RESTRICTION OF FOURIER TRANSFORMS TO CURVES:
AN ENDPOINT ESTIMATE
WITH AFFINE ARCLENGTH MEASURE

JONG-GUK BAK DANIEL M. OBERLIN ANDREAS SEEGER

ABSTRACT. Consider the Fourier restriction operators associated to curves
in R%, d > 3. We prove for various classes of curves the endpoint re-
stricted strong type estimate with respect to affine arclength measure
on the curve. An essential ingredient is an interpolation result for mul-
tilinear operators with symmetries acting on sequences of vector-valued
functions.

1. INTRODUCTION

Let t — 7(t) define a curve in R?, defined for ¢ in a parameter interval I.
We shall assume that v is at least of class C% on I.
In this paper we investigate the mapping properties of the Fourier restric-

tion operator associated to the curve, given for Schwartz functions on R¢
by

RE(t) = F(1));
here the Fourier transform is defined by f(g) =[f (y)e W de. Rf will be
measured in Lebesgue spaces L1(I; d)\) where d\ = w(t)dt is affine arclength
measure with weight

(1) w(t) = |7(£)|#F where 7(t) = det(v/(), ... .4V (1))

The relevance of affine arclength measure for harmonic analysis has been
discussed in [19] and [31]. There is an invariance under change of variables
and reparametrizations. Fourier restriction theorems for the case of ‘non-
degenerate’ curves (with nonvanishing 7) are supposed to extend to large
classes of ‘degenerate’ curves when arclength measure is replaced by affine
arclength measure, with uniform constants in the estimates. Finally the
choice of affine arclength measure is optimal up to multiplicative constants,
in a sense made precise in the next section.
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2 AN ENDPOINT ESTIMATE WITH AFFINE ARCLENGTH MEASURE

For nondegenerate curves affine arclength measure is comparable to the
standard arclength measure on any compact interval. Note that for the

model case (¢,t2,...,t%) the weight w is constant (equal to (d!)d%ﬂi). The
sharp LP — L7 estimates for this case have been obtained by Zygmund [38]
and Hormander [24] in the case d = 2 and by Drury [18] in higher dimensions.
Namely, one gets LP(R?) — L7(R) boundedness for 1 < p < pg := Lordt2

d2+d 9
p = 0@. A nonisotropic scaling reveals that for a global estimate this

relation between p and o is necessary in this case. Moreover, it follows from
a result by Arkhipov, Chubarikov and Karatsuba [1] that the given range
of p is optimal. One can ask for weaker estimates at the endpoint p; which
imply the LP — L estimates by interpolation. The iterative method by
Drury fails to give information at the endpoint. In two dimensions, Beckner,
Carbery, Semmes and Soria [8] have shown that even the restricted weak
type estimate fails at the endpoint p; = 4/3. However, in [6] the authors
proved for the nondegenerate model case that in dimensions d > 3 the
Fourier restriction operator is of restricted strong type (pq, p4), i.e. maps the
Lorentz space LP!'(R?) to LP4(R,dt). This result is optimal with respect
to the secondary Lorentz exponents.

It is natural to ask whether for more general classes of curves the endpoint
inequality

n 1/pa d2—|—d—|—2
(2) (/I’f O’Y’pdd)\> S.; ”f”Lpd’l(Rd)7 pd = W7

holds true with affine arclength measure dA. This estimate of course implies
the best possible LP(d\) — L7 bounds which for some classes of curves were
proved in the first two papers of this series [6], [7], building on earlier work
by Drury and Marshall [20], [21]. See also the very recent work by Miiller
and Dendrinos [16] for further extensions. In two dimensions the endpoint
bound fails and sharp Lebesgue space estimate can be found in [33], [30].

Here we prove (2) for two classes of curves. We first consider the case of
“monomial” curves of the form

(3) t— e (t) = (t*, 1%, ... t%), 0<t< oo
where a = (aq,...,aq) are arbitrary real numbers, d > 3.

Theorem 1.1. Let d > 3 and let wqdt denote the affine arclength measure
for the curve (3). Then there is C(d) < oo so that for all f € LPa!(R?)

() (| 1Foue)Peuwatia) ™ < C@If s uay

Note that the constant in (4) is universal in the sense that it does not
depend on azy,...,aq.
A similar result holds for ‘simple’ polynomial curves in R?, d > 3,
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2 d—1
(5) Nt = (b g g W), teR

where P, is an arbitrary polynomial of degree N > 0, with the coefficients
(bo,--- ,by) = b € RVNF! that is, Py(t) = Z;'V:o b;t’. Note that the affine ar-

2
clength measure in this case is given by Wy, (¢)dt where Wy (t) = \Pb(d) (t)]@*+d.
Then we have

Theorem 1.2. There is C(N) < oo so that for all f € LP&1(RY), b € RN+,
A~ 1/pa
(6) ( /0 FEuePW(t)dt) ™ < COV)I | gy

It would be interesting to prove a similar theorem for general polynomial
curves (Py(t),...,P;(t)), with a bound depending only on the highest de-
gree. However, currently we do not even know the sharp LP — L%(w) bounds
in the optimal range p € [1, d?{jl_ji'z). For the smaller range 1 < p < d;ﬁ;jg
(corresponding to the range in Christ’s paper [12] for the nondegenerate
case), such universal L? — L?(w) bounds have been recently proved by
Dendrinos and Wright [17]. Their result can be slightly extended by com-
bining an argument by Drury [19] with estimates by Stovall [37] on averaging
operators, see §8.

An interpolation theorem. As in previous papers on restriction theorems
for curves the results rely on the analysis of multilinear operators with a high
degree of symmetry. In [6] the operators acted on n-tuples of functions in
Lebesgue or Lorentz spaces, and it was important to use an interpolation
procedure introduced by Christ in [12] (¢f. also [26], [23] for related results).
In the presence of weights one is led to consider interpolation results for n-
linear operators acting on products of /(X)) spaces and which have values
in a Lorentz space; here X is a quasi-normed space and ¢%(X) is the space
of X valued sequences {fi}rez for which (3,5 28| fil/%)/P < oo. For
the relevance to the restriction problem see also the remarks following the
statement of Theorem 1.3 below.

We recall some terminology from interpolation theory. A quasi-norm on
a vector space has the same properties as a norm except that the triangle
inequality is weakened to ||z +y|| < C(||z|| + ||y||) for some constant C. Let
0 < r < 1. The topology generated by the balls defined by this norm is
called r-convex if there is a constant C7 so that

™) | |, <X lailiz)”
i=1 i=1

holds for any finite sums of elements in X. The Aoki-Rolewicz theorem
states that every quasi-normed space is r-convex for some r > 0 (see also
§3.10 in [9] for a generalization). Obviously any normed space is 1-convex.
Hunt [25] showed that Lorentz spaces LP¢ are r-convex for r < min{1, p, q}
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and they are normable for p,q > 1. The Lorentz space L™ is r-convex for
0 < r < 1; this is a result by Kalton [27] and by Stein, Taibleson and Weiss
[34]. This fact plays a role in the proof of sharp endpoint theorems, in [6]
as well as in the present paper.

The Lions-Peetre interpolation theory can be extended to quasi-normed
spaces (see §3.11 of [9]). Here one works with couples X = (Xp, X1) of
compatible quasi-normed spaces, i.e. both Xy and X7 are continuously em-
bedded in some topological vector space. We shall use both the K-functional
defined on Xo+ X1, given by K (t, f; X) = infr— s 1, [l foll xo +t]| f1]| x,] and
the J-functional defined on Xo N X7 by J(¢, f, X) = max{| flx,, tllfllx, }-
For 0 < 8 < 1, 0 < ¢ < oo the interpolation space 797(1 is the space of
f € Xo+ X, for which HfHYe,q = (327K (2!, f;X)]9)Y/4 is finite. Sim-
ilarly one defines Xy o, with quasi-norm ||f||y9700 = sup;ez, 279K (2!, £, X).
The space XyN X, is dense in Yg’q but not necessarily in 79700; the closure
of XoNXjin 79700 is denoted by ng and consists of all f € 79700 for
which 279K (2!, f : X) tends to 0 as | — £00. An equivalent norm on X,
is given by ||f||y0th] = inf(},, 2710 T (2, ug; X)]9)Y9, where the infimum is
taken over all representations f =3, u;, u; € Xo N Xy, with convergence in
Xo + X1 (see the equivalence theorem 3.11.3 in [9]).

For the formulation and proofs of interpolation results for multilinear
operators with symmetries it is convenient to use the notion of a doubly
stochastic n X n matriz, i.e. a matrix A = (a;;); j=1,..n for which a;; € [0, 1],
i,j=1,...,n, Z;L:la,-j =1l,i=1,...,nand Y ;" a; =1,7=1,...,n.
Doubly stochastic matrices arise naturally in the interpolation of operators
with symmetries under permutations; this is because of Birkhoff’s theorem
([10], [29]) which states that the set of all doubly stochastic matrices (also
called the Birkhoff polytope) is precisely the convex hull of the permutation
matrices. We shall denote by DS(n) the set of all doubly stochastic n x n
matrices and by DS°(n) the subset of matrices in DS(n) for which all entries
lie in the open interval (0,1). In what follows given n numbers sq, ..., s, we
let § be the column vector with entries s;, and é,, be the mth coordinate
vector.

The following interpolation theorem plays a crucial role in the proof of
Theorems 1.1 and 1.2.

Theorem 1.3. Suppose we are given m € {1,...,n} and d1,...,5, € R so
that the numbers &; with © # m are not all equal. Let 0 < r < 1, and let
1y Qn € [r,00] such that 31 gt =r~'. Let V be an r-convex Lorentz
space, and let X = (X, X1) be a couple of compatible complete quasi-normed
spaces. Let T be a multilinear operator defined on n-tuples of Xo+ X1 valued
sequences and suppose that for every permutation ™ on n letters we have the
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inequality

(8) IT(frqys - Fr)llv < A fmlle; x1) 11 1 fille; (xo) -

Then for every A € DS°(n) and every B € DS(n) such that
Bey = (r/q1,. .., r/qa)T

there is a constant C (A, B, g,r) so that for §= BAS and 0 = BAE,,

(9) 1T f)lv < O BED [T il v, -
=1

for all (fi,..., fn) € [Tiey ¢4 (Xo,.q:)-
In particular

n
1
10 TG Sl ST, o o= 36
i=1 " i=1
Here, and in what follows we write < if the inequality involves an implicit
constant. For the proof of our restriction estimates only the special case

(10) is used; it follows from (9) by choosing a;; = b;; = 1/n for all 4, j.

