o(z*) (asz — 0)?

(i) For which value(s) ok is v/1 + 22 = 1 + o(2*) (asz — 0)?

(i ) For which value(s) ok is 1 — cos 22 = o(z*) (asz — 0)?
20.21.Let g,, be the coefficient of™ in the Taylor series of the function

_ 1

2-3x+a2

(i) Computegy andg; directly from the definition of the Taylor series.

(ii) Show that the recursion relatign = 3g,,—1 — 2g.,,—2 holds for alln > 2.

(iii ) Computegs, g3, g4, gs-

(iv) Using a partial fraction decomposition gfz) find a formula forg(™)(0), and hence
for g,,.

(v) Answer these same questions if we had started with

g(z)

T 2—x

h(x):2—3:c—|—:c2 or k($):2—3:c—|—:c2'

20.22.Let h,, be the coefficient o™ in the Taylor series of
1+
hz) = ———.
PR P
(i) Find a recursion relation for thig, .
(ii) Computehyg, hq, ..., hs.

(iii ) Derive a formula for,, valid for all n, by using a partial fraction expansion.
(iv) Is hagosa more or less than a million? A billion?

Limits of Sequences

20.23.Compute the following limits

2 2
i) i i) 1 i) lim ———
(iv) Tim +2n v) lim - *;’n (vi) lim 5 J;n
, 2 1000™ _ l+1
(vii) lim o (viii ) lim 000 (ix) lim s
n—00 (1.01)" n—oo n! n—s 00 (n_;’_ 1)!
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(n})?
(2n)!
20.25.Let f,, be thenth Fibonacci number. Compute
lim I

n—oo fn_1

20.24.Compute lim [Hint: write out all the factors in numerator and denomimgto
n—oo

Convergence of Taylor Series

20.26. (i) Prove that the Taylor series fgi(xz) = cosa converges for all real numbess
(by showing that the remainder term goes to zera as o).
(ii) Do the same for

g(x) = sin(2x) h(z) = cosh(z)
k(z) = ** 13 £(x) = cos (:1: - ;)

20.27.Show that the Taylor series fgi(x) = In(1 + x) convergeswher-1 < = < 1 by
integrating the Geometric Series

EN R S + (=)™ 4 ( 1)"+1W+1
T+t 1+t

fromt =0tot = x. (Seedld.)

20.28. (i) Show that the Taylor series fgi(z) = e converges for all real numbeis
(Sett = —2? in the Taylor series with remainder fef.)

(i) Show that the Taylor series fgi(x) = sin(z*) converges for all real numbess (Set

t = x* in the Taylor series with remainder feim t.)

(iii ) Show that the Taylor series fgi(z) = 1/(1 + 23) converges wheneverl < x < 1
(Use the GOMETRIC SERIES)

(iv) For whichx does the Taylor series ¢f(z) = 2/(1 + 42?) converge? (Again, use the
GEOMETRIC SERIES)

20.29.The error function from statistics is defined by

1 T
erf(z) = —/ e t/2 qt
0

™

(i) Find the Taylor series of the error function from the Tayderies off(r) = e" (set

r = —t%/4 and integrate).

(ii) Estimate the error term and show that the Taylor serieseoéthor function converges
for all realx.

20.30.Prove Leibniz’ formula forg by mimicking the proof in sectiofi’18. Specifically,
find a formula for the remainder in :

1

TI;E::1—t2+--~+(—wnﬁ"4—R%Aﬂ

and integrate this from=0tot = 1.
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Approximating integrals

20.31.(i) ComputePs (t) = P»(t;0,sin) and give an upper bound f&: (t) = Ra(t; 0, sin)
for 0 < ¢t < 0.25. Hint: Use the Lagrange formula for the remainder and thé tfeet
| cos(€)] < 1to get an inequality of fornR,(t) < Mt3/6 as in TheoreriI212.

0.5

(ii) Use part {) to approximate/ sin(2?) dz, and give an upper bound for the error in
0
your approximation. Hint:

0.5 0.5 0.5 6
/ Ro(x?) dx S/ |Re(a?)| da < Mz dx
0 0 0
0.5
(why?) and it is easy to evaluate ~ P»(2?) d.
0.1 0
20.32. Approximate arctan z dr and estimate the error in your approximation by

analyzingP; () anng(:z:) wheref(x) = arctanx.

20.33.Approximate/0.1 2%~ dx estimate the error in your approximation by analyz-
ing P3(t) and R3(t) w%eref(t) =te L.

20.34. Estimate " \/1+—:v4d:c with an error of less tham0—*. Hint: Use a Taylor

0
polynomial P, (x; 0, f) wheref(z) = v/1 + z%. Use the method in the previous problems
for various values of. until you succeed.

0.1
20.35.Estimate/ arctan x dx with an error of less than 0.001.
0
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lll. Complex Numbers

21. Complex numbers

The equation:? + 1 = 0 has no solutions, because for any real numbke square:2
is nonnegative, and s’ + 1 can never be less than In spite of this it turns out to be
very useful toassumehat there is a numbérfor which one has
(11) i = —1.

Any complex numberis then an expression of the form-+ bi, wherea andb are old-
fashioned real numbers. The numhsgs called thereal partof a + bi, andb is called its
imaginary part.

Traditionally the letters andw are used to stand for complex numbers.

Since any complex number is specified by two real numbers an&isualize them by
plotting a point with coordinatgs:, b) in the plane for a complex numbe#s-bi. The plane
in which one plot these complex numbers is called the Complxe, or Argand plane.

FIGURE 5. A complex number.

You can add, multiply and divide complex nhumbers. Here's how
To add (subtracty = a + bi andw = c + di
z4+w=(a+bi)+ (c+di) = (a+c)+ (b+ d)i,
z—w=(a+bi)—(c+di) =(a—c)+ (b—d)i.
To multiply z andw proceed as follows:
zw = (a+ bi)(c+ di)
= a(c+di) + bi(c+ di)
= ac + adi + bci + bdi?
= (ac — bd) + (ad + be)i
where we have use the defining propefty= —1 to get rid ofi2.
To divide two complex numbers one always uses the followiicdy t
a+bi  a+bi c—di
c+di - ct+di c—di
(a4 bi)(c— di)
(c+di)(c — di)
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Now
(c+di)(c—di) = — (di)? = & — d%* = 2 + d°,
S0
a+bi  (ac+bd)+ (bc — ad)i
c+di c2 4 d?
ac+bd bc—ad .
= + 7
2+d2 2+d?
Obviously you do not want to memorize this formula: instead yemember the trick, i.e.
to dividec + di into a + bi you multiply numerator and denominator with- di.

For any complex numbers = ¢+ di the number — di is called itscomplex conjugate.
Notation:

w=c+di, w=c-—di.

A frequently used property of the complex conjugate is tHiedang formula

(12) wi = (c+di)(c —di) = c* — (di)* = ¢ + d*.
The following notation is used for threal and imaginary partsof a complex numbez. If
z = a+ bithen

a = the Real Part of = Re(z), b = the Imaginary Part of = Jm(z).

Note that botiiez andJImz are real numbels

22. Argument and Absolute Value

For any given complex number= a + bi one defines thabsolute valueor modulus

to be
|z| = Va2 + b2,
s0|z| is the distance from the origin to the poinin the complex plane (see figurk 5).
The angle) is called theargumentof the complex number. Notation:
argz = 0.

The argument is defined in an ambiguous way: it is only definetblia multiple of2r.
E.g. the argument of 1 could ber, or —, or 3w, or, etc. In general one saysg(—1) =
m + 2kw, wherek may be any integer.

From trigonometry one sees that for any complex numbera + bi one has

a = |z|] cosf, andb = |z|sin 0,

so that
|| = |z| cos 0 + i|z| sin@ = |z|(cos § + isin®).
and
sinf b
tanf = = -
cosf a

<« 22.1ExampleFind argument and absolute valuezof 2 + i.
Solution: |z| = v/22 4+ 12 = /5. z lies in the first quadrant so its arguméris an angle

1
between 0 and/2. Fromtan 6 = § we then concluderg(2 + i) = § = arctan 3 *

11 A common mistake is to say thaimz = bi. The “” shouldnot be there.
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23. Geometry of Arithmetic

Since we can picture complex humbers as points in the conpbéere, we can also try
to visualize the arithmetic operations “addition” and “tiplication.” To addz andw one

z+w zZ+w

FIGURE 6. Addition ofz = a + bi andw = ¢+ ds

forms the parallelogram with the origin,andw as vertices. The fourth vertex then is
z + w. See figurgle.

a+ bi

90°

—b a

FIGURE 7. Multiplication ofa + b7 by i.

To understand multiplication we first look at multiplicatiavith <. If 2 = a + bi then
iz =1i(a+ bi) = ia + bi* = ai — b= —b+ ai.

Thus, to formiz from the complex numberone rotates counterclockwise by 90 degrees.
See figuré&l7.
If a is any real number, then multiplication of = ¢ + di by a gives

aw = ac + adi,

soaw points in the same direction, butdstimes as far away from the origin. & < 0
thenaw points in the opposite direction. See figlle 8.
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3w

2w

—2w

FIGURE 8. Multiplication of a real and a complex number

Next, to multiplyz = a + bi andw = ¢ + di we write the product as
zw = (a + bi)w = aw + biw.

Figurd® shows +bi on the right. On the left, the complex numhewas first drawn, then
zw = aw + biw

biw

aw a+bi

0 5,arg \
w 2 \0 = arg z
a

FIGURE 9. Multiplication of two complex numbers

W

aw was drawn. Subsequently andbiw were constructed, and finalbw = aw + biw
was drawn by addingw andbiw.

One sees from figuld 9 that sinze is perpendicular tav, the line segment from 0 to
biw is perpendicular to the segment from Quto. Therefore the larger shaded triangle on
the left is a right triangle. The length of the adjacent s&le|iv|, and the length of the
opposite side i$|w|. The ratio of these two lengthsds: b, which is the same as for the
shaded right triangle on the right, so we conclude that thesériangles are similar.

The triangle on the left igw| times as large as the triangle on the right. The two angles
markedd are equal.

Since|zw| is the length of the hypothenuse of the shaded triangle ofethet is |w|
times the hypothenuse of the triangle on the right,|te] = |w]| - |z].
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The argument ofw is the angled + ¢; sinced = argz andyp = argw we get the
following two formulas

(13) |zw| = |z] - w]
(24) arg(zw) = arg z + arg w,

i.e. when you multiply complex numbers, their lengths get multgd and their argu-
ments get added.

24. Applications in Trigonometry

Unit length complex numbers
For anyf the numberz: = cosf + isiné has length 1: it lies on the unit circle. Its
argumentisirg z = 0. Conversely, any complex humber on the unit circle is of threnf
cos ¢ + i sin ¢, whereg is its argument.

