94. Factor x> + 6x +8 = (x + 4)(x +2). We do the partial fraction
decomposition :

1 B 1 A N B
2+6x+8 (x+4)(x+2) x+4 x+2
Now A = lim,_,_4 x%rz = % and B =1limy, . » XLH = % Alterna-
tively you can compute + iy — ATBRx 124148 1] then get A,

x—|—2 (x+4)(x2)
B from solving A+ B = 0,2A +4B = 1.

For the integral we get

/xZ-i—;x-i—de: 1/2d +/ 1/2

which gives as an answer —3 In [x + 4| + 3In|x+ 2| +C.

95. Write x? 4 6x + 10 = (x + 3)? + 1 so that

1
/ mdx = arctan(x + 3) + C.

96.

/ dx R R o l/d—x
5x24+20x+25 5) x2+4x+5 5/ (x+2)2+1
which gives £ arctan(x + 2) + C as the answer.

100. Use xzjr% = x2—1.

103. First substitute u = x2 — 1, du = 2xdx so that f dx =

fH—” = [[L+2+uduwithu = x> —1. Soananswerlsln(x —
1) +2(x? 1)+%(x2—1)2.
104. Use the substitution u = ¢¥, du = e*dx. Then

eBx er u2
i X _ : X
/e4x_1dx—/e4x_1e dx—/u4_1duw1thu—e.

Now we do partial fractions:

u u? A B CutD
-1 (wu—-Du+Dw2+1) u—1 ut+l u24+1°
The right hand side is equal to
AW+ 1) (u+1)+Bw?+1)(u—1)+ (Cu+D)(u—1)(u+1) _
(u—1)(u+1)(u>+1)




(A+B+C)u?+(A-B+D)u?+(A+B—-Clu+(A—B—-D)
(u—1)(u+1)(u2+1)

and thus we have
> = (A+B+CQu’+(A-B+D)u?+(A+B—-C)u+(A—B—-D)

for all u which is satisfied if

A+B+C=0
A—-B+D=1
A+B-C=0
A—-B-D=0

Solving this system gives A = 1/4,B = —-1/4,C =0,D = 1/2.
Thus

1
/u4—1 4/u—1 u—|—1 2/ w241

= —1n|u—1| - —1n|u+1| + 1arc:tanu—|—constant‘
4 4 2 '

Thus for the original integral

e3¥ 1. . 1. . 1 .
/7dx=11n|e —1|—Zln|e + 1| + = arctan e* + constant.

etr —1 2
105. Substitute u = e*, du = e* dx so that
ex
_ V2 +
/ At / 1+ u2)1/2 n(u+Vu

with u = e*. here we used sinh™!. Thus the answer is In(e* +

Ver +1).
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111. Write
x2+1 A B C
f) = —m—y T T 1o - —3
(x—1)(x—-2)(x—3) x—1 x—-2 x-3

The right hand side is equal to
A(x=2)(x—=3)+B(x—1)(x =3)+C(x —1)(x —2)
(x—1)(x—2)(x—3)
_ (A+B+C)x*+ (-5A —4B—3C)x + (6A+3B+2C)
(x—1)(x—2)(x —3)

and this is equal to (x—l)(xxzj_Zl)(x—?)) if

A+B+C=1

—5A—4B-3C=0

6A+3B+2C =1
Solve this system of equations to get C =5, B = —5, A = 1. This
is perhaps not too hard but requires a computation. Alternatively use

the Heaviside trick which is applicable since the denominator has
only simple roots.

We compute

. . x?+1
A=lim(x—1)f(x) = lim w7y = 1

. . x?+1
B =lim(x -2)f(x) =lim ==y =3 = >

. . x?+1
C=lim(x=3)fx) =lim "= =7 =°

It is of course good to check your answers by applying both methods.
Back to the integral:

2 _
/(x—l)(§j21)9x—3)dx:/[xi1+x—52+xi3]

=In|x—1|—5In|x — 2|+ 5In|x — 3| + constant.
Note that it would not be good to use the C for an arbitrary constant
here, because the letter C in this problem was already used.

117. Use integration by parts:

/Oa xsinxdx = [x(— cos x)]

a

a
—/ (—cosx)dx = —acosa+ sina.
0 0
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118. Use one more integration by parts to reduce to the previous
problem.

119. [ \/ﬁ dx. Use the substitution u = x? — 1.

120. Use the substitution u = 1 — x2, du = —2x dx, and get

1/3 8/9 1
/ ~ Y gy = uV2(=2) du
1/4 /1 — x2 15/16 2

s lu_l/zdu _ [ul/z}sm _ 22 V15

8/9 2 15/16 3 4
121. First method:
In the integral f34 x\/% we substitute u = (x?> — 1)/2 so that du =
x(x% — 1)_1/2dx and we have x> = 1 + u2. Then

(42_1)1/2 1
/3 x\/xz / x2 \/ — @@-11/2 1+ u?

which is arctan(\/ 15) — arctan(Z\/_ ).