Relevance for the adjoint restriction operator. One would like to extend the
proof of the endpoint estimate for the adjoint restriction operator in [6] by
using weighted Lorentz spaces, but there is the immediate difficulty that the
real interpolation spaces of weighted Lebesgue or Lorentz spaces may not be
weighted Lorentz spaces, and other scales of spaces have to be considered
(cf. the papers by Freitag [22] and Lizorkin [28] on interpolation spaces of
weighted LP spaces).

Let X be a Lorentz-space of functions on an interval I (with Lebesgue
measure), and a positive measurable weight function w on I. Let Qfw, k] =
{t € I:2" <w(z) < 21}, We define the block Lorentz space bd(w, X) to
be the space of measurable functions for which

(11) £ 1158 (0, x) = (Z [2kSHXQ[w,k}f”X]q>

kEZ

1/q

is finite. These spaces arise in real interpolation of weighted Lorentz spaces
with change of measure (see [2], [3]). We are not necessarily interested in
the block Lorentz spaces per se, but use them as a vehicle to prove our result
on LP(w) = bzl’/p(w,Lp).

The connection with results on £2(X) spaces is immediate, namely b (w, X)
is a retract of £(X): Define ¢ : b(w, X) — €4(X) by [1(f)]k = Xajuwkf and
¢ LX) — bi(w, X) by <(F) = > XQ[uw,k Fr then ¢ and ¢ are isometries
and ¢ o7 is the identity operator on bl(w, X). If L is a linear operator map-
ping b(w, X') boundedly to a quasi-normed space V then Lo : f{(X) — V
and if £ is a linear operator mapping ¢Z(X) to V then Lo : bi(w, X) — V.
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Analogous observations can be made for multilinear operators acting on n-
tuples of such spaces. Thus Theorem 1.3 implies an immediate analog for
multilinear operators acting on []b% (w, Xy, 5,) which will be used in our
estimates for adjoint restriction operators.

This paper. In §2 we discuss the optimality of affine arclength measure in
estimates for the Fourier restriction operators associated with curves. In §3
we prove Theorem 1.3. In §4 we formulate geometrical hypotheses for our
main result on Fourier restriction from which Theorems 1.1 and 1.2 can be
derived. This result is proved in §5. Theorem 1.1 is proved in §6. In §7 we
make some observations on curves of simple type and prove Theorem 1.2.
In §8 we give the proof of the partial result for general polynomial curves
alluded to above. Some background needed for the interpolation section is
provided in Appendix A.

2. OPTIMALITY OF THE AFFINE ARCLENGTH MEASURE

Let 7(t) be as in (1). For p > 1 let o(p) = d?—’jd, with p' = E5 (the

critical o for LP — L% boundedness of Fourier restriction with respect to
Lebesgue measure in the nondegenerate case). In particular o(pg) = pg for

_ d®+d+2
Pd = 2+d °

Proposition 2.1. Let I be an interval and v : I — R? be of class C?. Let
u be a positive Borel measure on I and suppose that the inequality

~ /o(p)
(12) ([1Fol ™ an)"™" < Bz

holds for all f € LP1(R?).

Then p is absolutely continuous with respect to Lebesgue measure on I,
so that dp = w(t)dt for a nonnegative locally integrable w, and there exists
a constant Cy so that

(13) w(t) < CaBoW |z (1) @52
for almost every t € I.

Proof. We argue as in the proof of Proposition 2 in [31] and use a ‘Knapp
example’ to see that (12) implies

(14) /XP(W(t)) du(t) < Cy(d)B°W)|P| 7+

for any parallelepiped P. Indeed if P = AQ + b where Q = [0,1]%, b €
H}&\d and A is an invertible linear trar}\sformation then we choose f so that
F() = exp(—|A71(€ = B)2). Now [f(€)] > e for & € P, and | f]lpm <
Cy(d)| det(A)[*/?'| and then (14) is an immediate consequence of the relation
o(p)/p =2/(d* +d) and |P| = | det A|.

We first show that p is absolutely continuous with respect to Lebesgue
measure. Let I’ be a compact subinterval of I. Absolute continuity follows
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if we can show that u(J) < C(I')|J| for every subinterval J of I' with
length |J| < 1/2. By the Radon-Nikodym theorem dy = w(t)dt with locally
integrable w (in fact w will be locally bounded by the estimate on u(J)).

Fix such a J C I’ and let ¢ be the center of J, and let |J| = 2h. Consider
the Taylor expansion

d .
(15) A (t + u) Z o(u?) .
i=0J

Let K = K; denote the dimension of the linear span V; of v/(t),...,79 (¢).
Choose 1 < j; < --- < jg < d so that the span of y\)(¢t),... Ur)(t)
is equal to V; and so that for each j = 1,...d the vector y(j)(t) belongs
to span({yU*)(t),jr < j}). Choose an orthonormal basis {vy(t)}1<p<q SO
that span({vi(t),...,v(t)}) is equal to span({yU*)(t),k = 1,...,1}), for
l=1,...,K.

Then there is a constant C' (depending on I’ and the C? bounds of 7) so
that v(s), s € J, belongs to the parallelepiped

Po(h, +{ZC’bv] 10 <bj <}

which has volume O(h%). By (14) we get

u(J) < CL(d)|Po(h, )| P73 < C(d, T, 7)|h)

which shows the absolute continuity of u.
In order to obtain (13) it suffices, by the Lebesgue differentiation theorem,
to prove

h
(16) lim sup — ! / w(t 4+ u)du < CdB"(p)]T(t)]ﬁ
h—o+ N
for every t in the interior of I. In what follows fix such a ¢t and consider the
Taylor expansion (15). We distinguish the cases 7(t) = 0 and 7(t) # 0.
If 7(t) = 0 then K; < d — 1 and using the orthonormal basis above the
Taylor expansion can be rewritten as

K d
Y(t+u) =(t) + Z(Cl(t)uj’ + g1 (u, t)u?) vy (t) 4 u Z gi(u, t)vi(t)
=1 I=K+1

where g;(u,t) — 0 as u — 0. Let p(h,t) = maxg1<i<d SUPo<u<n [91(u, t)|
and

P(h,t,C) +{Z(kavk

ogbkghﬂk,kzl,...,f{;\bky <ph,t)h" k=K +1,...,d}.
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If C is sufficiently large then there is ho(t) > 0 so that v(t +u) € P(h,t,C)
whenever h < ho(t) and 0 < u < h. Also |[P(h,t,C)| < h@+D/2p(p, ).
Thus (14) yields

h
/ w(t +u) du < B°Php(h,t) @+ = o(h)
0

and we have verified (16) for the case 7(t) = 0.
If 7(t) # 0 we may replace the above orthonormal basis by the basis
A (),....Y D (t) to rewrite the Taylor expansion (15) as

d .
vt +u) = way(j)@

|
j=0 I

where lim, o4+ |e;j(u,t)| = 0. Let
d b .
P(h,t) ==(t)+{> j—J, At 10 <b; <21},
j=1

2
Then |P(h,t)] = Cs(d)h*2"|7(t)| with C3(d) = 2/[%_, 4 and there is
ho(t) > 0 so that for h < ho(t) we have v(t +u) € P(h,t) for 0 < u < h.

Thus, by (14) we see that for h < hy(t)
h
/ Wt +w)du < Cy(d)B7Ph(Cy(d)|7(t)]) P+
0
which yields (16) in the case 7(t) # 0. O

3. INTERPOLATION OF MULTILINEAR OPERATORS WITH SYMMETRIES

We shall now prove several lemmata involving real interpolation of mul-
tilinear operators with symmetry that have values in an r-convex quasi-
normed space V. These will lead to the proof of Theorem 1.3. The reader
may consult Appendix A for some results from interpolation theory needed
here.

The following notation, for a couple X = (Xg, X1) of compatible quasi-
normed spaces, will be convenient. Set, for 0 < ¢ < oo,

X, if6=0,
(17) X97q = 797,1, ifo<d <1,
X,  if6=1.

With this notation we formulate a version of Lemma A.3 for operators with
Ssymmetry.

Lemma 3.1. Suppose r < 1, and d1,...,6, € R. Let (X, X1) be a couple
of compatible complete quasi-normed spaces. Let T be a multilinear operator
defined on n-tuples of Xo + X1 valued sequences, with values in an r-convex
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space V' and suppose that for every permutation m on n letters we have the
inequality

n
(18) 1T (Frrys s Fr)llv < Ml filleg, ox0) 11 1 ille (xo) -
i=2
Then there is a constant C such that for every doubly stochastic matrix
A = (aij)ij=1,.n, for s; = 2?21 a;j6j, 0; = a;n, 1 = 1,...,n and every
permutation T,

(19) IT(Frqays- s Faoy)llv <CHHfZH£T Four)

i=1

Proof. Because of the permutation invariance of the assumption it suffices
to prove (18) for = = id.
The assumption says that |T'[g1, .. ., gn][|v is dominated by [|g--1(1)ller (x:)
1

X 1Thzs ||g7r—1(k)||gg (Xo)- This can be rewritten as

HT[gl7 7971 ”V < HHgl”gr (Xg 7“)

where 0;=1 1f (i) =1 and 0; =0 if w(i) # 1;

(20)

recall that by definition )?om = Xy and )Z'LT = X;. Let P; be the permuta-
tion matrix which has 1 in the positions (i,7(i)), i = 1,...,n, and 0 in the
other positions. Then the conditions s; = d.(; and 6; is as in (20) can be
rewritten as § = P,Tg and 0 = Pré; (here the vectors are all understood as
columns).

For a doubly stochastic matrix A let H(A) be the statement that the
conclusion

IT(fr. . F)ly < C(A Hufzuww

holds for the vectors § = A5, § = A&,. Now (20) is just saying that the
statement H(P;) holds. By Birkhoff’s theorem every A € DS(n) is a convex
combination of permutation matrices and therefore the general statement in
(19) follows immediately from repeated applications of a convezity property:
Namely, if H(AT) and H(A™) hold for two doubly stochastic matrices A"
and A~ then the statement H((1 —v)AT +~A~) holds for 0 < v < 1.