The Addition Formulas for Sine & Cosine
For any two angle8 and¢ one can multiplyz = cos @ + i sin § andw = cos ¢ + i sin ¢.
The productw is a complex number of absolute valitev| = |z| - |w| = 1 - 1, and with
argumenturg(zw) = argz + argw = 6 + ¢. Sozw lies on the unit circle and must be
cos(0 + ¢) + isin(f + ¢). Thus we have

(15) (cos @ + isin@)(cos ¢ + isin @) = cos(f + @) + isin(f + ¢).
By multiplying out the Left Hand Side we get
(16) (cos @ + isin @) (cos ¢ + i sin ¢) = cos f cos ¢ — sin fsin ¢

+ i(sin 0 cos ¢ + cos O sin ¢).

Compare the Right Hand Sides bf}(15) and (16), and you gettiiéian formulas for Sine
and Cosine:

cos(f + ¢) = cosf cos ¢ — sinfsin ¢
sin(f + ¢) = sin 6 cos ¢ + cos @ sin ¢
De Moivre’s formula
For any complex numberthe argument of its squarg is arg(z?) = arg(z-z) = argz +

argz = 2arg z. The argument of its cube igg 2® = arg(z - 2?) = arg(z) + argz? =
arg z + 2arg z = 3arg z. Continuing like this one finds that

a7 arg 2z =n argz
for any integem.

Applying this toz = cosf + isin 6 you find thatz" is a number with absolute value
|z™] = |z|™ = 1™ = 1, and argument arg z = nf. Hencez™ = cosnf + isinnfd. So we
have found
(18) (cosf 4 isin )™ = cosnb + isinnb.

This isde Moivre’s formula.
For instance, fon, = 2 this tells us that

cos 26 + isin 20 = (cos § + i sin§)* = cos? § — sin” § 4 2i cos O sin 6.

Comparing real and imaginary parts on left and right handssttlis gives you the double
angle formulasos § = cos? § — sin® # andsin 20 = 2sin 6 cos 6.
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Forn = 3 you get, using th&inomial Theoremor Pascal’s triangle,
(cos 4 isin )3 = cos® @ + 3i cos® fsin @ + 3i cos O sin? O + 7% sin® 0
= cos® 0 — 3 cosfsin? 0 + (3 cos? fsin § — sin® §)

so that
cos 30 = cos® # — 3 cosfsin® 0

and
sin 30 = cos #sin f — sin® 6.

In this way it is fairly easy to write down similar formulasrfein 46, sin 50, etc.. ..

25. Calculus of complex valued functions

A complex valued functioron some interval = (a,b) C Ris a functionf : I — C.
Such a function can be written as in terms of its real and imagiparts,

(19) f(z) = u(z) +iv(z),
in whichu, v : I — R are two real valued functions.

One defines limits of complex valued functions in terms oftnof their real and imag-
inary parts. Thus we say that

lim f(z)=1L

if f(x) =wu(z)+iv(z), L = A+ iB,and both
lim u(z) = Aand lim v(z) = B

r—xo

hold. From this definition one can prove that the usual liétdrems also apply to complex
valued functions.

Theorem 25.1. If lim,, ., f(x) = L andlim,_,,, g(x) = M, then one has
lim flz) £ g(x) =L+ M,
(

hm f(x)g(x) =

T—T0

. fl@) L
lim , providedM # 0.
T—xq g(x) M p 75

Thederivativeof a complex valued functioffi(z) = u(x) + iv(z) is defined by simply
differentiating its real and imaginary parts:

(20) f!(@) = ' (2) + v/ (2).
Again, one finds that the sum,product and quotient rules la¢tdd for complex valued
functions.

Theorem 25.2. If f,g : I — C are complex valued functions which are differentiable at
somex, € I, then the functiong + g, fg andf /g are differentiable (assumingxy) # 0
in the case of the quotient.) One has
(f £ 9)(x0) = f'(20) £ ¢'(20)
(f9)'(z0) = f'(z0)g(x0) + f(z0)g'(20)
i)’ _ f'(@0)g(wo) = f(x0)g (o)
<9 (z0) = 9(20)?

Note that the chain rule does not appear in this list! Seelpnalfi.t for more about the
chain rule.
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26. The Complex Exponential Function

We finally give a definition ok +%?, First we consider the case= 0:

Definition 26.1. For any real numbet we set

et = cost + isint.
< 26.2Examplec™ = cos 7 + isin7 = —1. This leads to Euler’s famous formula
e +1=0,
which combines the five most basic quantities in mathematjes, ¢, 1, and0. >

Reasons why the definitiol.26]1 seems a good definition.
Reason 1. We haven't defined® before and we can do anything we like.
Reason 2. Substituteit in the Taylor series fog”:
(it)>  (it)*  (it)*
o Tt T
2 3t
=1—t2/20 4 /4 — ...

+i(t—t2/31+87/50 — )

=cost +isint.

et =1+it+

This is not a proof, because before we had only proved theszgence of the Taylor series
for e” if 2 was a real number, and here we have pretended that the seaks®igood if
you substituter = it.
Reason 3. As a function oft the definitio 2611 gives us the correct derivative. Namely,
using the chain rule (i.e. pretending it still applies fongaex functions) we would get
it
d:;t = je’t,
Indeed, this is correct. To see this proceed from our dedin@ic.1:

de’  dcost+isint
dt dt
dcost+ dsint
L
dt dt
= —sint +icost

= i(cost + isint)

Reason 4. The formulae® - e¥ = e* 1Y still holds. Rather, we haveg! % = ¢ite?s. To
check this replace the exponentials by their definition:

e'te’ = (cost + isint)(cos s+ isins) = cos(t + s) + isin(t + s) = et

Requiringe® - e¥ = 1Y to be true for all complex numbers helps us decide what’
shoud be for arbitrary complex numbers- b:.
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Definition 26.3. For any complex number + bi we set

e@tb = ¢ . o — e(cosh + isinb).

One verifies as above in “reason 3" that this gives us the ighaviour under differen-
tiation. Thus, for any complex number= a + bi the function

f(t) =e" = e™(cosbt + isinbt)

satisfies
dert

1=

The complex logarithm function is defined by the condition

=re't

) p+i0 =Log(z) = z=eT",

Sincez = |z|(cosf + i sin ) wheref = arg z we are lead to

Definition 26.4. For any complex numberwe set

Log(z) =In|z| + iargz

The complex logarithm is multivalued (because &g function is). To make it single
valued we have to restrict the domain of the exponentialtfangust like we do when we
define the inverse trig functions. We can do this by by impgd#ire conditions # 0 and
—m <8 <min ({).

27. Other handy things you can do with complex numbers

Certain trigonometric and exponential integrals

You can compute
/ e3% cos 2zdx

by integrating by parts twice. You can also use that2x = Re(e?*), so that

/63JE cos2zdx = /%e(e%ez”)dx

= %e/egmemmdx

= 9%/63”+2”dx

— / 3+21 zdx
(3+2z)m
- { 3+ 2 }
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At this point we are done, at least in principle, since we hgetten rid of the integral.
Still, one would like to remove the complex numbers from theveer, which you do as

follows:
eB+2z ) cos3x +isindz
342 ¢ 3+ 2i
9, (cos3x 4 isin3x)(3 — 2i)
(3+20)(3 — 2i)

_ 9p3cos3x + 2sin3w +i(---)

- 13
SO

3 cos 2ede — e L C=e (2 cossut 2 sinda) +C
/e cos2xdx = e{ 3+2i}+ =e (ﬁCOb a:—l-ﬁsm :c)—l— .

Partial fractions

Consider the partial fraction decomposition
22 +3zx—4 A Bx+C

@-2)@?+4) z-2 2+4
The coefficentd is easy to find: multiply with: — 2 and set: = 2 (or rather, take the limit
x — 2)to get
224+3.2—-4
=
Before we had no similar way of finding andC' quickly, but now we can apply the same
trick: multiply with 22 + 4,

224+ 3z —4 A
— =B C 2oy
(x —2) v+ O+ + ):E—Q’

and substitute: = 2i. This maker? + 4 = 0, with result
(20)2 +3-2i — 4
(21 — 2)
Simplify the complex number on the left:
(20)24+3-2i—4 —4+6i—4
(2i —2) -2+ 2i
—8 + 61
—2+2
(—8 4 6i)(—2 — 2i)
(—2)%2 +22
28 + 41

8
7 n 1
2 2
Sowe gekiB + C = % + % sinceB andC' are real numbers this implies
7 1

B=- C=-.
4’ 2

A:

=2iB+C.
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Integrals and partial fractions

We learned to integrate rational functions using the metbfgghartial fractions ingd.
For example,

1—22 14z 1—=x

1 1/2 1/2
2y

so (if —1 < =z < 1) we get

dz 1 dz 1 dz In(l+2z)—In(l—2a)
/1—:02 2/1+:17+2/1—:17 2 +

We can integrate

1 1/2 1/2
2oy

1422 146z 1—ix

the same way:

/ dz 71/ dz 1/ dz 7L0g(1+ix)—Log(1—i:1:)+C
1+a2 2/ 1+iz 2 B ' '

1 -z 2
To evaluate the expression on the right note that

Log(1 + iz) = In(v/1 + 2?) + i arctan(z)

and
Log(1l —iz) = In(v/1 + 22) — i arctan(z).
When we subtract the real parts cancel so

Log(1 +ix) 2— Log(1 —iz) _ iarctan() ;iarCtan(I) = arctan(z)
7 (3

as expected.

Complex amplitudes
A harmonic oscillation is given by

y(t) = Acos(wt — ¢),

whereA is theamplitude w is thefrequency and¢ is thephaseof the oscillation. If you
add two harmonic oscillations with the same frequencyhen you get another harmonic
oscillation with frequencw. You can prove this using the addition formulas for cosines,
but there’s another way using complex exponentials. It gjkeghis.

Lety(t) = Acos(wt — ¢) andz(t) = B cos(wt — 6) be the two harmonic oscillations
we wish to add. They are the real parts of

Y (t) = A{cos(wt — @) +isin(wt — ¢)} = Ae™!'1% = Ae~ et

Z(t) = B {cos(wt — 0) + isin(wt — 0)} = Be™!~% = Be= "¢t
Thereforey(t) + z(t) is the real part ot (¢) + Z(¢), i.e.

y(t) + 2(t) = Re(Y (1)) + Re(Z(1)) = Re(¥ () + Z(1)).