Second method: Substitute v = 1/x, dv = —1/x%dx. Then

du

/ — / 761]( = —/ 761’0

3 xvx2—1 3 x2y/x2 -1 1/3 Vo2-1
1/3 1
1/4 /1 —102

Verify that the two answers are consistent by showing that for x > 1

we have the relation arccos 1 = arctan(v/x2 — 1).

122. Write x> +2x + 17 = (x + 1)2 442 and

dv = arccos(1/3) — arccos(1/4).

/ xdx / 2(x+1) / v
x2+2x+17 “2J) x+ 1) +42 (x +1)2 442
which yields 3 In((x + 1) +42) — { arctan(*}1) + C.

123. We use (for x > 6) the substitution x = 6 cosh u, dx = 6sinh u
and compute (using cosh® u = 1+ sinh2 u)

64 cosh u

/ VX / \/ 62(cosh?u — 1)

:64/ (%u)agu

6sinh udu = 6* /(cosh u)tdu
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which can be solved by multiplying out the fourth powers and then
integrating the resulting term

6. 274 /(64” + 4% + 64 4e 2 e ) du.
The resubstitution u = cosh ™! (x/6) then yields an answer.

123-modified. Let’s do instead [ \/36—dx (for |x| < 6). Then we

substitute x = 6sint, dx = 6 cos t and get the integral 6* [ Sclgs st cos tdt =

6* [ sin*t dt which can be solved by several applications of the dou-
ble angle formulas.

4 4
124. Here we compute —"— x2 62 + x2 62 =x?+36+ =

4
) )(x+6)
Then write =6 (58

_ A
=15 T x—+6 and determine A, B..

125. Use 36"_4 7 = and apply 124. How interesting is that?

x2 36
126. Do partial fractions

241 241 A B _C D
xd -2 2(x—1)(x+1) x x2 x—1 x+1

128. Substitute, for x > /3, x = v/3cosht, dx = v/3sinh tdt, and
getf(xzfﬁ = [ldt=t+C= cosh_l(%),

128-modified For f \/%, |x| < V3 3 you may substitute x = V/3sint,

dx = \/3cost and get | (3—191:26)1/2 [ldt=t+C= aresin(Jz). Of

course, you could simply reduce to the formula for the derivative of
arcsin on page 9.

What happens of you substitute x = v/3 cos ?

129. Split into [ xe*dx + [ e* cos x dx and use problems 73/74.
130. Answer: ¢* + xInx —x + C.

o 3x%42x—2 . 3x242x—2
131. Write =3=—= = 1) (22 T) and

1 3
Ptxtl=xtx++7=(x+3
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We do the partial fraction decomposition and write
3x2 +2x —2 A Bx+C
(x—1D((x+32+3) *x—1 (x+3)2+3
and we need to determine A, B and C. The right hand side is
A((x+32+3)+(Bx+C)(x=1)  (A+B)x®2+(A-B+C)x+A—-C
(x=D((x+27+1) - (x=D((x+3)+3)

and since the numerator must be equal to 3x? + 2x — 2 we need to
solve A+ B =3 A-B+C=2A—-C=-21getA=1B=2,
C=3.

Hence

242x -2 1 2
/3x + 2x dxz/ dx+/ x+3 dx
x3—1 x—1 (x+1)2 43

Now [ L dx—1n|x—1|+Cand

[ [ 2t g, Y —
(x+3) +3 (x+5)*+

Compute

/(Z(x—Jrl)dx_ln(( ;)2+§)+Czln(x2—|—x—|—1)—|—C

x+35)243 4
Finally we use (again) | de 7 arctan(%) +Cfora=—3
and b = \/T— and get
dx 4 x+3. 4 2x +1
2 / — = arctan 2 —= arctan
Y eV RV RV

and as a final answer I get

3x242x -2 4 2x +1

T Tdx=In|lx—1|+In(x*+x+1)+ — arctan +C.
=5 = 1] +In( )+ arctan( =)
133. Split ﬁ =4+ = )2 T o )3 and compute A, B, C.

. 4 A C D
134. Spht m -1 + (x_l)z + (x_1)3 + 1 and Compute A,
B, C and D.
135. Write
14+ x

(1-2x—x*)=2—(1+2x+x%) =2—(1+x)?=2(1—(

).

S
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Thus, with substitution u = (1 + x)/\/_ 2, du = dx/\/2,

V2 arcsm(%) +C.