We now verify this convexity property. Let AT and A~ be doubly sto-
chastic matrices for which H(A") and H(A™) hold, thus we have

”S(fla"'a )HV<CA+ H”ﬂ”zf XJr )

=1 1

”S(flv"'a HV<C H”fl”gr (X )
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for column vectors 5 = A5, , 0t = Ate,. By taking generalized geometric
means we also have

IS(fr. - fa)lv < C(AT)7C(A) II(Wﬂmr<X RUSPRE

= \T

for 0 < v < 1.
Now let temporarily Wi = £/ (X9+ ), and Wiy = £7_ (X - ). By the

’L )

last displayed formula and Lemma A.3 we get

IS(f1,- .., f)llv < CCAT)7C(A ”Ihmum,”

By the reiteration theorem we have
(Xﬂj,r’ XG;,T’)—%T = X(l—’y)ezr-l—'yef,r’ 0<y<1,
and then, by Lemma A.4 there is the continuous embedding

ET’

(1—y)si +7s; (X(l—y)ejﬂe;,r) — (WZ 05 W )ﬁ/

5T

Hence, for some C

21 S(fiy.- o f <C ill .
( ) ” (fl ’V H”f ”6(1 w)ﬁﬂf(x(l w)ejﬂe;,r)
Let A®) = (1 — 4)A" + yA~ then (1 — 7)s] + ys; = > =1 5])6] and
(1 =)0 +~0; = a(V) and thus (21) is just H((1 —y)AT +~vA7). O

We shall now apply an iterated version of the interpolation method by
Christ [12] to upgrade n — 1 of the n spaces £f. (Xg ) to EOO(XQ 00)s Dro-
vided that the parameters correspond to doubly stochastic matrices in the
interior of the Birkhoff polytope, the set D.S°(n) of doubly stochastic n x n
matrices A = (a;;) for which all entries lie in the open interval (0,1). In the
following lemma we assume the conclusion of the previous lemma and also
an additional assumption on 5.

Lemma 3.2. Suppose n >3, 0<r <1, and 61,...,6, € R. Assume that
there are two indices 11,12 with 2 < i1 < iy < n so that d;; # 6;,. Let Xo,
X1 be compatible, complete quasi-normed spaces and let T be an n-linear
operator defined on n-tuples of Xo + X1-valued sequences. Suppose that for
every A € DS°(n) there is C(A) such that

(22) 1T(f1,-- f))llv < C(A HHszZT (Xpi.r)

whenever @ = Ad, [ = Aéy.
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Then for every A € DS°(n) there is C(A) such that
(23) IT(f1,- s fa)llv < G(A)Hfl\\egl(ml,r) 1T 1Fill e x, )
=2

with §= AS, 0 = Aé).

Proof. Let A € DS°(n), and let 2 < k < n + 1. Let H,+1(A) denote the
statement that (22) is true for & = A4, i = Aé,.

Let H,+1 denote the hypothesis (22) for all A € DS°(n). For2 <k <n
let Hj(A) denote the statement that there is C' depending on A so that the
inequality

k—1 n
(24) IT(fr,- 5 fa)llv < C( 11 Hfj”zgi(ygi,rﬂ <H Hfz'”zg;(mim))
i=1 i—k

holds for all (fi, . .. j}l)e]]klérﬂ¥&¢)(ﬁ””., fn) € Ty £°(X g, 00),
under the condition § = Aé, g = Aci. Let Hj denote the statement that
Hi(A) holds for all A € DS°(n).

We seek to prove Hs. In what follows we thus need to show for 2 < k < n,
A € DS°(n) that Hp41 implies Hi(A). We assume in our writeup that
k < mn —1 but the proof carries through to cover the initial case k = n if we
interpret [, . ... as 1.

Assuming Hyy1 we shall first prove a preliminary inequality Hzrd(A),
namely

(25) NT(fr,--- fo)llv <

k—1 n
c(gHfjuzgi(xei,r))ufkuggk(gw( IT 16illemcx,, )

i=k+1

We denote by Himl the statement that Himl(A) holds for every A € DS°(n).

Proof that Hy41 implies Hzml. Fix A € DS°(n) and let ¢ > 0 with the
property that all entries of A lie in the open interval (2¢,1 — 2¢). We define
two n X n matrices AT = AT (k) and A~ = A~ (k:) by letting

o () ¢ {(11), (LK), (B, 1), (k. K)}
(26) a;:lL:V = a,w/ :l: € (ﬂ) V) - (17 1) or (ﬂ) ) - (kv k) )
Quv + € lf(,u,lj):(l,k‘) or (May):(k>1)'
It is easy to see that AT belong to DS°(n). Also if 5 = Ab, § = Aé), and
gt = A5, 0 = A*é), then s7 = s; if i ¢ {1,k}, st = 51 + (01 — Ok),
sff = s, +e(d —01), moreover 0; = HZ?JE ifi ¢ {1,k}, ch =0 +te, H,f =0, Fe.
We interpolate the linear operator Ly given by

(27) .g'_>Lk.g:T(fla---afk—lvgvfk-‘rlv"'afn)
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using the real interpolation Ky, method with parameters ¥ = 1/2 and
q = 00. Since 9,‘: # 0, we have by Lemma A.4 and the reiteration theorem

ggk (Yek,oo) = egk ((YG;L,T’ Y911:,,7“)%,00) - (622 (79;,7‘)’ g;: (Yeg,r)) %,oo

Thus we obtain by interpolation of Ly, (using Hj1(A¥))

1/2 1/2
Mwhu,|w<cHQmu/— ww;we)x
150, e ( 1T Wilizcr, )
i=k+1
By Lemma A.3 and the reiteration theorem we get
HT(fb cee afn)HV <
k—1
C«IPWMMENDWM%@% <Ilﬂﬁwwaw>
1= i=k+

This finishes the proof of the implication Hy1 = Hzml.

Proof that Hzml implies Hy,. Fix A € DS°(n) and let € > 0 so that all entries
of A lie in the open interval (2¢,1 — 2¢). We define two n x n matrices A"
and A~ (depending on k and different from the ones in the first step) by
letting

Gy (,u,y) ¢ {(17i1)7(17i2)7(k7i1)7(k7i2)}
(28) affl, = auwEe 1f (u,v) = (1,41) or (p,v)=(k,i2),
Auy F € if (,u,y) :(kail) or (M,I/) :(17i2)'

Then AT and A~ are in DS°(n). It is important for our argument that the
first column of A¥ is equal to the first column of A. Let 3+ = A%S, , 8= Ag;
then s = s; for i ¢ {1,k} and s§ = s1£ (6;, — 6i,), 8¢ = sk £ (8i — 6y, 50
that by the assumption §;, # J;, we have slj # s, and sy, is the arithmetic
mean of s and s, . Moreover si° = s; if i ¢ {1,k}.

We interpolate the linear operator Lj as in (27). This time we use
Hzrel(Ai) and the formula

(29) (egg (YGk,OO)v 62; (YGk,OO)) 100 = 6:2 (791“00)
which is a special case of formula (89) in the appendix. This yields

IT(fs -5 fo)llv <

k—1 n
cqngm\wmﬁﬂgm%mm)
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By Lemma A.3 and the reiteration theorem we also get

k—1 n
1Tl < (TT0ANe w,0) (TT il )
=1 i=k
which is Hy(A). O

We are now in the position to give the

Proof of Theorem 1.3. We first reduce to the case m = 1. If m denotes
the permutation that interchanges 1 and m, with 7(i) =i for i ¢ {1, m}, we
define

(30) TW[fl?"'?fn]:T[fﬂ(l)a"'afﬂ(n)]'
If T satisfies the assumptions of Theorem 1.3 then T satisfies the assump-
tions with the choice m = 1 and the parameters (d1,...,d,) replaced with

(0x(1)s -+ +0r(n)). By symmetry we get the statement for 7" from the state-
ment for 1.

After this reduction we may assume m = 1 in what follows. Let A €
DS°(n). For any B € DS(n) let Ha(B) denote the statement that there is
C > 0 so that the inequality

(o falllv < CTT Al ., )

i=1
holds for all (fi,..., fa) € [1i=, £%(Xy, 4;), under the condition that

r/q
§=BAS, 0= BAé, . | =Bé.
T/qn

As an immediate consequence of Lemma A.2 we see that given A € DS°(n)
the matrices B satisfying H 4(B) satisfy a convexity property, namely, if
HA(B®), Ha(BW) hold for B € DS(n), BY) € DS(n) then for 0 <
¥ <1, B9 = (1—-9)B® 4 9B the statement H(B™) also holds. By
Birkhoff’s theorem H4(B) holds for all B € DS(n) once we have shown it
for all permutation matrices.

For this we first apply Lemma 3.1, and then, by the conclusion of that
lemma we can apply Lemma 3.2 to the multilinear operators Ty in (30). As
a consequence there is, for every A € DS°(n), a constant C'(A) so that for

n N
8j = >_i—1 a;j05, 0i = a;1 and every permutation 7

(31) HT(fW(l)? R fw(n))HV < CHlegvS"l ()?91’7) leZ ||fl||zgf()?9“oo) :

It is straightforward to check that this conclusion is exactly statement H 4 (P)
for all permutation matrices P. O
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4. HYPOTHESES FOR THE RESTRICTION THEOREM

Given a parameter interval I we shall consider a class € of vector valued
functions v : J, — R? of class C? defined on subintervals J, of I. For every
7 € € the restrictions of v to subintervals of J, will also be in €.