The quantityY (¢) + Z(t) is easy to compute:

Y(t)+ Z(t) = Ae” ™' + Be e = (Ae™'® 4+ Be ") ™",
If you now do the complex addition

Ae” 4 Be™ = Ce,
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i.e. you add the numbers on the right, and compute the alesadlieC' and argument-«
of the sum, then we see the{t) + Z(t) = Ce’“*~¥), Since we were looking for the real
partofY'(t) + Z(t), we get

y(t) + z(t) = Acos(wt — ¢) + B cos(wt — 0) = C cos(wt — ).

The complex numberde—*?, Be~* andCe~** are called the complex amplitudes for
the harmonic oscillationg(t), z(t) andy(t) + z(¢).

The recipe for adding harmonic oscillations can theref@etmmarized as follows:
Add the complex amplitudes.

28. Problems
Computing and Drawing Complex Numbers

28.1.(i) Compute the following complex numbers by hand, and cheekttswers on your
calculator (if you don’t have a calculator, check them witlhngone else in your class).
(i) Draw all numbers in the complex (or “Argand”) plane (use graph papeuad paper
if necessary).

(iii ) Compute absolute value and argument of all numbers indolve

(14 2i)(2—1) (144)(1+24)(1+ 349)
(i.e. drawl + 24, 2 — ¢ and the product; the same for the other problems)

7;2

.
w

1
i* =
(3
) 1
1.9 4 i,/9)2
(3V2+iV2) T+
) )
3+ 3V
eﬂ'i/3 \/§e3ﬂi/4
eﬂ'i +1 el?ﬂ'i/4
28.2.Letf, ¢ € (—%, %) be two angles.
(i) What are the arguments of= 1 + i tan § and ofw = 1 + i tan ¢? (Draw bothz and

(ii) Computezw.

(iii ) What is the argument afw?

(iv) Computetan(arg zw).

28.3. Find formulas forcos 46, sin 46, cos 50 andsin 66 in terms ofcos 6 andsin 8, by
usingde Moivrés formula.

28.4. In the following picture dravew, 2w, iw, —2iw, (2 + i)w and (2 — i)w. (Try to
make a nice drawing, use a ruler.)
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Re

Make a new copy of the picture, and draw —w and—w.

Make yet another copy of the drawing. Draviw, 1/, and—1/w. For this drawing
you need to know where the unit circle is in your drawing: Di@wircle centered at the
origin with radius of your choice, and let this be the unitctér [Depending on which
circle you draw you will get a different answer!]

Algebraic properties

28.5.Verify directly from the definition of addition and multigliation of complex numbers
that
(i) z+w=w+=z (i) zw = wz (i) z(v+w)=zv+ zw

holds forall complex numbers, w, andz.
28.6.True or False? (In mathematics this means that you shotlerajtve a proof that the
statement is always true, or else give a counterexampleliishowing that the statement
is not always true.)

For any complex humbeesandw one has

(i) Re(z) + Re(w) = Re(z + w) (izFw=z+w
(i ) Im(z) + Im(w) = Im(z + w) (iv) zw = (z)(w)

(V) Re(2)Re(w) = Re(zw) (Vi) 2/w = (2)/ (@)
(vii) Re(iz) = Im(z) (viii ) Re(iz) = iRe(z)
(ix) Re(iz) = Tm(z2) (x) Re(iz) = iTm(z)
(xi) Im(iz) = Re(z) (xii) Re(Z) = Re(z)

The Complex Exponential

28.7.(i) Verify directly from the definition that

, 1
—it
¢ T
holds forall real values oft.
(ii) Show that
. eit 4 o—it - eit _ it
cost = ———, sint = -
2 21

1
(ifi ) Show thatcosh z = cosiz, sinhxz = —sinix
)

28.8. The general solution of a second order linear differentiglagion contains expres-
sions of the formde™#* + Be~%*. These can be rewritten &% cos 5t + Cs sin f3t.
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If Ae?Pt + Be~ "t = 2 cos 8t + 3sin t, then what ared and B?
28.9.(i) Show that you can write a “cosine-wave” with amplitudlend phase as follows

Acos(t — ¢) = Re (ze"),

where the “complex amplitude” is given by= Ae~*¢. (SeefZq).

(i) Show that a “sine-wave” with amplitudé and phase as follows
Asin(t — ¢) = Re (ze™) ,

where the “complex amplitude” is given ky= —iAe .
(ii ) Find A and¢ whereA cos(t — ¢) = 2 cos(t) + 2 cos(t — 37).
(iv) Find A and¢ whereA cos(t — ¢) = 12 cos(t — gm) 4 12sin(t — 37).
(v) Find A and¢ whereA cos(t — ¢) = 12 cos(t — 7/6) + 12 cos(t — 7/3).
(vi) Find A and¢ such thatA cos(t — ¢) = cos (t — ¢7) + V3 cos (t—2m).

Calculus of Complex Valued Functions

28.10.Compute the derivatives of the following functions

1
f(x):x—i—z' g(z) =Ilnzx + iarctanx
hz) = & k(z) = Log- %

11—
Try to simplify your answers.
28.11.(i) Compute

/(cos 2:0)4 dz

by usingcos § = 1 (e’ + e~?) and expanding the fourth power.
(ii) Assuminga € R, compute

/ e (sin a:c) ? de.

(same trick: writesin 6 in terms of complex exponentials; make sure your final answaer
no complex numbers.)

28.12.Usecos a = (e'* + e'®) /2, etc. to evaluate these indefinite integrals:
(i) /cos2 rdx (i) / cos? z du, (i) / cos® zsinz dx,
(iv) /sin3 xdx, (v) / cos® zsin? z dz, (vi) / sin® z dz
/4
(vir) /sin(3:1:) cos(bz) dx (wviii ') / sin?(2x) cos(3z) dz (ix) / sin(3x) cos(z) dx
0
/3 ™/2 /3
(x) / sin®(z) cos?(z)dx  (xi) / sin?(z) cos?(z) da  (xii) / sin(z) cos?(z) dz
0 0 0
28.13.Compute the following integrals when # n are distinct integers.
27 27 2
(i) / sin(mz) cos(nx) dz (i) / sin(nx) cos(nz) dx (i) / cos(max) cos(nz) dx
0 0 0

(iv) /07r cos(ma) cos(nz)dx (V) /0% sin(mz) sin(nx) dz (Vi) /077 sin(mz) sin(nzx) dz
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These integrals are basic to the theorfadirier serieswhich occurs in many applications,
especially in the study of wave motion (light, sound, ecommmyicles, clocks, oceans, etc.).
They say that different frequency waves are “independent”.

28.14.Show thatos z + sinx = C cos(z + [3) for suitable constants' and( and use this
to evaluate the following integrals.

(i) / Gy / A i / A
cosz + sinz (cosz + sinx)? Acosx + Bsinx
whereA and B are any constants.
28.15.Compute the integrals

w/2
/ sin? kz sin® [z dz,
0

wherek and! are positive integers.
28.16.Show that for any integets, [, m

v
/ sin kx sinlzsinmax dx = 0
0

if and only if £ + [ + m is even.
28.17.(i) Prove the following version of the@IN RULE: If f: I — Cis a differentiable
complex valued function, ang : J — I is a differentiable real valued function, then
h = fog:J— Cisadifferentiable function, and one has

W(z) = f'(9(x))g' (x).
(if) Letn > 0 be a nonnegative integer. Prove thatif / — C is a differentiable function,
theng(xz) = f(x)" is also differentiable, and one has

g'(x) = nf(x)" " f'(2).
Note that the chain rule from part (a) dasst apply! Why?
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I\VV. Differential Equations

29. What is a DiffEq?

A differential equationis an equation involving an unknown function and its deriva-
tives. Theorder of the differential equation is the order of the highest daive which
appears. Ainear differential equationis one of form

Y™ +ar @)y 4 ana @)y + an(e)y = k)

where the coefficients; (z), ..., a,(z) and the right hand side(z) are given functions
of z andy is the unknown function. Here
dky
R
Y dxk

denotes théth derivative ofy so this equation has order We shall mainly study the case
n = 1 where the equation has form
Yy +alz)y = k(x)
and the case = 2 with constant coefficients where the equation has form
y' +ay' +by = k(z).

When the right hand sid&(x) is zero the equation is callditbmogeneous lineaand
otherwise it is callethhomogeneous lineator nonhomogeneous linedby some people).
For a homogeneous linear equation the sum of two solutioas@ution and a constant
multiple of a solution is a solution. This property of lineaquations is called tharinciple
of superposition

30. First Order Separable Equations

A separable differential equatiois a diffeq of the form
d
(21) y'(2) = F@)Gy@). or =X =F(a)G(y).
To solve this equation divide b¥(y(x)) to get
1 dy

22 ——— = F(x).
22 Cu@de 1
Next find a functionH (y) whose derivative with respect {ois
1 . dy
23 H(y) = =— <so|ut|0n:H = —>
(23) ) e (¥) e
Then the chain rule implies thdf{22) can be written as
dH (y(z)) _

P F(z).
In words: H(y(z)) is an antiderivative of'(z), which means we can findl (y(x)) by
integratingF’(x):

(24) H(y(x)) = /F(:c)dx +C.
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Once you've found the integral df(x) this gives youy(z) in implicit form: the equation
@34) gives youy(z) as animplicit functionof z. To gety(x) itself you must solve the
equation[[ZK) foy(x).

A quick way of organizing the calculation goes like this:

d , .
To solved—y = F(z)G(y) you firstseparate the variables
X

dy
G(y)

dy = X X
@—/F“d-

The result is an implicit equation for the solutigmvith one undetermined
integration constant.

Determining the constant. The solution you get from the above procedure contains
an arbitrary constant’. If the value of the solution is specified at some giwgni.e. if
y(xg) is known then you can expreésin terms ofy(zo) by using [ZH).

Asnag: You have to divide by~ (y) which is problematic whet(y) = 0. This has as
consequence that in addition to the solutions you found thighabove procedure, there are
at least a few more solutions: the zeroe&:df) (see ExamplEZ30.2 below). In addition to
the zeroes of7(y) there sometimes can be more solutions, as we will see in B=fZ2R
on “Leaky Bucket Dating.”
< 30.1ExampleWe solve

= F(z)dz,

and then integrate,

d
d_j = (1+ 2%)cost.