W
/m 2/\/71+ /\/ﬁ 2

137. Use integration by parts. Write g(x) = Inx and f(x) = x?/2
and integrate [; f'(x)g(x) dx. Then

2 e 21

€ X
/1xlnxdx— [?lnx}l— 1 2xdx

d a
lne——lnl——/ X x——————Z.

62

T2
140. Use substitution u = x'/2, du = 3x~/2dx and get

/arctan(xl/z) dx = /Zu arctan u du

(with u = x!/2). Now by integration by parts

2
u
/Zu arctan u du = u? arctanu — / ﬁdu
14+ u

/1_‘;:25114:/(1—1;”2)@

which is u — arctan u + C. Combining everything and putting back
u = x'/? we get

/arctan(xl/z) dx = xarctan(y/x) — v/x + arctan(/x) + C.

and

141. We use cos(2x) = cos® x — sin? x and 1 = cos? x + sin® x, hence

cos? x = H%S(zx) Thus [ x(cosx)?dx = [%dx+ 1 [xcos(2x)dx
and the last integral can be solved with integration by parts. The
answer is §(2x2 4 x sin(2x) + cos(2x)) + C.

142. We use double angle formulas and compute

/On \/ 1+ cos(6w)dw = /On \/1 + cos2(3w) — sin?(3w) )dw
= /On \/ 2 cos?(Bw)dw = \/TE /037[ \/ cos?(x)dx = \/75 /O3n | cos x|dx.

Do not forget the absolute values! Now compute f03" | cos x|dx (the
value is 6).
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145. To compute the integral [;(a?/3 — x?/%)3/2dx we first reduce to
a = 1 by setting x = as, dx = ads. So

a 1 1

/ (/3 = x2/3)3/24y — / (/3 — 213213302 45 — az/ (1—s2/3Y3/2 gs.
0 0 0

Substitute s = (sina)3, ds = 3sin’x cos & da. Then

1 /2
/ (1—s%/3)3/24s = / (1 —sin? &)3/23 sina cos a du
0 0

EN 2
:3/ cos  sin“w du
0

2y —sin?a = 2 cos?a — 1, and using also sin(2&) =

20 — 1+cos(21x) Thus

Now cos(2«) = cos
2sin« cos w we get cos

1 2 in(2
cos*a sin?a = cos?a (cos a sin zx)z = (1 + cos( g))(sm( “).

Therefore
T/2 3 /2
3/ (cos a)*(sina?)da = g/ (14 cos(2a)) sin(2a)da
0 0

Using the double angle formula for the sin again we see that the last
expression is equal to

3 /2 3 /2
= [ sina)dn - [ sin(4a)da.
0 0

Making substitutions g = 2a and 7y = 4« in these integrals we get

27
8/ smﬁ 16/ sm’y—

and since [ sinfdp =2, fo sinydy = 0 we get 3/16 for the last
displayed expression.

All together fO“(a2/3 — x2/3)3/2y = %.

147. The area is four times the integral fol(x4 — x®)1/2dx and this

integral can also be written as fol x2(1 — x2)1/2dx. Set x = sint,
dx = costdt. Then

1 /2
/ 2(1—x2)V2dx = / sin?t(1 — sin?t)!/2 cos t dt
0 0

/2 1 rm/2 1
:/ sin’t cos’t dt = —/ sin(2t)dt = <.
0 4 Jo 8
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148. The area of the tail is twice the integral fol X\/1 T7y4x. Following

the hint write x,/ %jr—z = Hix\/ 1 — x2. We make the substituition
x = sinf, dx = cos f and get
7T/2 in@
/ \/1—x2dx—/ L\/l—sinZG cos 0d6.
o 1+x o 1+sin6

We need to simplify the integrand; in particular we want to get rid
of the trigonometric functions in the denominator:

sind 5, sin f(cos 0)~ 0)?
1+sinf 1~ sin*fcosf = 1+sin6
_ sin6(cos0)?(1 —sinb)

1—sin’0
1—cos(20)
2

— sinf — sin2 6.

Now compute (using sin®6 =
las)

from the double angle formu-

/2 /2 /2
/ (sin® — sin?0) dh = / sin@ df — / sin’0 d6
0 0 0

m/21 — cos(20) T
=1- —d0=1—-—.
o ;
Thus, the area of the tail is (2 — 77/2).
149. The cross sections for fixed x are disks with radius y = y(x),
The volume is

2d Oy
/n[y(x)] x —/5 T

—1—

they have area 7[y(x)]? = 7t 2+25

Now

=1- % and we compute

2
x2425 x2+25 +(x/5)

/5 m‘ix = /1 T ———5du = 5(arctan 2 — arctan 1) .

Thus the volume is

10 10 1
n( . ldx — . mdx> = (5 — 5arctan2 + 5arctan 1)

which is equal to 77(5 — 5arctan2 + 57t /4).