Definition. (i) Let J be an interval and let k = (K1,...,Kkq) so that k1 <
ko < o+ < Kq , kg — k1 < |J| and one of the coordinates k; is equal to 0.
Let J¢ = {t:t+r1 € J t+rg €J}. Then given a curve t — ~(t) € RY,
t € J we define the k-offspring curve v, on J" by

d
Ye(t) = At + ;).
j=1

(ii) Let T = T, be as in (1). We denote by 7., the corresponding expression
for the offspring curve, i.e.

d d
Ty, = det (Z’y'(t + Ky ,ny(d)(t + Kj)) -
j=1 j=1
Let
d?>+d+2
(32) Q=—5—":

For v € € defined on I we shall consider the adjoint operator
Euf(@)= [ oo fpu(eyi
I

with w(t) = w,(t) = |T«/(t)|2/(d2+d) and then examine the L9(w;I) —
L2°(R%) operator norms (here we work with a fixed equivalent norm on
L2>®(R9)). We consider L?>®(R%) as a normed space, the norm being
1A]]7 0.0 = SubPig tY/@n**(t) where h** is as in (83) with p = 1. We also
continue to use ||h|| @.c = supa(meas({|h| > a}))"/?, the usual equivalent
quasinorm (and the constants in this equivalence are independent of the
measure space).
We shall make the a priori assumption that

(33) B = B(Q:) i= sup sup ngf”z*Q,oo
VECNLQ (wy) ST

is finite and the main goal is to give a geometric bound for the constant
B. We remark that the finiteness of B has been shown in [6] for certain
classes of smooth curves with nonvanishing torsion. Once a more effective
bound for B is established one can prove Theorems 1.1 and 1.2 by limiting
arguments.

We now formulate the hypotheses of our main estimate. Two of them
were relevant already in [20], [21].
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Hypotheses 4.1. Let € be a class of curves with base interval I,. For~y € €
defined on I C I, let

(34) E:{(tl,...,td):tl el, tgel, ty <t2<"'<td}.
(i) There is Ny > 1 so that for every v € € the map ®, : E — R with

d

(35) Oy (tr, . ta) = > (t))

j=1
1s of multiplicity at most N7.
(ii) Let Jg., denote the Jacobian of ®.,
To (b1 ta) = det (4/(11), .., (ta)).

Then there is ¢; > 0 such that for every (ty,...,tq) € I¢ with t; < --- < tg
we have the inequality

d
(36) |jq>w(t1,...,td)| > C1<HT«/(ti))l/d H (t —tj).
i=1

1<j<k<d

(iii) Every offspring curve of a curve in € is (after possible reparametriza-
tion) the affine image of a curve in €.

(iv) There is ¢ca > 0 so that for every v € € and every offspring curve -,
of v we have the inequality

(37) P ()] 2 2 max |7t + )]

=1,..

Inequality (37) is a strengthening of a weaker inequality which was used
in [20], [21], [6], [7], namely

d

(38) 173 (D] 2 H |7 (t + “j)‘l/d-
j=1

The stronger inequality allows us to replace the geometric mean on the
right hand side of (38) by generalized geometric means H;lzl |7y (t + ;)|

for nonnegative n; with 2?21 7; = 1. Our main result is

Theorem 4.2. Let € be a class of curves satisfying Hypothesis 4.1 and
B(€) < co. Then

(39) B(€) < C(d, Ny, ¢; b exh).

For an explicit constant see (57) below.

5. PROOF OF THEOREM 4.2

Let w = wy define the affine arclength measure of . We start with
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Observation 5.1. If v € € is defined on I and w is a nonnegative measur-
able weight satisfying w(t) < w(t) then there is a constant C such that

HSafHLQ,m(Rd) <cs( [ Irwrama) .

Proof. By [25], | [ g(2)h(z)dz| < |lgllporallhlpes for g € LYHRY), h €
L2°(R%). We have

r~ 1/Q’ / 1/Q’
([ aeon@awa)" < ( [ aooewo)

= s | [aoenseund] = e | [o@e @i

T leg < i 111, () <1

< ”gwaLQ’OO(Rd)Hg”LQ’,l(Rd) S B”QHLQ’,I(Rd)

and therefore

€ lpomn =C s | [ @ias()ds]

||QIILQ/,1(Rd)§1

—c sw | [gh@ansd]

9l 1 gy <1

<C swp |[gorllie@llfllLew@
||QIILQ/,1(Rd)§1

which by the previous display is bounded by C'B||f|| La (- O

We aim to prove estimates for the d-linear operator M defined by

Mlfi,..., fal(@ stfz

d d
Z/ exp(— 517727 ny tJ )] dty ... dtg

7j=1 =1

Denote by V(t1,...,ta) = [[1<;<j<q(t; — ti) the Vandermonde determinant
and let, for [ € Z,

E ={(t1,....ta) e I": 27" < V(1) < 27"}

Following the reasoning in [4], [6] for the nondegenerate case we decompose
M =", My where
(40)

d d
Milfre- f@) = [ expl=ite. Y20 [T 0] dbr .. it

7j=1 =1
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An important ingredient is an estimate for the sublevel sets of the restric-
tion of V to R namely
(41)
meas({(hl,...,hd_l) 2 |hye hg_q] H |hj — hi| SO[}) §C’doz2/d
1<i<j<d—1
where the measure is Lebesgue measure in R4, This was proved in [20]
(cf. also the exposition in [6]).

Lemma 5.2. (a) Let p; € [2,00] be such that ZZ 1/)2 =1/2. Then

(42) M1, falllze S (N2 fer) /22 H | w5

i=1

Pi

Th(b) Let n; € [0,1] so that Zle n; =1, and q; such that Z?:l ¢t =1/Q.
en

d

— _ _ N

(43) IMilf1, - fdllpoee S Bey V92724 ] || frw' ™ @
=1

g’

Proof. For every permutation 7 on d letters set
ET ={(t1, . ta) 1 tzq) < <tpa)}-

By assumption the map @ : (t1,...,tq5) — Z?:l ~(t;) is of bounded mul-
tiplicity d!N7 on U E™. We apply the change of variable, followed by
Plancherel’s theorem, followed by the inverse change of variable to bound

dty . .dty \1/?
il (5[ ety
” l[fl ”2 1 |Hf Jq>(t1,.. td)’>

B = o

By our assumption (36) the right hand side is dominated by

dti...dtg 1/2
N fz z z da+1
1 EI|ZHl [V () T w(t) 5 )

N 3-d odty ... dtg\1/2
(o), \Efmw@»TFW)

The sublevel set estimate (41) with o = 27! yields

([ ot ) < 2% ||gdu2Hng||w

L/

By symmetry we get a similar statement with the varlables permuted and
then by complex interpolation also

d
(44) /\ng )t .. dtd)l S2 %H\gillpi

Eoi=1
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where Zle p; -1 /2. If we apply this statement with g; = fiw¥ we
obtain (42).
To prove (43) it suffices to show that for fixed (n1,...,7n4) with n; > 0

and Z?:l ni=1

45) [ Milfrs- ., falll pame S Bey V92724 fru' =@

Once this inequality is verified, we also get, by the symmetry of M;, the

bound B, /92-21/4) £, wl_WHQ [Tizm Hfz o lo and then the inequal-
ity (43) follows by complex interpolation.
Let, for any permutation 7 on d letters

EZT = {(tl,... ,td) S Id : t7r(1) < e < tﬂ(d), 2_1_1 < V(tl,... ,td) < 2_1}.

To prove (45) we split M; = > M where

d d
ME oo file) = [ explite: o ata [T Gopotaai .ty
7j=1 =1

We need to bound [|[MJ][f1,..., fa]lle.~ by the right hand side of (45).
Now let v = 771(1) and let H, be the hyperplane {(k1,...,kq) : £, = 0}.
We change variables
S:tl, /ij:tw(j)—tl,j#lj
hence t; = s + Kr-1(;), ¢ = 1,...,d, and thus {; = s. Note that with this

identification

|V(S,S + Kﬂ*1(2)7' -8+ K’ﬂfl(d))|

d
= H‘Hﬂfl(i)‘ H | Ko 1(j) — Kx=1(4) | = H‘HZ‘ H Hj — K
=2

2<i<j<d 1#v 1<i<j<d
iV, jFEV

and Z;‘lzl V(s + Kr-1(5)) = 7(8) + 2 V(s + Ki).
If I =[ar,aR] we define I = [a;, — K1,ar — kg4 and

;/:{/i:/il</€2<"'</€d,lﬁly:0,lﬁld—/€1SCLR—CLL,

o <[kl [T Iws —mil <27}

i#r 1<i<j<d
i#£V, jFV

Let dm,, denote Lebesgue measure on H, (in d — 1 dimensions). Let, for
K € H,,, denote by 7" the offspring curve v*(s) = v(s) +>_, ., v(s + ki) =
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2?21 (s + k;). Then

0 M7l gile) = [ el o)

ey ($)w(s) [ [frio) (s + mi)w(s + r)] ds dm, ().
i#v

Let
2
wy(t) = ’Tw (t)| @+,

the weight for the affine arclength measure associated to .. By assumption
the offspring curve =, is (after possible reparametrization) an affine image
of a curve in the family €. Thus, by affine invariance and invariance under
reparametrizations we have the inequality

| [ espicanemam s, < Blolsa.:
By hypothesis (37), and Z?Zl Nr(i) = Z?Zl n =1,
s +‘il_lw s+ k)0 seI”.

By Observation 5.1 we then also have
| [ exoteitomtsnts)es™ Hw (5 + mo)eods|

_2 1/Q
B(/ o2 Tt + e )
L i=1
We apply this with

9() = G*(8) = Fag(8)w(s) 7 [[[rgo (5 + moduw(s + i) 7700]
i#v

and, using the relation d2+d(52 1) = —%, we arrive at

d
o | st ot o],
=1

— Q
< Be, 1/Q /\G” \Qst—Hﬁ)"“()ds)/

=1
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Now use the triangle inequality for an equivalent norm in the space L@
and apply the analogue of the integral Minkowski inequality to get

M1, falll e

S/DZV /IK N G (s st—km ""()dsHLQOO m g (K)

<68 o </1n | Fr) (8)w(s) ) H[fﬂ(i)(s + ki)w(s + ;) 0]
l i#v

Q

d 1/Q
X Hw(s + k) 1@ ds) dm ;. (k)
i=1

which is

1/QB/ /‘fwu 1 mr(u)/Q"st) 1/Q

X H | frgiyw @0/ odm (k)
1#v

By (41) we have m ., (D}) < 272/d_ Thus the last displayed quantity is less
than a constant times

27, OB | frgyw' w! 70/

i#v
d
o [T 150~/
j=2

and (45) is proved. O

:2—2l/dc2—1/QBHflwl—nd/Q’

Lemma 5.3. Let q; € [Q, 0], p; € [2,00], ¥; € [0,1] satisfy

(L L= (h41)

Let
1 d—21 4 1
48 —:——_i_—_,
d—2 7 3—d
(49) 5’_d+2<1 Q’>+d+2

Then Y4 1t =Q7! Y B = d+2)Q, and we have

d
(50) HM[f17 <o 7fd]HLQ/d,oo 5 CB% H ”fi”b}ii(w,Lpi’l)

i=1
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with
w2 —wrne
(51) C= (Nl/cl) Ad+2) ¢, .