Separate variables and integrate

d
/—Z :/costdt,
1+ 22

to getarctan z = sint + C. Finally solve forz and you find the general solution
z(t) = tan(sin(t) + C).
>

<« 30.2Example: The snag in actioe apply the method to the first order homogeneous
linear equation

dy

Separating variables and integrating gives

d7Y = —/a(x)dx

soln|Y| = —A(z) + c whereA(z) is an antiderivative ofi(z), i.e. A'(z) = a(z). Hence
|Y| _ eA(m)-i—c _ eceA(w). (*)
No matter how you chooseyou never get the functioki (z) = 0, even though (z) = 0

satisfies the equation. This is because l&fF) = Y, andG(Y") vanishes fol” = 0.
Note however that fronf«) we get

Y = Ce 4@, C = £e°
and if we allowC' = 0 we include the solutio” (z) = 0. >
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31. First Order Linear Equations

There are two systematic methods which solve a first ordeatimhomogeneous equa-
tion 1
= +ale)y = k(). ®)
You can multiply the equation with an “integrating factoot,you do a substitutiop(z) =
C(z)e=4®), wheree=4(*) is a solution of thénomogeneous equatigthat’s the equation
you get by settind:(z) = 0 and replacing by Y'). We found the solutions of the homo-
geneous equation in Examjile-30.2.

The Integrating Factor
Let

A(z) = /a(:z:) dz, m(z) = e,
Multiply the equation f) by the “integrating factorin(z) to get
dy

m(x)a + a(x)m(x)y = m(x)k(z).

By the chain rule the integrating factor satisfies
dm(z) B
= A'(z)m(x) = a(x)m(z).
Therefore one has
dm(z)y _ dy _ dy _
S = m(a) 2+ a(@)m(e)y = m(@) § T +al@)y f = m@)k().

Integrating and then dividing by the integrating factoregithe solution

m%x) (/m(w)k(w) dx + C) .

In this derivation we have to divide by (z), but sincem(z) = ¢4(®) and since exponen-
tials never vanish we know that(z) # 0, no matter which problem we're doing, so it's
OK, we can always divide by (z).

y:

Variation of constants for 1st order equations
Here is the second of solving the inhomogeneous equétijorRecall again that thieo-
mogeneous equatioassociated withi{ is

dY
T +a(x)Y =0. )

As in Exampld=30J2 the general solution of this equation is
Y (2) = Ce=AG) whereA(z) / a(t)dt.
0

where the coefficient' is an arbitrary constant. To solve the inhomogeneous ezugt)
we replace the constaatby an unknown functiod'(z), i.e. we look for a solution in the
form

y = C(z)e 4@,
(This is how the method gets its name: we are allowing theteon§’ to vary.) Then,
because ~“(*) solves the homogeneous equation, we get

y' (@) +a(@)y(e) = C'(z)e 4
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soy(x) = C(x)e~ ) is a solution ifC’ (z)e~4*) = k(z), i.e. if

C(z) = /k(:v)eA(””) dz.

. 1 . . o
Once you notice that—4(®) = —— you realize that the resulting solution is the same
m\r
solution we found before, using the integrating factor.

Either method implies the following:

Theorem 31.1. The initial value problem

D ba@y=ka),  ¥(0)=w,

hasexactly onesolution. It is given by

y = (y0+ / k:(t)eA(t)dt) e @) whereA(z) = / a(t) dt.
0 0

The theorem says three things: (1) there is a solution, @ktis a formula for the
solution, (3) there aren’t any other solutions (for giveitigh valuey(0) = yo.) The last
assertion is just as important as the other two, so I'll sewtiole section trying to explain
why.

32. Dynamical Systems and Determinism

A differential equation which describes how something.(¢hg position of a particle)
evolves in time is called dynamical systemIn this situation the independent variable is
time so it is customary to call itrather thane; the dependent variable, which depends on
time is often denoted by. In other words, one has a differential equation for a fuorcti
2 = z(t). The simplest examples have form

dx
(25) T (z,t).
In applications such a differential equation expressksveaccording to which the quan-
tity x(¢) evolves with time (synonyms: “evolutionary law”, “dynaraldaw”, “evolution
equation forz”).

A good law isdeterministic which means that any solution ¢f{25) is completely de-
termined by its value at one particular timg if you know z at timet = t,, then the
“evolution law” (28) should predict the values oft) at all other times, both in the past
(t < to) and in the futurei(> ty).

Our experience with solving differential equations so ff0and31) tells us that the
general solution to a differential equation lifgX25) camsaan unknown integration con-
stantC. Let's call the general solution(¢; C') to emphasize the presence of this constant.

If the value ofz at some timé is known to be, say,, then you get an equation
(26) x(to; C) = xo

which you can try to solve fo€'. If this equation always has exactly one solut@rhen
the evolutionary law[{25) is deterministic (the valuexdt,) always determines(¢) at all
other timeg); if for some prescribed valug, at some time, the equatior{26) has several
solutions, then the evolutionary lalv{25) is not deterntioi®ecause knowing(t) at time

to still does not determine the whole solutio(t) at times other thaty).
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<« 32.1Example: Carbon Dating.Suppose we have a fossil, and we want to know how
olditis.
All living things contain carbon, which naturally occurstimo isotopes(C14 (unstable)
andCi; (stable). A long as the living thing is alive it eats & breathsd its ratio ofC;5 to
C14 Is kept constant. Once the thing dies the isot@pgdecays intdC;, at a steady rate.
Let 2(t) be the ratio ofC,4 to C;5 at timet. The laws of radioactive decay says that
there is a constarit > 0 such that
dx(t)
d¢
Solve this differential equation (it is both separable arst firder linear: you choose your
method) to find the general solution

z(t;C) = Ce™ ™,

After some lab work it is found that the currefit,/C;5 ratio of our fossil istnow. Thus
we have

= —kx(t).

xnow = Ce_ktnow — C = xnowetnow.
Therefore our fossil'€14/Ci2 ratio at any other time is/was

5(t) = Tnoue" 1),

This allows you to compute the time at which the fossil died.tts time theC14/C12
ratio must have been the common value in all living thingsicivitan be measured, let’s
call it zje. So at the tim&gemise When our fossil became a fossil you would have had
z(tdemised = wite. HeNce the age of the fossil would be given by

! 1 Tif
k(tnow—t ife
Ziife = Z(tdemisd = Tnowe (trow—teemisd  —, tnow — tdemise= T In

>

Tnow

<« 32.2Example: On Dating a Leaky Buckét.bucket is filled with water. There’s a hole
in the bottom of the bucket so the water streams out at a naete.

area =A

h(t) the height of water in the bucket

A area of cross section of bucket h®
a area of hole in the bucket l -

v velocity with which water goes through the hole.

The amount of water in the bucket#sx h(t);
The rate at which water is leaving the bucketig v(t);
Hence
dAh(t)
dt
In fluid mechanics it is shown that the velocity of the wateitgsmsses through the hole
only depends on the heightt) of the water, and that, for some const#ft

o(t) = VER(D).

The last two equations together give a differential equufo 2(t), namely,

dn(t)  a
3 =i Kh(t).

= —av(t).
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To make things a bit easier we assume that the constantsdr&kmj%\/f = 2. Then
h(t) satisfies

(27) R (t) = —24/h(t).
This equation is separable, and when you solve it you get
dh

— =—-1 = /h(t) = —-t+C.

Vi (t)

This formula can't be valid foall values oft, for if you taket > C, the RHS becomes
negative and can't be equal to the square root in the LHS. Bietw < C we do get a
solution,

h(t;C) = (C —t)>.
This solution describes a bucket which is losing water @ttiimeC' it is empty. Motivated

by the physical interpretation of our solution it is natu@abkssume that the bucket stays
empty whert > C, so that the solution with integration constéhts given by

—$)2 <
h(t) = (C—-t)* whent<C
0 fort > C.

Several solutions(t; C) of the Leaking Bucket EquatioR{P7).

We now come to the question: is the Leaky Bucket Equatiorraohétéstic? The answer
is: NO. If you letC be any negative number, thért; C) describes the water level of a
bucket which long ago had water, but emptied out at tiftne 0. In particular, for all these
solutions of the diffeq{d7) you have(0) = 0, and knowing the value df(¢) att = 0 in
this case therefore doesn't tell you wiigt) is at other times.

Once you put it in terms of the physical interpretation it ésually quite obvious why
this system can't be deterministic: it's because you carstwer the questiofif you know
that the bucket once had water and that it is empty now, th@nrhach water did it hold
one hour ago?”

>

33. Higher order equations

After looking at first order differential equations we nowrtto higher order equations.
<« 33.1Example: Spring with a weight.
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A body of massn is suspended by a spring. There are
two forces on the body: gravity and the tension in the
spring. LetF' be the sum of these two forces. Newton'’s
law says that the motion of the weight satisfies=
ma wherea is the acceleration. The force of gravity
is mg whereg=32ft/seé; the quantitymg is called the
weight of the body. We assumdooke’s lawwhich
says that the tension in the spring is proportional to the
amount by which the spring is stretched; the constant
or proportionality is called thepring constant We
write k for this spring constant.

The total force acting on the body is therefore

I_;;raviry

F =mg — ky(t).

According toNewton'’s first/second/third lavthe acceleration of the body satisfieg” =
ma. Since the accelerationis the second derivative of positignwe get the following
differential equation foy(t)

d2

(28) md_to =mg — ky(t).
>
<« 33.2Example: the pendulum.
/4 SN

WF string

F =mg
gravity

The speed of the weight on the pendulumL%‘i, hence its accelerationis= Ld?¢/dt>.
There are two forces acting on the weight: gravity (stremggf direction vertically down)
and the tension in the string (strength: whatever it také®ép the weight on the circle of
radiusL and centerP; direction parallel to the string). Together they leave rméoof size
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Fyravity - sin @ which accelerates the weight. By NewtonB = ma” law you geE

d2e
mL@ = —mgsin 6(t),
or, cancelingns,
d26 g .
>
34. Constant Coefficient Linear Homogeneous Equations
Differential operators

In this section we study the homogeneous linear differeatjgation
(30) ¥ +ary" D+t ap 1y +any =0
where the coefficients, . . ., a,, are constants.
<« 34.1Examples.The three equations

dy

< _y=0

dr Y )

y'—y=0, y'+y=0

y —y=0
are homogeneous linear differential equations with conistaefficients. Their degrees are
1,2,2,and4. >

It will be handy to have an abbreviation for the Left Hand Sid¢30), so we agree to
write L[y| for the result of substituting a functignin the LHS of [3D). In other words, for
any given functiory = y(x) we set

Lly)(2) =y (@) + ay D (@) + - + a1y (@) + any (o).
We call L anoperator. An operator is like a function in that you give it an inputdites
a computation and gives you an output. The difference isdhdihary functions take a
number as their input, while the operatbrtakes a functiory(x) as its input, and gives
another function (the LHS of{B0)) as its output. Since thmpatation ofL[y] involves
taking derivatives ofy, the operatoL is called adifferential operator.
<« 34.2 Example.The differential equations in the previous example comwaspto the
differential operators

Lilyl =y v,
Lolyl =y" -y, Lslyl=y"+y
Lalyl =y™ —y.
So one has
d?sin 2
Lslsin2z] = % —sin 22 = —4sin 2z — sin 22 = —5sin 2z.
T

The superposition principle
The following theorem is the most important property of &indifferential equations.

12a more convincing derivation of this equation uses Newtamid in vector form. See Exam{lE5b.4.
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Theorem 34.3(Superposition Principle)For any two functiong, andy, we have
Llyr + 2] = Lly1] + Llyel].
For any functiory and any constantwe have
Lley] = cLly].

The proof, which is rather straightforward once you know thedo, will be given in
lecture. It follows from this theorem thatifi, ..., y, are given functions, and, ..., ¢
are constants, then

Lleiyn + -+ cpyr]) = anln] + - - + celfyg)-

The importance of the superposition principle is that ibaB you to take old solutions
to the homogeneous equation and make new ones. Namely, if., y; are solutions
to the homogeneous equatidiy] = 0, then so isciy; + - - - + cxyx for any choice of
constantgy, ...,ck.
<« 34.4Example Consider the equation

y" — 4y = 0.

My cousin Bruce says that the two functiongz) = €2* andyz(x) = e~2* both are solu-
tions to this equations. You can check that Bruce is righthyssubstituting his solutions
in the equation.

The Superposition Principle now implies that

y(x) = c16*® + cpe™ "

also is a solution, for any choice of constantsc,. >
The characteristic polynomial

This example contains in it the general method for solvimgdir constant coefficient
ODEs. Suppose we want to solve the equafiah (30), i.e.

Lyl % y™ 4 ayy™ D 4+ a1y + any = 0.

Then the first thing to do is to see if there are any exponeftiationsy = e"* which
satisfy the equation. Since

de™ d2 rT d3 rT
; =re'”, —d82 = r2erT, —de3 =73, etc.
T T T
we see that
(31) Lle™] = (T” a4+ a, i+ an)em.

The polynomial
P(ry=r"+ ar” N+ an_1r + an.
is called thecharacteristic polynomial

We see thay = €™ is a solution ofC[y] = 0 if and only if P(r) = 0.
<« 34.5ExampleWe look for all exponential solutions of the equation

y" — 4y = 0.
Substitution ofy = e"* gives
yl/ _ 4y _ 7,2€rm — 4"t = (T2 _ 4)erm.
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The exponentia¢™ can't vanish, sq;” — 4y = 0 will hold exactly whenr? — 4 = 0,
i.e. whenr = +2. Therefore the only exponential functions which satigfy- 4y = 0 are
y1(z) = €2® andys(z) = e~ 2%, >

Theorem 34.6. Suppose the polynomi&l(r) hasn distinct roots,rs, ..., r,. Thenthe
general solution of.[y] = 0 is

y _ clerlm +026r21 + .. + Cnernw
wherecy, co, . .., c, are arbitrary constants.

Proof. We have just seen that the functiongz) = e™?, ya(z) = €%, y3(x) = ™7,
etc. are solutions of the equatidrijy] = 0. In Math 320 (or 319, or...) you prove that
these are all the solutions (it also follows from the methbdamiation of parameters that
there aren’t any other solutions).

O

Complex roots and repeated roots

If the characteristic polynomial hasdistinct real roots then Theordm 34.6 tells you what
the general solution to the equatidify] = 0 is. In general a polynomial equation like
P(r) = 0 can have repeated roots, and it can have complex roots.
< 34.7ExampleSolvey” + 2y" +y = 0.

The characteristic polynomial B(r) = r? + 2r + 1 = (r + 1)2, so the only root of
the characteristic equatiof + 2r +1 = 0isr = —1 (it's a repeated root). This means
that for this equation we only geheexponential solution, namely(z) = e~ .

It turns out that for this equation there is another solutidwich is not exponential. It is
ya(x) = xze~*. You can check that it really satisfies the equagtin- 2y’ +y =0. »

When there are repeated roots there are other solutiod3{rif = 0, thent/e™ is a
solution if j is a nonnegative integer less than the multiplicity oRlso, if any of the roots
are complex, the phraggneral solutiorshould be understood to megaeneral complex
solutionand the coefficients; should be complex. If the equation is real, the real and
imaginary part of a complex solution are again solutions.onlg describe the case= 2
in detail.

Theorem 34.8. Consider the differential equation

d?y dy

_ 7 -7 =0

dz? +on dz +azy (1)
and suppose that andr, are the solutions of the characteristic equatiorfefa,r+as =

0. Then
(): If r; andro are distinct and real, the general solutior{pfis

Yy =c1e"? + cpe™”.
(i): If r1 = 7o, the general solution df) is
y=cre? 4 coxe”.
(iii): Ifry = a + Bi andry = o — i, the general solution df) is
y = c1%Y cos(Bx) + coe™” sin(fzx).

In each case, andc, are arbitrary constants.
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Case (i) and case (iii) can be subsumed into a single casg csinplex notation:

elaEB)T — 0T (o9 By 4 e sin (B,
(atpi)z (a—pBi)z (a+Bi)z _ o(a—pBi)x
e‘”cosﬁxze —;—e , ewsinﬁx:e 2,6 .
1

35. Inhomogeneous Linear Equations
In this section we study the inhomogeneous linear difféadatuation

y(n) + aly(nfl) + -+ anily/ “+ anly = k(fl}‘)

where the coefficients,, . .., a,, are constants and the functiéf) is a given function.
In the operator notation this equation may be written
Lly] = k().

The following theorem says that once we know one particalat®n y,, of the inhomoge-
neous equatiofi[y] = k(x) we can find all the solutiongto the inhomogeneous equation
Ly] = k(z) by finding all the solutiong,, to the homogeneous equatiéfy] = 0.

Theorem 35.1(Another Superposition PrincipleAssumeLl[y,] = k(x). ThenL[y] =
k(x) ifand only ify = y, + y, whereL[y,] = 0.
Proof. Supposel[y,] = k(z) andy = y, + y5,. Then
Lly] = Llyp + ynl = Llyp] + Llyn] = k(z) + Llyal.
Hencel[y] = k(x) if and only if L]y, = 0. O

36. Variation of Constants

There is a method to find the general solution of a linear inbgemeous equation of
arbitrary orderprovided you already know the solutions to the homogenequetion.\We
won'’t explain this method here, but merely show you the amgwe get in the case of
second order equations.

If y1(z) andys(z) are solutions to the homogeneous equation

y" (@) + a(@)y'(z) + b(z)y(z) =0
for which '
W (@) < ya(@)yh (@) — v (2)ya(2) # 0.
then the general solution of the inhomogeneous equation
y" () + a(@)y' (x) + b(z)y(x) = f(=)
is given by

) = (o) [P+ (o) [ O ac

For more details you should take a more advanced course |likeiN319 or 320.
Undetermined Coefficients

The easiest way to find a particular solutignto the inhomogeneous equation is the
method of undetermined coefficients or “educated guesdingike the method of “vari-
ation of constants” which was (hardly) explained in the pyas section, this method does
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not work for all equations. But it does give you the answeiftew equations which show
up often enough to make it worth knowing the method.
The basis of the “method” is this: it turns out that many of seeond order equations
with you run into have the form
y' +ay' +by = f(t),
wherea andb are constants, and where the righthand giftg¢ comes from a fairly short
list of functions. For allf(¢) in this list you memorize (yuck!) a particular solutigp.
With the particular solution in hand you can then find the gehsolution by adding it to
the general solution of the homogeneous equation.
Here is the list:
f(t) = polynomial in ¢: In this case you tryy,(t) = some other polynomial i
with the same degree &$t).
Exceptions:if r = 0 is a root of the characteristic equation, then you must try
a polynomialy, (¢) of degree one higher thaf{t);
if = 0 is a double root then the degreef(t) must be two more than the
degree off (¢).
f(t) = e try y,(t) = Ae®.
Exceptions: if r = a is a root of the characteristic equation, then you must try
yp(t) = Ate®;
if » = a is a double root then try, (t) = At?e®".
f(t) =sinbt or f(t) = cosbt: Inboth cases, try,(t) = Acosbt + Bsinbt.
Exceptions: if » = bi is a root of the characteristic equation, then you should
try y,(t) = t(Acosbt + Bsin bt).
f(t) =esinbtor f(t) = e cosbt: Tryy,(t) = e**(Acosbt + Bsinbt).
Exceptions: if » = a + bi is a root of the characteristic equation, then you
should tryy, (t) = te®*(Acos bt + Bsinbt).
< 36.1ExampleFind the general solution to the following equations

(32) Yy +axy —y=2e"

(33) y' =2y +y=V1+a?
The first equation does not have constant coefficients so #tead doesn’t apply. Sorry,
but we can’t solve this equation in this coulSe.

The second equation does have constant coefficients, sonvedhba the homogeneous
equation ¢ — 2y’ + y = 0), but the righthand side does not appear in our list. Agaia, t
method doesn’t work. >
< 36.2A more upbeat examplelo find a particular solution of

y//_y/+y:3t2
we note that (1) the equation is linear with constant coeffits, and (2) the right hand
side is a polynomial, so it's in our list of “right hand sides fwhich we know what to
guess.” We try a polynomial of the same degree as the right bige, namely 2. We don’t
know which polynomial, save leave its coefficients undetermingehence the name of

the method.) l.e. we try
yp(t) = A+ Bt + Ct*.

Bwho says you can’t solve this equation? For equafioh (32)camfind a solution by computing its Taylor
series! For more details you should again take a more addarmase (like MxTH 319), or, in this case, give it
a try yourself.
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To see if this is a solution, we compute
y,(t) = B +2Ct, y, (t) = 2C,
so that
Yy =y +yp=(A—B+2C)+ (B —-2C)t + Ct*.
Thusy, — y;, + y, = 3t* if and only if
A-B+2C=0, B-2C=0, C=3.

Solving these equations leadsto= 3, B = 2C = 6 andA = B —2C = 0. We conclude
that

yp(t) = 6t + 3t*
is a particular solution. >

<« 36.3 Another example, which is rather long, but that's becauss iheant to cover
several cases.
Find the general solution to the equation

y' 43y 2y =t + 13— el + 27 — e tsin 2t
Solution: First we find the characteristic equation,
P2 4+3r+2=(r+2)(r+1)=0.

The characteristic roots are = —1, andry, = —2. The general solution to the homoge-
neous equation is
yn(t) = Cre ' + Coe 2,
We now look for a particular solutions. Initially it doesioiok very good as the righthand
side does not appear in our list. However, the righthandisidesum of five terms, each of
which is in our list.
Abbreviatel[y] = 3" + 3y’ + 2y. Then we will find functionsy, . . . , y4 for which one

has

L) =t+1t%, Ll = —€', Llys] =2¢7%, Llys] = —e Tsin2t.
Then, by the Superposition Principle (TheolemB4.3) you'lugsty, def Y1 +y2 + Y3 +ya
satisfies
Llyy] = Lly1] + Lly2] + Llys] + Llya] =t + > — e’ + 272" — e "sin 2t.