Proof. We may interpolate the L? bounds and the L9 bounds for M;
to get a satisfactory estimate for the L9/%*° norm of each M; but the
resulting estimates cannot be summed in [. We use a familiar trick from
[11], estimating >, M; using the bound (42) for 2! < A and the bound (43)
for 28 > A, for A to be determined. For fixed o > 0 we need to estimate the
measure of Go = {x : [M;[f1,..., fa]| > 2a}. By Tshebyshev’s inequality,

meas(Ga) < o2 " Mlfr, . fallls + a9 DD Ml fdlllE

2'<A 20>A
and applying Lemma 5.2 we obtain
(52) meas(G,) < Q2N T2 4 0 QA 2Q/d\Q
with

d d
r:.= (Nl/c1)1/2HHfiw¥Hpi, A= Bcgl/QHHfiwl_
i=1

i=1
We choose A so that the two expressions on the right hand side of (52)
d
balance, i.e. A = (a?~®T%/A2%)72+2q . This leads to the bound meas(G,) <

(d+2)Q
(1A d+2Fd+2)d 2+2Q and we have d(d;i)zQ = for Q== +d+2 . Thus
(53) IMLf1, - falll perac SCBﬁA%F%H
with C as in (51).
By Lemma A.3

IMUfr s falll parae < CBT H [§

HY4/(d+2) 1

where the interpolation space refers to the couple Yy = b1 ” /Q,(w,qu),
Y1 = b(g_d)/4(w,L 7). If p;, B; are in (48), (49) then by (90) and the usual
interpolation formula for Lorentz spaces the space bki (w, LP1) is continu-
ously embedded in Yy /(419),1 and thus (50) follows. O

Observe that the condition (48) implies that Z?:l p;' = d/Q and the
condition (49) implies that 12 1B = 3 +2( — Cf@?) = % In particular
choosing p; = @ and (3; = 1/@Q yields an estimate for f; € bl/Q(w, L2, in
particular (after setting all f; equal to f)

d—2
(54) |€wfllzes £ CYIBER | flly (1)
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However we need a better estimate for f; in the larger space b?/Q (w, LR) =

LP(w). In what follows write b5(LP) = b%(w, LP) as the weight w will be
fixed.

Proof of Theorem 4.2, cont. We choose n > () and estimate the n-linear
operator

Tfr, oo fal = [[ €l
i=1

in L™* where r = Q/n.
For every permutation 7 on n letters we may write

T[fla"'7fn]:M[fﬂ(]‘)7"'7f7r(d)] H gwfw(z)

i=d+1
Notice that by Holder’s inequality for Lorentz spaces
(55)
IT1frs - fallloree < CUMIEQ), o Fr@liperace [ 1w rllpees -

i=d+1

We apply Lemma 5.3 for special choices of the parameters g;, p;. Let p
be a small parameter (say |u| < (10Qd?)™1), put p; = (2d)~', i =1,...,d,
let
1L_ 1, d+2
s Qd Md—2’
1 1 d—+2
— =t p—,
2 Qd " n-—2
1 1 n—1
e (d ) ———
o= 0d pd+2)——,
and set g = --- = g3. Then Z?Zlqi_l =Q land @3 < g2 < Qd < ¢
if o > 0 (for p < 0 these inequalities are reversed). Now by (48), p; 1 =

%q[l—kﬁ and sinceQ:deridewe have(dc_li_%—kd%rz:%andthus
pi_1 :Q—1+(qi—1_(Qd)—1)%. Hence p3 = -+ = pg and

1ot

Pz Q ’

i:i—i-ud_Z,

p2 Q@ " n-—2

p%z%—u(d—%n:;-

Then Z?:l pi_1 = d/Q, moreover ps < pa < Q < pp if ¢ > 0. A crucial
property of our choices is

1 d—21 n-d1l

(56) — = — + —.
p2 n—2p3 n—-2Q
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Let f3; be as in (49) (with n3 = --- = ng and the choice of 7y and 73
to be determined later). With these choices we have by (55) for the term
involving M and (54) for the remaining n — d terms,

d-2
| T(f1s s falllpres S BaF 1wyl on )l (re21)

d d—2
XHwa(i)Hb;S(Lsz) 11 [Cl/dBdinHfﬂ(j)Hb%/Q(LQJ)]'
i—3 j=di1

Now fix the first two entries and take generalized geometric means of these
estimates to get

e d d=2
| T1frs- -, fullloree SCB d+d+2||f7r(l)Hb}al(Lplvl)an@)Hb}az(LPQJ)
- = =

X ]1 [”fw(i)”%3([;}3,1)”f7r(z')”b%/Q(LQ,1)]'

By (56), and Lemma A.3, we get

d=2 1 .4=2 \p_g
ITUf1s o fallliree S CBE2 (CTBET)" Y fray oy, (o)L Fra) g ooty
n—2"

x H Hfﬂ-(i)H(b;ig(LPS’l)’b}/Q(LQ'l))nfd
1=3

The constant simplifies to (CB%)”/ 4. By Lemma A.4 and a trivial embed-
ding for the first two factors we also get

T frs- - fall

LT,C)O ~Y
FECI -
€B)" 0y oy (zovm | frc2) g, zr2r) 11 1f iyl (L2
i=3
where 61 = (31, 09 = 5 and

d—2 n—dl
03 = —.
3 53+n—2Q

n—2
We may choose 12,73, so that do # d3. This is needed for the following
application of Theorem 1.3. We choose X = LP?!, X; = LP1! and by the
conclusion (10) of that theorem we obtain

a2 o
ITfrs s Fallzroe S CBF2 T T fillbrr (X0 X001 mne):

i=1
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with s = (61 + 62 + (n — 2)d3). Now r = @/n and s = 1/Q since

d—2 n—dl
sn—;5 —51+52+(n—2)<n_2ﬁ + n—2é)
n—d
=M+ P+ (d—2)8s + 0
d
d—2 7; 3—d n—d
_;<d+2(1 Q/)+d+2> 0
d—2 1. dB3-d) n-d d n—d
S 0 N - 2,n"d
a2 T g "ot o
Also "Tlp—2 + Ep_l = ¢ and thus (Xo, X1)1/npr = (LP27, LPYT) e = Le,
and therefore b7 (w (Xo,Xl)l/n o) = bl/Q(w,LQ) = L9(w).
Take f1 =--- = f, = f and since
HT[f7 . 7fH Lo ~ ngfHZQ,oo
d—2 Ld-2
we get B” < (CBd#2)"4 or B < CY/?B4@+2) | and this finally implies
(57) B < C(d)CTrir
where C is as in (51). O

6. PROOF OF THEOREM 1.1

The crucial idea, due to Drury and Marshall [21], is to use an exponential
parametrization. Fix R > 0 and Ir = [0, R] and let, for nonzero real
numbers by, ..., by,

w(t) = (by e, ... byt e
and let €, r be the class consisting of -y, and restrictions of v, to subintervals.
The objective is to prove the bound ||&y f| L. < C(fOR |£(1)|Pw(t)dt)'/Q

with a constant independent of b and R. Since the torsion T is positive and
Y is smooth, we may apply the result of [6] to see that the quantity B(Cy r)
is finite, with a bound possibly depending on b and R.

We need to check Hypotheses 4.1. Most of this work has already been done
in [21]. If we form the offspring curves v, = v(- + k), then 7, (t) = y(t) E(k)
where E(k) denotes the diagonal matrix with entries

d
— E ebinj
Jj=1

and thus is an affine image of a curve in €. The bounded multiplicity
hypothesis is valid by the discussion in [21], p. 549 (this goes back to a
paper by Steinig [36]). The crucial inequality (36) has already been verified
by Drury and Marshall who proved the relevant ‘total positivity’ bound in
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[21], p. 546; cf. also [16] for an alternative approach. The constant ¢; is
independent of b and the estimate holds globally.

It remains to verify the second main assumption, inequality (37). We
recall from [21], [6] formulas for the torsion 7(t) = 75(t) of v, (%):

|T5(t)| = [V (b1, ...,bq)| exp <t2bj>,

Jj=1
For the torsion of the offspring curve ~y, we have

d

d
[T ()] = [V 1, ba)| exp (¢30b) [T Bl
j=1

i=1
Since Ej;(k) > exp(bikj), for 1 < j < d, we have
d d d
H E;i(k) > Hexp(bi/{j) = exp <I{j Z bi>.
i=1 i=1 i=1
Therefore, it follows that
[Ty (O] Z [Tt + k)], 1<j<d,

and (37) is proved with ¢ = 1. Now Theorem 4.2 gives a uniform bound for
the classes €, g and letting R — oo, we also get a global result. To prove the
asserted result for monomial curves on [0, c0) we consider the intervals [0, 1]
and [1,00) separately, introduce an exponential parametrization on each
interval and use the invariance of affine arclength measure under changes of
parametrizations. O

Remark. The sharp LP — L9 estimates for monomial curves in [6] have
been recently extended by Dendrinos and Miiller [16] to cover small local
perturbations of monomial curves. In their setting they prove an analogue
of the geometric assumption (36); moreover, Lemma 2 and Lemma 4 in [16]
show that a variant of the above calculation remains true and (37) contin-
ues to hold (although no global uniformity result is proved in this setting).
One can thus obtain a local analogue of Theorem 1.1 for perturbations of
monomial curves. As a consequence one also gets an LP4! — LPd endpoint
result for every curve of finite type, defined on a compact interval, and the
estimate is stable under small perturbations.