Soy, (once we find it) is a particular solution.
Now let’s findys, ..., y4.

y1(t): the righthand side + 3 is a polynomial, and- = 0 is not a root of the
characteristic equation, so we try a polynomial of the saegek. Try

y1(t) = A+ Bt + Ct* + Dt3,

Here A, B, C, D are the undetermined coefficients that give the method itgena
You compute

Lly] = o7 +3y1 + 21
= (2C + 6Dt) + 3(B + 2Ct + 3Dt?) + 2(A + Bt + Ct* + Dt?)
= (2C 4 3B + 2A) + (2B 4 6C + 6D)t + (2C + 9D)t* + 2Dt>.
So to getl[y;] = t + t3 we must impose the equations
29D =1, 20+9D =0, 2B+6C+6D =1, 2C+6B+2A=0.
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You can solve these equations one-by-one, with result
_ 1 _ 9 _ 23 __ 87
D_i’ C——— B——I, A—g,

and thus
yi(t) =80 — B — 2% + 143
y2(t): We wantys(t) to satisfyL[ys] = —et. Sincee! = e witha = 1, anda = 1
is not a characteristic root, we simply ty(¢) = Ae’. A quick calculation gives

Llya] = Ae' + 3A4e" + 24" = 6Ae.

To achievel[y;] = —e’ we therefore needA = —1,i.e.A = —¢. Thus
ya(t) = —%et.
y3(t): We wantys(t) to satisfyL[ys] = —e 2. Sincee 2! = e with a = —2, and
a = —2 is a characteristic root, we can't simply tyy(¢) = Ae=2t. Instead you

have to tryys(t) = Ate~2t. Another calculation gives
Llys] = (4t — 4)Ae™ + 3(—2t + 2)Ae ™2 + 2Ate™ (factor outde 2
= [(4+3(=2)+2)t + (—4+3)] A
=—Ae %,

Note that all the terms withe —2¢ cancel: this is no accident, but a consequence of
the fact thaw = —2 is a characteristic root.
To getL[ys] = 2¢~2! we see we have to chooge= —2. We find

ys(t) = —2te 2,

y4(t): Finally, we need a functiopy (t) for which one haf.[y,] = —e~!sin 2¢. The
list tells us to try

ya(t) = e " (Acos2t + Bsin2t).

(Since—1 + 2i is not a root of the characteristic equation we are not in ditleeo
exceptional cases.)
Diligent computation yields

ya(t) = Ae tcos2t + Be letsin2t
yi(t) = (—A+2B)e tcos2t + (=B —2A)e tsin2t
yi(t)= (—=3A—4B)e tcos2t + (—3B+4A)e tsin2t

so that
Llys] = (—4A +2B)e " cos2t + (—2A — 4B)e ' sin 2t.
We want this to equale¢~* sin 2¢, so we have to findl, B with
—4A+2B=0, —2A-4B=-1.

The first equation implie® = 24, the second then givesl0A = —1,s04 = 1—10
andB = 2. We have found

ya(t) = 15€ "cos2t + e sin 2t
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After all these calculations we get the following impregsparticular solution of our dif-
ferential equation,

yp(t) =8 — B¢ — 92 4 143 — e —2te " + Le " cos2t + Ze 'sin2t

and the even more impressigeneralsolution to the equation,

y(t) = yn(y) + yp(t)
= Cle_t + Cg€_2t
87 23 9,2 | 1,3
FET 2y 942 4 1y

1t —2t 1 —t 22—t
— g€ — 2te + 1€ cos 2t + 10¢ sin 2t.

You shouldn’t be put off by the fact that the result is a prédtyg formula, and that the
computations took up two pages. The approach is to (i) breake right hand side into
terms which are in the list at the beginning of this sectidiht¢ compute the particular
solutions for each of those terms and (iii) to use the Supstipa Principle (Theorem
BZ3) to add the pieces together, resulting in a particadkution for the whole right hand
side you started with. >

37. Applications of Second Order Linear Equations

Spring with a weight
In exampld=3311 we showed that the height) a massn suspended from a spring with
constant: satisfies

(34) my"(6) + ky(t) =mg, of (1) + Ly(t) = g.

—Y
m
. . . . . k o
'r:h|s is a Linear Inhomogeneous Equation whose homogeneuagien,y” + -y = 0
as

yn(t) = C1 coswt + Cy sinwt

as general solution, whete = \/k/m. The right hand side is a constant, which is a
polynomial of degree zero, so the method of “educated gougsapplies, and we can find
a particular solution by trying a constamt = A as particular solution. You find that
Yy, + %yp = %A, which will equalg if A = Z2. Hence the general solution to the
“spring with weight equation” is

y(t) = % + Cy coswt + Cy sin wt.

To solve the initial value problem(0) = yo andy’(0) = vy we solve for the constants,;
andC- and get

mg | Vo . mg

y(t) = - + - sin(wt) + (yo — T) cos(wt).
which you could rewrite as
y(t) = % + Acos(wt — @)
for certain numbersl, ¢.
The weight in this model just oscillates up and down forewhis motion is called a

simple harmonic oscillationand the equatioi.(B4) is called the equation oftfaemonic
Oscillator.
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The pendulum equation
In exampld=3312 we saw that the anglg) subtended by a swinging pendulum satisfies
thependulum equation
2
2) (cil_tg + %sinb‘(t) =0.
This equation isot linearand cannot be solved by the methods you have learned in this
course. However, if the oscillations of the pendulum arelsme. if 6 is small, then we
can approximatein 6 by . Remember that the error in this approximation is the redein
term in the Taylor expansion efn 6 atf = 0. According to Lagrange this is

- 93 .
sinf = 0 + R3(0), R3(0) = cos b §W|th 0] < 6.

Whend is small, e.g. ifif] < 10° = 0.175 radians then compared fiche error is at most
R3(0) < (0.175)?
6 |— 3!

in other words, the error is no more than half a percent.
So for small angles we will assume thaih 6 ~ 0 and hencé(t) almostsatisfies the

~ 0.005,

equation
d?0 g
35 — + =6(t) =0.
(35) T 0 =0
In contrast to the pendulum equatidnl(29), this equatiomisal, and we could solve it
right now.

The procedure of replacing inconvenient quantities dike? by more manageable ones
(like 6) in order to end up with linear equations is callagarization. Note that the solu-
tions to the linearized equation{35), which we will derimeai moment, are not solutions
of the Pendulum EquatioR{R9). However, if the solutions wd fiave small angles (have
|6] small), then the Pendulum Equation and its linearized f@H%) @re almost the same,
and “you would think that their solutions should also be atrtbe same.” | put that in
guotation marks, because (1) it's not a very precise statearel (2) if it were more pre-
cise, you would have to prove it, which is not easy, and nopetfor this course (or even
MATH 319 — take MxTH 419 or 519 for more details.)

Let’s solve the linearized equatiop]35). Settihg= " you find the characteristic
equation

2 g
+_—0
T

which has two complex roots,. = +i,/Z. Therefore, the general solution [9135) is

o(t) = Acos(\/%t) + Bsin(\/%t),

and you would expect the general solution of the Pendulunatmu[Z9) to be almost the
same. So you see that a pendulum will oscillate, and that ¢énieg of its oscillation is

given by
T =2m £
g

Once again: because we have used a linearization, you sbgpéttt this statement to be
valid only for small oscillations. When you study the PenonlEquation instead of its
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linearization [[3b), you discover that the peri@dof oscillation actually depends on the
amplitude of the oscillation: the bigger the swings, theglanthey take.

The effect of friction
A real weight suspended from a real spring will of course retiiltate forever. Various
kinds of friction will slow it down and bring it to a stop. As @axample let's assume that
air drag is noticeable, so, as the weight moves the surragradr will exert a force on the
weight (To make this more likely, assume the weight is agtuabving in some viscous
liquid like salad oil.) This drag is stronger as the weightwe®faster. A simple model is
to assume that the friction force is proportional to the g#joof the weight,

Friction = —hy'(t).
This adds an extra term to the oscillator equatiomh (34), avebg
my" (t) = Fgray + Firiction = —ky(t) + mg — hy'(t)
ie.
(36) my” (t) + hy' (t) + ky(t) = myg.

This is a second order linear homogeneous differentialt&muwith constant coefficients.
A particular solution is easy to fing,, = mg/k works again.

To solve the homogeneous equation youstry= e, which leads to the characteristic
equation

mr? +hr+ k=0,
whose roots are

. —h£Vh2 —4mk
:t p—
2m

If friction is large, i.e. ifh > +/4km, then the two roots,. are real, and all solutions are
of exponential type,

y(t) = % +Cye™t+ C_et.
Both rootsr. are negative, so all solutions satisfy
lim y(¢) = 0.
t—oo

If friction is weak, more precisely, ik < v4mk then the two roots, are complex

numbers,
h . _ Vakm — h?
ry = —— +iw, Wthw=—7"74—¥———.
2m 2m
The general solution in this case is
y(t) = % te ot (A coswt + B sinwt).

These solutions also tend to zerotas oo, but they oscillate infinitely often.

Electric circuits
Many equations in physics and engineering have the forin @&)example in the electric
circuitin the diagram a time varying voltadg, (¢) is applied to a resistaR, an inductance
L and a capacitof'. This causes a currefift) to flow through the circuit. How much is
this current, and how much is, say, the voltage across tiEoe?
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3
Electrical engineers will tell you that the total volta@g, (¢) must equal the sum of the
voltagesVy(t), Vi (t) andV(t) across the three components. These voltages are related
to the current (¢) which flows through the three components as follows:
Vr(t) = RI(t)
dVe(t) 1

a ¢l
Vi(t) = L%’f).

Surprisingly, these little electrical components knowcadls! (HereR, L andC' are con-
stants depending on the particular components in the tirtbhey are measured in “Ohm,”
“Farad,” and “Henry.”)

Starting from the equation

Vin(t) = Va(t) + VL(t) + Vo (1)
you get
Vi (t) = Vg(t) + VL(t) + VE(1)

= RI'(t)+ LI"(t) + é[(t)

In other words, for a given input voltage the curréftt) satisfies a second order inhomo-
geneous linear differential equation

d2I dl 1
37 L— — 4+ 1=V (t).
@37) AR+ ST = V()

Once you know the curredi(t) you get the output voltagg,.,; (¢) from
Vout (t) = RI(t).