7. CURVES OF SIMPLE TYPE AND THE PROOF OF THEOREM 1.2

As observed in [20] some technical issues in the restriction problem with
respect to affine measure become easier for classes of curves of simple type
on some interval I, namely v € C¢ is supposed to be of the form

£2 pd—1

(58) ~(t) = <t,a,...,m,¢(1&)>, tel
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In this case 7(t) = ¢(9)(t). Moreover, because of the triangular structure of
the matrix defining the torsion, the torsion of the offspring curve is easy to
compute. We get

d
() = a7 (6Dt +y))
j=1

Consequently, the verification of condition (37) is often trivial:

Observation 7.1. Let v be as in (58) and assume that on an interval I the
function ¢\D is of constant sign. Let t+ k1, t+ kg € I. Then condition (37)
holds with ¢o = 1.

Indeed, for 1 < j < d,

> dH gD (t + k)| = dTHT(t + k)|

d
7 (B = 71| D7 6Dt + 1)
i=1

so that (37) holds.

In contrast, the verification of our first main hypothesis (36) can be hard.
The inequality on suitable subintervals has been verified for polynomial
curves (Py,...,P;) by Dendrinos and Wright [17], and their argument is
of great complexity. An extension to curves whose coordinate functions are
rational has been worked out in [14]. Below we give a rather short argument
of (36) for the case of a polynomial curve of simple type. In this case one
can prove an estimate which is slightly stronger than (36).

We finally remark that both (36) and (by the observation above) (37)
hold for a class of ‘convex’ curves of simple type considered in [7]. This class
also contains nontrivial examples in which the curvature vanishes to infinite
order at a point.

Jacobian estimate for polynomial curves of simple type. The strength-
ened version of (36) for simple polynomial curves is

Proposition 7.2. Let v(t) = (t,%,...,%,f’b(t)), Py(t) = Z;V:o btl.
Put

J(t, k) = |det(y'(t + K1), -, Y (t + Ka))|
where k1 < -+ < Kkq. Then R is the union of C(N,d) intervals I,, such that
whenever t + k1, t + kg € I,,, we have
(59)  J(t,K) = e(N,d) |V (k)| max{| D (t + k)| 1 1< j < d};
here V (k) = [l1<;<j<a(rj — ki) and ¢(N,d) > 0.

We begin by proving an auxiliary lemma where the polynomial assump-
tion is not used.
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Lemma 7.3. Let ¢ € C4R) and let Jy(s1,...,sq;¢) denote the determinant
of the d x d matriz with the j-th column (1,s;,.. '73?—2 (d—2)1,¢'(s;))T.
Then for —oo < 81 < -+ < 8q < 00,

(60) Ja(81,. -0, 8a;0) = / ’ A ()W (u;s1,...,8q)du

where ¥ = U, satisfies

V(s 5q)

(61) oswu;sl,...,s@g(
Sq — S1

‘ for all u € [s1, 84].
Proof. We will follow the arguments in [7]. We first show that
s2 Sd
(62) Ja(s1,---,8a;0) = / / Ja1(o1,. .. 0a-15¢") dog_y -+ doy .
S1 Sd—1

To prove this we first note that since a determinant is zero if two columns
are equal, we have

52
Ja(s1,...,84;0) = —/ O01Ja(o1, 82, .., 545 0)doy
S1

s2 Sq
=0t [T [T duion e u s 9) o don
S1 Sd—1
Now 941 -+ 01J4(01,...,04-1,84;¢) is the determinant of a matrix with
the first row (0,...,0,1), and one easily checks that

Qa1+ 01 Ja(01, ... 041, 84;0) = (1) Ty_1(o1, v oa—1: ¢).

Combining the two previous displays yields (62).
We now wish to iterate this formula. It is convenient to denote by

™ = (zf",...,2) a point in R™ with =" < -.- <z} (i.e with increasing
coordinates). We shall set (s1,...,sq) = (z¢,...,2%) = 2% For 1 < k < d—2
define

d—k+1y _ g d—k - d—k . d—k+l o d—k ~  d—k+1 .
Ha—r(x ) ={z"" e RV 1 af <@t <o, 1<j<d-k}

Note that if the coordinates of :13?_’1‘“'1 are increasing in j then for every

2% € Hy_ the coordinates of z%~* are increasing. The formula (62) can
be rewritten as

Jd(xd;(b) :/ Jd_l(xd_1;¢')dxd_1.
Hy—1(z?)
Induction gives, for 1 <k <d—2
- [ o ey g
Hg—1(z?) Hygp (zd—k+1)
We also have

T 9192) = 40 (a) — 64V = [ 6w du.
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Hence, if

23 <u<as 2R e Hy w2 1<k <d-2}

W (u; ) ::/ da?da® - - - dzd™1
9u(1’d)
we get
g
Tua o) = [ 6O @) du,
f

If 2% = (s1,...,s4) this is (60).
Observe that, for each u € [z¢,29], the set G,(z?) is contained in the
rectangular box
By(a?) x -+ x Bg_1(2?)
where
By_(z?) = {2 e RTF . a;? < x?_k < x?+k, 1<j<d-k}
Since
d—k
_ d d
volg—i(Ba—r) = | | (@fh — 25)
j=1
it follows by rearranging the factors that

d—1
W (u; %) = meas(Gu(z9)) < H voly (Bx)
k=2
= I @i-ah I @f-2)=@i-a)Vt .
2<i<d—1 1<i<j<d—1
This proves (61). O

We also need the following observation on polynomials.

Lemma 7.4. Let p be a polynomial of degree < N and |p(t)| > 0 on (a,b).
Then, for every e € (0,27V),

(63) {t € (a,b) : [p(t)] < elp(b)[}| < 2Ne2¥ (b — a).
Proof. To show (63) we check that for ¢ € R and 0 < § < 1/2 we have
(64) {t € (a,b) : [t —c| < ]b—c|}| <26(b—a).

Ifb<cthen|t—c|>|b—c|ift € [a,b],s0 {t € (a,b):|t—c| <d|b—¢c|} =0
since § < 1/2. If a < ¢ < b then

{t € (a,b) : [t —c| < d|b—c|}| <25]b—c|] <25(b—a).
If c<a<band|a—c| <b—a then
{t € (a,b) : |t —c| < d|b—c|}| <Ib—c|] <2§(b—a).
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And if ¢ < a < band |a—c| >b—a, then if t € [a,b] we have |t — |
la—c| > (Jb—a|l+]a—c|)/2 =|b—c|/2,s0 {t € (a,b) : |t —c| < |b—c|} =
since § < 1/2. This gives (64).

Moving towards (63), we may normalize the leading coefficient and write
p(t) =TTty pi()(t — i) TIR2, (¢ — dj)? + €2) where pi(t) =t — ¢;, q;(t) =
(t—d;)? + e? and Ny + 2Ny < N. To establish (63) we show that

(65) [{t € (a,0) : la(t)] < 8a(b)]}| < 2V5(b— a)

if0<d§<1/2and q(t) =t—corq(t) = (t —c)> +d%. The case q(t) =t —c
follows from (64). If ¢(t) = (t — ¢)? + d? then

{t € (a,b) : q(t) < dq(b)} C {t €[a,b]: |t —c| < Vb|b—c|}

>
0

S0
{t € (a,0) : q(t) < 6q(b)}] < 2V5(b — a)

by (64). This gives (65). Finally {¢t € (a,b) : [p(t)| < €|p(b)|} is contained

in the union of the Ny sets {t € (a,b) : |pi(t)| < €|p;(b)|} and the Ny sets

{t € (a,b) : |g;(t)] < elg;(b)|} and thus, if ¢ < 27N N2

1
[{t € (a,b) : |p(t)] < elp(®)]}] < (2N15—:N1LV2 + 2Noe2M1+M2) ) (b — a)
This proves (63). O

Proof of Proposition 7.2. With ¢ = P, fixed choose the I,, such that ¢(?)
and ¢4t are nonzero on the interior of each I,,. We assume without loss
of generality that ¢(¥, ¢4+ > 0 on the interior of I,,. If we put s; = t+Kj,
then it follows by Lemma 7.3 that

Sd
©00) ) = lator sl = | [ 60w
51
for some nonnegative function ¥(u) = ¥(u; sy, ..., sq) which satisfies
(67) U(u) <V(s1,.-.,84)/(8q — 1)

Note that V(s1,...,84) = V(k1,...,kq). By applying (60) with ¢(t) =
td/(d), we get

Sd
/ U(u)du = cqV (k)

s1
where cq = (2!--- (d — 1)!)~L.
To see (59) we use this fact and (67). Thus we have

(68) /[ s / - /E W (u) du
(69) > ca V() - B

1

if £ C [s1,84]- Choose ¢ = ¢(d, N) so small that 2Nezv < ¢;/2. Now
assume that sy =t+ k1 € I, sg =t + kq € I,,. With

E = {u € [s1,84] : qb(d) (u) < €¢(d) (t+kq)}
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we have |E| < (sq — s1)¢q/2 by Lemma 7.4 and our choice of e.
Hence, by (66) and (68), we have

J(t, k) > /[ 000 W) du

> e ¢\ D (t + kq) V (k) ca/2
= e V() max{|¢ (¢ + r;)| - 1< <},
giving (59) as desired. Here we put ¢(N,d) = €¢gq/2. O

Proof of Theorem 1.2. Fix a polynomial ¢, of degree N. If d < N then
the affine arclength measure is identically 0 and the assertion trivially holds
with C(N) = 0. Now assume N > d. Let I be an interval on which
the inequality (59) holds, and ¢ and ¢(@t1) do not change sign. Pick a
subinterval Iy on which ¢(® does not vanish. Denote by € the class of simple
curves given by ¢, on Iy or on subintervals of I5. We notice that the offspring
curves are affine images of the original curves (cf. the proof of Lemma 3.1
in [7]). The bounded multiplicity hypothesis (when the curve is restricted
to suitable subintervals) is discussed in [20], [17]. Theorem 4.2 gives the
desired conclusion on the interval Iy with no reference to a nondegeneracy
assumption. A limiting argument gives the conclusion on the full interval
I. Since ¢ is a polynomial and by Proposition 7.2 we have to apply this
consideration to only a finite number of intervals. O

Remark. Let F(t) == (Rl (t), PN ,Rd(t)) where Rl(t) = Pl,i(t)/PZi(t), Pi,la Pi72
are polynomials. It has been proved in [14] that R can be decomposed into
a finite number of intervals (depending on d and the maximal degree of the
polynomials involved) so that the crucial hypothesis (36) is satisfied on the
interior of each interval. In the special curves of rational curves of simple
type (R;(t) = t'/i!, i = 1,...,d — 1 and Ry4(t) = P(t)/Q(t), P,Q poly-
nomials) one can show that after a further decomposition Observation 7.1
applies. Thus Theorem 1.2 extends to rational curves of simple type.

8. A NOTE ON THE RANGE OF THE SHARP LP — L9 ADJOINT
RESTRICTION THEOREM FOR GENERAL POLYNOMIAL CURVES

Suppose t — y(t) = (Py(t),..., Py(t)) is a polynomial curve in R%, with
the P; of degree at most n, and suppose that d\ = wdt is the affine arclength
measure on 7. Dendrinos and Wright [17] established the critical Fourier
extension estimate

— 1 dd+1)
(70) | fdA]lq < C(n,p) ”f”Lp()\)a ]—) + T
in the range 1 < p < d + 2 (the range obtained by Christ [12] in the non-
degenerate case). Much earlier Drury [18] had proven a restriction estimate
for certain curves (t,t2,t*) in dimension 3 that was valid for 1 < p < 6
and therefore valid for some p outside of the Christ range. It turns out

=1
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that by replacing two of the estimates in Drury’s argument by estimates
of Dendrinos and Wright and of Dendrinos, Laghi and Wright [15] one can
extend Drury’s result to general polynomial curves in R3. Moreover using
an estimate of Stovall [37], one can show

Proposition 8.1. For general polynomial curves in R, d > 3, the Fourier
extension estimate (70) holds for
2(d —3)
d2—3d+4"
Proof. What follows, then, is just Drury’s argument run with up-to-date

technology. The required result from §3 of [17] (cf. [12] for the nondegenerate
case) is the d-fold convolution estimate

1(FAN) % -5 (FaN) [l < C(n,t) (1]l eeay)”
(72) oyl d-1_d+1
rrt T T

The necessary estimate from [37] is

(71) 1<p<d+3+

1<t<d+2.

[A*gllasr <C) llgll_gsa

d2—d+2
from which it follows by the Hausdorff-Young inequality that
(73) [fdX s gllass Sp 1 f lzee ) 1911 a2a -
2 d2—d+2
Drury’s argument is an iterative one. Begin by assuming that the LPO —
L% estimate (70) holds for some py and gg satisfying p% + % =1. We
then also have
_— 1 1 1
(74) [fdX*gllso < C(n,po)llflizeoy lgll2,  —=—+5-
so  qo 2
To see this write HfﬂgHsO = Hf/d\)\’g\HSO and estimate this by Hf/d\)\HqO 19]l2,
using Holder’s inequality. Now use the assumed LP° — L% inequality and
Plancherel’s formula to get (74). Interpolation of (73) and (74) gives

(75) 1Faxwgls gy IF1acy gl
where
111 111 2 1 d®—-d+2
76 - —)=01-9)—,—, = 9 —
(76) (s’a’r) ( )<so’p0’2)+ (d—l—l’oo7 d? +d >
for 0 < ¥ < 1. We wish to apply this inequality with g equal to the d-fold

convolution in (72). This restricts the r-range to r < d%z (corresponding to

the range ¢t < d + 2). A calculation shows that this restricts the range of ¢
in (76) to

(d—2)(d+ 1)d

(77) (d+2)( —3d+4)

=: VUmin <9 <1
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With g = fd\*--- % fd\ we obtain from (75)

7 v\ d+1 d
(79) 1T e S, g 17120 (1)
so long as t < d + 2, % = d;;l — % and 7, a,s are as in (76) with ¥ > U ppip.

With f = xg this becomes
— L(l_l_d)
”XEd)‘”(d-‘rl)s gnﬂg,po )‘(E)d+1 a ts,
which gives

— 1 1 1 1 1
”fd)\”q gn,ﬂ,po ”f”Lp,l()\)7 for g =———and - = —(a +

where s, a,t are in

111 1 1 3-d 2 11
Ty ) = 1_19<_7_7— 19<—7_7_ 9 ﬁmin 19 1.
<8at> ( )sopo 4)+ d+1ood) SUS
A little algebra shows that p and ¢ satisfy 1/p+d(d+1)/(2¢) = 1 (for any
¥ € (Umin, 1)). Thus we get the restricted strong type version of (70) for the
exponent pair (p,q). If p; is the exponent p corresponding to the limiting

case Unin we obtain by real interpolation the sharp LP(\) — L? inequality
in the open range 1 < p < p;. Using Ypin in (77) we calculate that

1 8 1 d
i B
pr (d+1)(d+2)(d?>—-3d+4) po (d+1)(d+2)
. 1 _ 8 d
If we define recursively B T @@ (@3, + @D then the
sequence {pg, p1,p2,-.. } converges to
d®—3d+6 2(d — 3)
S T ga3y 2\
Z-3d+4 ‘TP E 34
and we can conclude that (70) holds for p in the range (71). O

APPENDIX A. SOME RESULTS FROM INTERPOLATION THEORY

We gather various interpolation results used in the paper, especially in §3.
They can be found more or less explicit in the literature and no originality
is claimed. In some cases it is hard to cite exactly the precise statement that
we need and the reader might find the inclusion of this appendix helpful.

On complex interpolation of multilinear operators. We use com-
plex interpolation for multilinear operators defined for functions in a quasi-
normed space with values in a Lorentz-space. We limit ourselves to the
statements needed in this paper where the target space of our operator is
not varied.

In the following lemma we let the measure space M be a finite set, with
counting measure, and let V' be a Lorentz space. For a positive weight on
M the norm in P(w) is given by || flle(w) = QX sem |f () [Pw(z)) /7.
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Lemma A.1. Let T be a multilinear operator defined on n-tuples of func-
tions on M and suppose that for some p;o,pi1 € (0,00]

”T[fh cee afn]HV < My H HfiH[Pi,O(wi,o) s

i=1

”T[f17"'7fn]HV < Ml H Hfngpi,l(wiyl) .

i=1

(79)

Let 0 < ¥ < 1 and define p; and weight functions w; by
1 1-9 ¥
[N

80 ,
(80) pi Pi0 Pija
(s1) wi = [wfg 0wl

Then there is C' (independent of the f1,..., fn and M) so that

(82) IT(f1- s fallly < My~ MY TT I fillews () -
=1

Proof. This is an adaptation of the standard argument in complex inter-
polation ([35]) for analytic families of operators, in the setting for Lorentz
spaces in [32]. We assume that V is a Lorentz space associated to the mea-
sure space §) with measure p, say L™9(u). Let p € (0,1] and assume in
addition p < min{g,r}. Define the maximal function hy* = h** on (0, c0)
by

(83)

W () = SUD (> (W(E) ™ [ |F)IPdu(y) 2, t € (0,u(R))
" ol F )P du(y))' /7, te [u(Q),00)

The function [A**]? is dominated by the Hardy-Littlewood maximal function
of [h*]?, where h* is the nonincreasing rearrangement of h.

For a function g on (0,00) set ||g|xra = (£ [ t9/"[g(t)[79) 19 if ¢ < o0
and [|g|[xr.cc = supysot'/7|g(t)|. Then Hunt [25] showed that the expression
||h**||xr.a is a quasi-norm on L?" which makes L?" a p-convex space.

Let S be the strip {z=0+ir:0< 0 <1, 7 € R} and S its closure. Let
fi € tPi(w;) so that || fi|lwi(w,) <1 and define for » € M

1—2 z

fir(x) = elare(f(2)) Hf( )\p’;w i(x )]Pz‘,0+z’i,1 ‘

w; 0 () 70wy 1 (x)Pir

Then fip = f. Moreover, |f:llriow, ) = ||!}"||§;Zo/piZ if Re(z) = 0, and
”fZHZPi’l(wl ) Hf”?;zl/pf if Re (z) = 1. We define, for y € Q,

Hz(y) = T[fLZv cee afl,z](y) .
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Then Hy = T|fi,..., f1] and we must show that ||Hy|ly < Mi~%MY{. For
almost every y € Q the function z — H,(y) is bounded and analytic in S,
continuous on S.

We use the standard properties of the Poisson-kernel associated to S, see
Ch. V.4 in [35]. Let Po(0,t) = § oo™ s, Pi(0,1) = § coion ey
For 0 < 6 < 1 we then have [ Py(0,t)dt = (1 —0), [*_ Pi(6,t)dt = 6.
Thus, proceeding exactly as in [32] we have

log | Hoir ()] < / Po(6,7) log | Hix (y)|dr + / Py(0,7) log | Hyir ()] dr

—00

and then

1-6

Hosse )| < (exp (72 [ Pulo. 7)ol )hr) ) *

(o3 )

—00

Sl

Py(0,7) log[| 1 4ir (y)|"]d7) )"
By Jensen’s inequality,

|Hoir ()| < Ao(y)' ™ Ar(y)’

where

) = (725 | me i)

1 [ 1/p
a) = (5 [ Pl )Par)
By Holder’s inequality we have (A)~?AY)™(t) < (A% () ?(A7*(1))?. By
Fubini’s theorem we get Aj*(t) < By(t), A7*(t) < By(t) where
1 o0 - 1/p
Bt = (125 [ @z OFar) "

& 1/p
B0 =5 AenHE @)
Hence
|Hyir (O] < (A5 () (AT ()" < By~ (1) BY (¢)
and another application of Holder’s inequality yields
[ e < 1Boll 5 1B [18a.r -

Since ¢ > p we can apply the integral Minkowski inequality (as a version of
the triangle inequality in L%/?(0, c0))

1 > e 1/p
IBolbr < (775 [ Rl Srdr)

1 [ o 1/p
1Bilbr < (5 | PO adr) "



AN ENDPOINT ESTIMATE WITH AFFINE ARCLENGTH MEASURE 35

By assumption

n
I xra < CMo [T Il fiirllerio un ) < C Mo,

i=1

n
IH i e < OMy T 1 insirllevia gy < CMi
i=1
We get ||Hpp, |Iaer < CM&‘GM{), using the above formulas for the integrals
of Py and P;. O

We now use Lemma A.1 and a straightforward transference method to
prove an interplation theorem for sequences with values in certain real in-
terpolation spaces ngq. When applying the complex interpolation method
the case ¢ = oo may pose some difficulties which can be avoided if £*° is
replaced by the closed subspace cg. In particular it is convenient to replace
the real interpolation space 779700 by 73700, the closure of XgN X; in 719,00.
To deal with this distinction we introduce some notation for the following
lemma. We will work with a couple X = (Xg, X1) of compatible complete
quasi-normed spaces. If ¢ < co we denote by Z(q, s,0) = ¢1(Xy ) the space
of Yg,q-valued sequences F' = {F}}recz with norm

1F 200 = (2225 IFKIE, )
keZ

1/q

For g = oo we define Z(00, s,0) = 00(73,00), a closed subspace of £2°(X ¢ o),
with norm supy¢y, 2k8HFkHY9w- We shall say that F' = {Fy} € Z(q,s,0) is
compactly supported if Fj, = 0 except for finitely many k.