In general you can write down a differential equation for atectrical circuit. As you
add more components the equation gets more complicatedf, you stick to resistors,
inductances and capacitors the equations will always leatjralbeit of very high order.

38. Problems

38.1. Classify each of the following as homogeneous linear, inbgemeous linear, or
nonlinear and specify the order. For each linear equatipwbather or not the coefficients



are constant.
My +y=0
(fii’) xy” — y/ =0
W ay" —y' =z

(i) zy” +yy' =0
(V)zy" +yy =z
Vi) y +y = ze®.

38.2.(i) Show thaty = 22 + 5 is a solution ofry” — ¢’ = 0.
(i) Show thaty = Cy 2% + O is a solution ofry” — 3’ = 0.
38.3.(i) Show thaty = (tan(cix + c2))/c1 is a solution ofyy” = 2(y')? — 2y/.
(i) Show thaty; = tan(x) andy. = 1 are solutions of this equation, but that+ y- is

not.

(iii ) Is the equation linear homogeneous?

First Order Equations

38.4.The differential equation

dy 44—y

dt
is called thd_ogistic Equation

2

4
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(i) Find the solutiongyg, y1, y2, andys which satisfyy,(0) = 0, y1(0) = 1, y2(0) = 2

andys(0) = 3.

(i) Find lim;_, o yi (¢t) for k = 1,2, 3.
Also findlim; o yx(t) fork =1,2,3.

(iii ) Graph the four solutiongy, . ..,ys.

38.5.Find the functiony of = which satisfies the conditions

(i) a2y =0, y(1) =5
(iii') % + 2 cos?y =0, y(0) =%
(V)%H—y?:o, y(0) = A
(vii) % — (cosz)y = "% y(0) = A.

(i)

dy
o T

(1+32%)y =0, y(1)=1.

y(0)=A
y(0)=A
y(0) = A.

(A4 is an unspecified constant: you should at least indicate fochwvalues ofA your

solution is valid.)
38.6.(i) Find all solutions ofi¥ 4 2y = 0.
(ii) Find all solutions off + 2y = e~ .

(iii ) Findy if 9% + 2y = e¢~* andy = 7 whenz = 0.

Linear Homogeneous

38.7.(i) Show thaty = 4e* + 7e* is a solution ofy” — 3y’ + 2y = 0.
(i) Show thaty = Cye® + Cye?® is a solution ofy” — 3y’ + 2y = 0.

(iii ) Find a solution ofy” — 3y’ + 2y = 0 such thaty(0) = 7 andy’(0) = 9.

38.8.Find all real solutions of
d2y

dy

— —6—= + 10y = 0.

de? dt
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38.9.Findy if

y" — 6y’ + 10y =0,
and in additiorny satisfies the initial conditiong(0) = 7, andy’(0) = 11.
38.10.Find the general solution = y(z) of the following differential equations

. diy .. diy
(i) Tt Y (ii) d$4+y—0
. diy  d%y o dYy  d%y
() 327 ~ da2 (V) Gt + g7 =0
d3y L d3y
(V) S5 +y=0 (vi) T4 -y=0

38.11. Solve each of the following initial value problems. Your fim@swer should not
use complex numbers, but you may use complex numbers to find it

(0 y”+9y=0 (i) y”+9y=0,
j i
0) = 0,4'(0) = —3. ) = —3,4/(0) = 0.
y —5y + 6y =0, . y +5y + 6y =0,
(fii’) (iv)
0) =0,y'(0) = 1. 0)=1,4'(0) =0.
y' +5y + 6y =0, ] y' —6y + 5y =0,
(v) (vi)
0)=0,y'(0) = 1. y(0) =1,4'(0) = 0.
; y' —6y +5y =0, y" + 6y’ + 5y =0,
(vii) (viii')
y(0) =0,y'(0) = 1. y(0) = 1,4/(0) = 0.
. y" + 6y +5y =0, y" — 4y’ +5y =0,
(ix) (x)
y(0) = 0,y'(0) = 1. y(0) = 1,4'(0) = 0.
) y" — 4y +5y =0, . y”—l—4y + 5y =0,
(xi) (xii)
y(0) = 0,4/(0) = 1. 0) =1,y'(0) = 0.
y”—l—4y + 5y =0, ) —5y + 6y =0,
(xiii) (xiv)
0)=0,y'(0) =1. 0)=1,4(0) =0.

Linear Inhomogeneous

38.12.(i) Find a solution ofy”” — 3y’ + 2y = €3*
(i) Find a particular solution of”’ — 3y’ + 2y = €.

(iii ) Find the general solution of

y" — 3y + 2y = 4e3" + 5e®.

38.13.Find the general solution(t) of the differential equations

d2

d2
(ii) —= CJ_ y = 2¢!

) g v = 3
d2 2

(i) — o + 9y = cos 3t (iv) — 2 +9y—cost
d2y d%y

(v) — 2 +y = cost (Vi) — 2 +y—cos3t
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38.14.Findy if

. d2y Yy 1
(l)@ﬁ- d—+y— y(0) =2,y'(0) =3
d2y dy —x
) Gz +2q, Tv=r y(0) = 0,/(0) =0
d2y dy T
i) Goz + 2, Ty =we y(0) = 0,4/(0) =0
i d2y dy — —
(V) 33 T2, ty=e " +ae y(0) =2,4'(0) = 3.

Hint: Use the Superposition Principle to save work.
38.15.(i) Find the general solution of

24 45 =€
using complex exponentials.
(ii) Solve

2" + 42 + 5z = sint
using your solution to question (i).
(iii ) Find a solution for the equation

2" 427 4 22 = 2e (170

in the formz(t) = wu(t)e~ (=9t
(iv) Find a solution for the equation

2" + 22" + 2z = 2¢ "t cost.

Hint: Take the real part of the previous answer.
(v) Find a solution for the equation

y" + 2y + 2y = 2e 'sint.

Applications

38.16. A population of bacteria grows at a rate proportional to ize s Write and solve
a differential equation which expresses this. If there &@0lbacteria after one hour and
2000 bacteria after two hours, how many bacteria are thézethfee hours?
38.17.Rabbits in Madison have a birth rate of 5% per year and a dasi{from old age)
of 2% per year. Each year 1000 rabbits get run over and 700tsafiove in from Sun
Prairie.

(i) Write a differential equation which describes Madisoablit population at time.

(i) If there were 12,000 rabbits in Madison in 1991, how manytlaeee in 19947

38.18. According toNewton’s law of coolingthe ratedT’/d¢ at which an object cools is
proportionalto the differencE— A between its temperatuféand the ambient temperature
A. The differential equation which expresses this is

dT
dt
wherek < 0 and A are constants.
(i) Solve this equation and show that every solution satisfies

lim T = A.

t—o0

— k(T — A)
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(ii) A cup of coffee at a temperature 6§0°F sits in a room whose temperature7is’F.
In five minutes its temperature has dropped36°F. When will its temperature b#)°F?
What is the limit of the temperature as— co?

38.19.Retaw is a mysterious living liquid; it grows at a rate58f of its volume per hour.
A scientist has a tank initially holding, gallons of retaw and removes retaw from the tank
continuously at the rate of 3 gallons per hour.

(i) Find a differential equation for the numbg(t) of gallons of retaw in the tank at time
t.

(ii) Solve this equation fog as a function of. (The initial volumey, will appear in your
answer.)

(iii )y What islim; .~ y(t) if yo = 100?

(iv) What should the value af; be so thay(¢) remains constant?

38.20. A 1000 gallon vat is full of 25% solution of acid. Starting ahet = 0 a 40%
solution of acid is pumped into the vat at 20 gallons per n@niihe solution is kept well
mixed and drawn off at 20 gallons per minute so as to maintaéntétal value of 1000
gallons. Derive an expression for the acid concentratiamegst > 0. As¢ — oo what
percentage solution is approached?

38.21. The volume of a lake i§” = 10° cubic feet. PollutionP runs into the lake a3

cubic feet per minute, and clean water runs i@ latubic feet per minute. The lake drains

at a rate o4 cubic feet per minute so its volume is constant. Cébe the concentration

of pollution in the lake; i.eC' = P/V.

(i) Give a differential equation fof'.

(if) Solve the differential equation. Use the initial conditi6' = C, whent = 0 to

evaluate the constant of integration.

(iii ) There is a critical valu€™* with the property that for any solutiafl = C'(¢t) we have
lim C =C*.

t—o0
FindC*. If Cy = C*, whatisC(t)?
38.22.A philanthropist endows a chair. This means that she doma@snount of money
By to the university. The university invests the money (it samterest) and pays the salary
of a professor. Denote the interest rate on the investment(byg. if r = .06, then the
investment earns interest at a rate66f per year) the salary of the professor bye.g.
a = $50, 000 per year), and the balance in the investment account attthye3.
(i) Give a differential equation faB.
(if) Solve the differential equation. Use the initial conditi® = By whent = 0 to
evaluate the constant of integration.
(ifi') There is a critical valueB* with the property that (1) ifBy < B*, then there is a
t > 0 with B(t) = 0 (i.e. the account runs out of money) while (2)Bf > B*, then
lim;_, oo B = 0o. Find B*.
(iv) This problem is like the pollution problem except for thgre ofr anda. Explain.

38.23. A citizen pays social security taxes @fdollars per year foff; years, then retires,
then receives payments bfdollars per year fofl;, years, then dies. The account which
receives and dispenses the money earns interest at a r&tepdr year and has no money
at timet = 0 and no money at the time = T} + T3 of death. Find two differential
equations for the balancg(¢) at timet; one valid for0 < ¢ < T3, the other valid for
Ty <t < Ty + T. Express the ratid/a in terms ofTy, T», andr. Reasonable values for
Ty, Tz, andr areT} = 40, Ty = 20, andr = 5% = .05. This model ignores inflation.
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Notice that0 < dB/dt for0 < t < Ty, thatdB/dt < 0for Ty < t < Ty + T», and that
the account earns interesten forTy < ¢ < 17 + 15.

38.24. A 300 gallon tank is full of milk containing 2% butterfat. Milcontaining 1%
butterfat is pumped in a 10 gallons per minute starting ad@@&M and the well mixed
milk is drained off at 15 gallons per minute. What is the patdautterfat in the milk in
the tank 5 minutes later at 10:05 AM? Hint: How much milk islie tank at time? How
much butterfat is in the milk at time= 0?

38.25. A sixteen pound weight is suspended from the lower end of iagpvhose upper
end is attached to a rigid support. The weight extends thegpy half a foot. It is struck
by a sharp blow which gives it an initial downward velocityedht feet per second. Find
its position as a function of time.

38.26. A sixteen pound weight is suspended from the lower end of iagpvhose upper
end is attached to a rigid support. The weight extends thegpy half a foot. The weight
is pulled down one feet and released. Find its position asetifun of time.

38.27. The equation for the displacemeyit) from equilibrium of a spring subject to a
forced vibration of frequency is

d? )
(38) d—tg + 4y = sin(wt).
(i) Find the solutiory = y(w, t) of @8) forw # 2 if y(0) = 0 andy’(0) = 0.
(i) What islim,, 2 y(w, t)?
(iii') Find the solutiory(t) of

d? )
(39) d—tg + 4y = sin(2t)

if y(0) = 0 andy’(0) = 0. (Hint: Compare with[(38).)

38.28.Suppose that an undamped spring is subjected to an extemadliz force so that
its positiony at timet satisfies the differential equation

d?y .

Tl + wiy = csin(wt).

(i) Show that the general solution is

c
y = Cq coswyt + Co sinwpt + —— 5 sinwt.
w2 —

w
whenwy # w.

(ii) Solve the equation when = wy.

(iii ) Show that in part (i) the solution remains bounded as oo but in part (i) this is not
so. (This phenomenon is callegsonance To see an example of resonance try Googling
“Tacoma Bridge Disaster.”)

38.29.Have look at the electrical circuit equatidnl37) fréB.

(i) Find the general solution dE{B7), assuming thgtt) does not depend on tinte What

(ii) Assume for simplicity thal, = C' = 1, and that the resistor has been short circuited,
i.e. thatR = 0. If the input voltage is a sinusoidal wave,

Vin(t) = Asinwt, (w#1)
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then find a particular solution, and then the general saiutio

(iii ) Repeat problem (ii) withv = 1.

(iv) Suppose again thdt = C' = 1, but now assume th& > 0. Find the general solution
whenV;,(t) is constant.

(v) Still assumingL = C' = 1, R > 0 find a particular solution of the equation when the
input voltage is a sinusoidal wave

Vin(t) = Asinwt.
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V. Vectors

39. Introduction to vectors

Definition 39.1. A vector is a column of two, three, or more numbers, written as

ai

Qn
a1

in general. Thdength of a vectod = ( :

An

) is defined by

ai

lal={{ : ||| =yai++a

QAp

We will always deal with either the two or three dimensiorades, in other words, the
casesn = 2 orn = 3, respectively. For these cases there is a geometric désorif
vectors which is very useful. In fact, the two and three digiemal theories have their
origins in mechanics and geometry. In higher dimensiongdwmetric description fails,
simply because we cannot visualize a four dimensional spatalone a higher dimen-
sional space. Instead of a geometric description of vethers is an abstract theory called
Linear Algebrawhich deals with “vector spaces” of any dimension (even itdlj This
theory of vectors in higher dimensional spaces is very Usefscience, engineering and
economics. You can learn about it in courses MeaH 320,340, or 341.

Basic arithmetic of vectors

You can add and subtract vectors, and you can multiply thetm avbitrary real num-
bers. this section tells you how.
Thesum of two vectorss defined by

al b1 a1 + bl
40 =
“0 () + () = (2 50).
and
ax b1 ay + by
as | + | b as + by
3 b3 as + b3

0 .
(0) or 0=

i3+0=0+3=4

Thezero vectois defined by

a
0

o O O

It has the property that

no matter what the vectar is.
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ai

You can multiply a vecto@ = | a2 | with a real numbet according to the rule
as
ta1
td = tag
tag

In particular, “minus a vector” is defined by
—ay
—ad=(-had=|[—-a
—as
The difference of two vectors is defined by
da—b=3a-+(-b).
So, to subtract two vectors you subtract their components,

ai b1 ay — by
5. — b = ag — b2 = as — b2
as b3 az — bz

3+ (F)=030) 20) () -C)
D-(2)=-(F) B+ +e(B)=(2)
o (#0) = (6) - (fR)=n+0(,L) »

< 39.3Two very, very BAD examplesMectors must have the same size to be added,
therefore

(@]}

9 1
( > + | 3 | = undefined!!!
3
2
Vectors and numbers are different things, so an equatien lik
d =3 isnonsense!

This equation says that some vect@}) {s equal to some number (in this case: \&Bctors
and numbers are never equal! >

Algebraic properties of vector addition and multiplication
Addition of vectors and multiplication of numbers and vestwere defined in such a way
that the following always hold for any vecto& b, € (of the same size) and any real

numberss, t

(42) a+b=b+a [vector addition is commutative]
(42) d+(b+c)=(@E+b)+¢C [vector addition is associative]
(43) t(@+b)=td +1tb [first distributive property]

(44) (s+t)d =sd +ta [second distributive property]
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a — b
<4 39.4Prove [41). Letd = (g%) andb = (b;) be two vectors, and consider both

b3

possible ways of adding them:

al b1 a; + by by al b1 + a;
as | + b2 | = | as+ b and bo| +as| = |b2+as
as b3 as + b3 bg as b3 + as

We know (or we have assumed long ago) that addition of reabaugis commutative, so
thata; + by = b1 + aq, etc. Therefore

. a1 + bl bl + a1 N
d+b=|ay+by| =|by+ax| =b+4.
az + bs bs + as
This proves[{11). >

< 39.5Examplelf V andw are two vectors, we define
3=20+3W, b=-V+W.

Problem: Computed + b and2& — 3b in terms ofv andw.

Solution:
d+b=(2V+3W)+ (—V+W)=(2-1)0V+ 3B+ 1)W =V + 4%
28 — 3D = 2(2V 4 3W) — 3(—V + W) = 4W + 6W + 3V — 3W = 7V + 3W

Problem:Find s, ¢ so thatsd + tb = V.
Solution: Simplifying sd + tb you find

s8 +tb = s(2V + 3W) — t(—V + W) = (25 + 1)V + (35 — t)W.

One way to ensure tha# + tb = V holds is therefore to choosendt to be the solutions
of

2s +t=1
3s—t=0

The second equation says- 3s. The first equation then leads2e + 3s =1, i.e.s = %
Sincet = 3s we gett = % The solution we have found is therefore

i+ 3b =v.

=
ulw

Geometric description of vectors

Vectors originally appeared in mechanics, where they sspred forces: a force acting
on some object has magnitudeand adirection. Thus a force can be thought of as an
arrow, where the length of the arrow indicates how stronddhee is (how hard it pushes
or pulls).

So we will think of vectors aarrows if you specify two points? and(@), then the arrow
pointing from P to @ is a vector and we denote this vectorB—gj.

The precise mathematical definition is as follows:
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the vector PQ =q —p
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96

Definition 39.6. For any pair of pointsP and @) whose coordinates aré, p2, p3) and
(91, g2, g3) one defines a vectdP@) by

. qa—n
PQ=|q2—p2
q3 — P3

If the initial point of an arrow is the origirO, and the final point is any poirt@, then the
vectorO(Q is called theposition vectorof the pointQ.

If p andq are the position vectors d? and(Q, then one can Writh—C)) as

N a1 p1 .
PQ=|q@|—-|p2]|=0G-P.
qs Dps3

For plane vectors we definﬁ)> similarly, namely,P_c)Q = (g;:g;). The old formula for
the distance between two pointsand( in the plane

distance fromP to Q = v/(q1 — p1)? + (g2 — p2)?
says that the length of the vectﬁ)> is just the distance between the poiftandQ), i.e.
distance fromP to Q = HP_QH .

This formula is also valid if? and@ are points in space.
< 39.7ExampleThe pointP has coordinate&, 3); the point@ has coordinatets, 6).

The vectorP—Q) is therefore
= 8—2 6
Pa-(3-3)- ()

This vector is the position vector of the poiRtwhose coordinates a(é, 3). Thus

— — 6
7o (%),
The distance fronP to @ is the length of the vector

—
PQ,i.e.

2]

N W h U,

-

Ok
distanceP to Q = H(g)H = w/62+32:3\/5, Ol 234558678

>

<« 39.8ExampleFind the distance between the poidtsind B whose position vectors are
— 1 g 0 .
a= ((1))_ andb = (%) respectively.

Solution: One has

-1
distancedto B = |AB|| = |b —a||=|| 0 ||| = V(-2 102+ 12 =,/
1
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Geometric interpretation of vector addition and multiplic ation
Suppose you have two vectad@sandb. Consider them as position vectors, i.e. represent

them by vectors that have the origin as initial point:
d=0A4, b=0B.
Then the origin and the three endpoints of the vedots anda +b form a parallelogram.

See figur&o.
To multiply a vectord with a real numbet you multiply its length with|¢|; if ¢ < 0

you reverse the direction @f.

d+b B
a 6, a|/a+b

FIGURE 10. Two ways of adding plane vectors, and an addition of spac®rs

a—-b

Dy

- X'b -4
FIGURE 11. Multiples of a vector, and the difference of two vectors.

<« 39.9Exampleln exampld_39]5 we assumed two vect@érandw were given, and then
definedd = 2V + 3w andb = —V + W. In figure[I2 the vectors andb are con-
structed geometrically from some arbitrarily choseandw . We also found algebraically
in exampld39J5 thad + b = V + 4W. The third drawing in figurEJ2 illustrates this»

40. Parametric equations for lines and planes

Given twodistinct points A and B we consider the line segmeAB. If X is any given
point on A B then we will now find a formula for the position vector &f.
Definet to be the ratio between the lengths of the line segmadifsand AB,
_ lengthAX
~ lengthAB"~
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_ \
~v

FIGURE 12. Picture proof thadl + b = V 4 4W in exampld390.

— —_— — —_— ) .
Then the vectorsl X and AB are related byAX = tAB. SinceAX is shorter thard B
we have) < ¢ < 1.
The position vector of the point” on the line segmemM B is

OX = OA + AX = OA + tAB.
If we write &, 6, X for the position vectors ofl, B, X, then we get
(45) X=(1—-t)d+th=4+tb—4a).

This equation is called thparametric equation for the line throughA and B. In our
derivation the parametersatisfied0 < ¢ < 1, but there is nothing that keeps us from
substituting negative values of or numberg > 1 in @3). The resulting vectorg are
position vectors of pointX which lie on the line/ throughA and B.

14

O

FIGURE 13. Constructing points on the line throughand B

< 40.1 Find the parametric equation for the lifehrough the pointsi(2, 1) and B(3, —1),
and determine wheréintersects ther; axis.

Solution: The position vectors ofi, B ared = (3) andb = (). so the position
vector of an arbitrary point ofis given by

X =&+t —4)= G)+t<_31—_12) _ <;>+t(_23> - @J_rgi)

wheret is an arbitrary real number.
This vector points to the poilt’ = (1 + 2¢,2 — 3t). By defin