Lemma A.2. Fori =1,...,n, let 0 < 0;0,60;1 <1, 0 < gi0,q:,1 < 00,
5i.1,5i0 € R. Let T' be an n-linear operator defined a priori on n-tuples of

compactly supported (Xo N X7)-valued sequences, with values in a Lorentz
space V', and suppose that for such sequences the inequalities

(1) uﬂﬂwwﬂmv<{%H@”5Mme%>

My H?:l ”E”Z(Qi,hsi,h@i,l)
hold. Define q;, s; and 0; by
1 1 1
<_7 Si, 02) = (1 - 19) <_7 54,0, 0i,0> + 19<_7 Si,1, ei,l) .
4ai di,0 4qi,1
Then T uniquely extends to an operator bounded on [[;—, Z(q;, si,0;) so that

n
—9
ITIFy, . Fallv S My~ MY T 20,000 -
i=1
Proof. The uniqueness of the extension is clear because of the density of
compactly supported Xy N Xj-valued functions in Z(q,s,0) (for ¢ = oo
this requires the modification in the definition using 60(72700)). In what
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follows we write matters out for the case that the ¢; < oo and leave the

obvious notational modifications in the case ¢; = oo to the reader. It will be

convenient to use the characterization of Xy, by means of the J-functional.
It suffices to prove that for [|F;| z(g, 5,00 < 1, i=1,...,d,

We write F; = {F;;} with F;;, € Xy, ,, and

) N\ 1/
(> IR, , )") " <1

k

We can decompose Fj ;, = Y, w; ; with u; 5, € XoN X1 and convergence in
Xy + X7 so that

_ g\ Vi L
(D 7@ ugs D)) < (127 ) Ryl
l

_ 1/q:
and thus (Zk7l[2ksi2_wh](2l, Wi k15 X)]qi) ! < 2. We set Ny = 0 and define
numbers Ny < N1 < Ny < ... so that

(86) ( > (227 g (2!, Ui,k,z;y)]qi>l/% <27V,
ol
max{|k[,|{|}> N,

for i = 1,...,n. Let xu(k,0) = 1 if N, < max{|k|,|l|]} < Ny41 and
Xv(k,1) = 0 otherwise, and let F{, = >, xu(k,)u; k. Then Sl FY =F
with convergence in Z(g;, s;,0;) and, for each k, Y 77 7x = Fi with con-
vergence in Xg, ,, and a fortiori with convergence in Xo + Xj.

In order to prove (85) we fix the chosen vectors w; j; and define operators
acting on n-tuples of functions a = {ay;} defined on a subset of Z x Z.
Let Mz = {(k,1) : max{k,l} < max{N,,11,...,Ny,+1}}. For any n-tuple
V= (v1,...,vy) of nonnegative integers we let 77" (a) = {F} () }xez, where
fori=1,...,n

Fipla) = Z Xo; (b, D)0k g Ui g g
;

Now define for an n-tuple of such sequences a multilinear operator Sy by
Sz(al, ... a") = T[F (a), ..., Fur(a™)).
Let
Wa.s0(k, 1) = [2727% (e + J (2, uy 105 X))
It is our objective to show

(87) I1S50a",.. @[l < CMy~ MY T lla'lens
i=1

Wq;,s4,0; )

where the constant C' is independent of the choice of the specific u;; and
independent of /. The inclusion of € in the definition of w; guarantees the
positivity of the weight. Once the bound (87) is verified we will then apply it
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to the sequences a};’l = x(k,1). For this choice of the a’ an estimate for the

expression ||Sy[al,...,a"]|ly becomes an estimate for ||T[F}*,..., E¥]||y,
after letting ¢ — 0.
Now for any admissible choice of (g, s, )

Vi (1 . ks 7 . o\ 1/a
17 @) 2(q,50) = (; 2 >l Dy wind |')
and by definition of the Xy 4,7 norm we have
. . Y
H Z XVi(ka l)azJ ui,k,l”Y S (Z [2_mj(2l, a}tl ui,kl; X)] q) / .
1 1

Therefore, by the homogeneity of the J-functional

9,q;J

v, s— By 1/q
177 @) 200 S (D0 2079, (6, 1T (2 i )l 1)
k,l

Notice that we can consider the sequences a’ as functions defined on M.
By assumption

IT[Fi(ah),..., Fala™)]llv

<maX{MOHHJT ||Z qu7S’LO7 7.() MlHHF |Z(fh 1,84, 1791 1)}
i=1 =1

and by the above this implies
HS,}‘[Ol, s aan]HV

n n
< e { Mo T oo, ooy M1 LLIO Nt
i=1 1=1

[ 1=9)/qi0 , (1=9)/qi1
4:,0,5i,0,0i,0  Gi,1,8i,1,0i,1
a constant independent of 7.

Finally if we apply (87) with the sequences a?l = Xy, (k,1) and let € — 0
we obtain

Since wy, s, 0, = ]9, Lemma A.1 now gives (87), with

ITIEY s v

- —q:) V4
< M3 MY TT (X Dk 25027700 (2 s X))
i=1 ki
and, by (86) this expression is < M&_ﬁMfZ_(’“*'“*V"). Since } . F" = F;
with convergence in £% (X, ,,) we see that > T[F}*,..., F"] converges in
V to T[Fy, ..., Fy] so that | T(Fy, ..., E,)|lv < Ma~?MY. 0
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Geometric means. Often one generates new estimates by taking means
of given estimates. The new bounds may then be interpreted as estimates
on intermediate spaces:

Lemma A.3. Let0 < r <1 andletV be an r-convex space. Fori=1,...,n

let X' = (X§, X1) be couples of compatible quasi-normed spaces and let T be
an n-linear operator defined on [[;— (X4 N X}) with values in V. Suppose
that

n

—0; 0;

ITCFro- o fdllv < TTIANG 15015
i=1

for some 0 < 0; < 1. Then there is C > 0 so that for all (f1,...,fn) €
[l Xon X3

(88) IT(fr o fdlv < CT T llg

i=1
and T extends to a bounded operator on [, YZN,.

Proof. Let f; € Y@i’r and thus f; = ZlieNuZEl with u;; € Xé N X:'{ and
convergence in X} + X{. Since V is r-convex one can show

HT[fla R) fn]”’\} <c’ Z HT[ULIU e 7un,ln:|”7{/ )
Jenn
this follows easily by considering finite sums and a limiting argument. By
assumption and the definition of the J-functional the right hand side of the
last display is dominated by C" times

n
1-0; 0;
ST Ui 15 % N 1%, )

lenn =1

< Z H [J(Qli,ui,li;yi)l_ei(Z_liJ(Zli,ui,li;Yi))ei]r

= (Z (27500 (25 w5 X0)]"
=1 [;eN
Taking the 7-th roots and then the infimum over all decompositions {u;;}
of fi, we get assertion (88) (by the equivalence of the J- and K-methods).

The operator T extends to [[;-, Yfgw, since X§ N X! is dense in Y;N,. 0

Spaces of vector-valued sequences. We use two results on interpolation
of /5(X) spaces, for quasi-normed X and 0 < p < oo, s € R. For fixed X the
following standard formula for the real interpolation spaces can be found in
§5.6 of [9].

(E0(0, 05 (X)) = (XD, 5= (1= D)so + Ds

89
(89) provided that sg # s1, 0 < go <00, 0 < g1 < 00.
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Next consider the space ({7 (Xo), ¢, (X1))9,q for a pair of compatible
quasi-normed spaces (X, X1). The following lemma is essentially in Cwikel’s
paper [13] who considered normed spaces. We include a proof for the con-

venience of the reader.

Lemma A.4. Suppose that Xy and X1 are compatible quasi-normed spaces.
Let 0 <r < oo, sp, s1 ER, and 0 <9 < 1. Ifr < q < o0, then there is the
continuous embedding

(90)  L5((Xo, X1)o,9) — (£5,(X0), 05, (X1))wg, 5= (1 —1)s0 + Us1.

s Y8y
Remark. When 0 < g < r, a slight modification of the argument sketched
below shows that the inclusion in (90) reverses direction. In particular,
equality holds when ¢ = r. But this fact is not needed here. Examples
disproving the equality in the cases ¢ # r are in [13].
Proof of Lemma A.4. Let f = {fi} € €5, (Xo) + £, (X1). Fix t > 0 and
€ > 0. For each k € Z, choose fo 1 and fi; with fi = for + fi,r such that

[ forllxe + 281750t | £ illx, < (1+ ) K (2K 900 £ X).

Let Wy = £ (Xo), Wy = €5, (X1), and let K(t, f; W) be the K-functional
for the pair (Wy, W7). Then

Kt 1) < (S0 fosli) "+ ¢ (S elnl)
k k

/T
~ (2 R lfonlxa + 2 el frallx)])
k
— 1/r
<(1+e)( X0 PR @ £ X))
k
If r < ¢ < o0, then it follows by Minkowski’s inequality that

e, = ([ ot sy

< </OOO t—ﬁq(kasoK@k(sl—so)t’fk;y)r)‘l/r%>l/q

k
< (Zk: [/000 (t—ﬂ 2ksoK~(2k(sl—so)t7 fk,Y))q%} T’/q> 1/7“.

Let s = (1 — ¥)sg + ¥s1. By the change of variables u = 251750t we see
that the right hand side of the last display equals a constant multiple of

<§k: [2k5</0°o <u_’9K(u7 fk;7)>4d;u>l/Q:|r)l/r

NV
= (X 2™k, )) " = 1, -

k
The case ¢ = oo is similar. O
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