Math 521 Advanced Calculus, Lecture 2, Spring 2003 Extra
Problem Set

1. Binomial series.
(a) First show the following converse to the ratio test: if ¢, # 0 for all n
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then > ¢, cannot converge.

(b) Assume s is a real other than a nonnegative integer. Show that the
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has radius of convergence at most 1.

(c) Use the ratio test to show that the binomial series has radius of con-
vergence at least 1.

2. We discovered that a function represented by a power series with
positive radius of convergence is infinitely differentiable. It is obviously rele-
vant to find out whether the class of power series coincides with the class of
infinitely differentiable functions. This exercise resolves the issue. Define

@) = {ez, x>0

0, x < 0.

(a) Show that f € C°°(R) [this means that f can be differentiated arbi-
trarily many times at every point of R] and £ (0) = 0.

Hints: You need to check differentiability at 0 separately, by appeal to
the definition of the derivative. Start by proving inductively that for every
n, there exists some polynomial p such that

f(")(x) - p(%)é’_% for x > 0.



(b) Show that there does not exist a power series » | a,x™ such that f(z) =
> apx™ in some nonempty interval (—R, R).

3. Show that the series
> 1
; n(logn)p

converges iff p > 1. (Hint: Integral test.) Why is the series starting at n = 2
instead of n = 17

4. Find the function f(x) whose power series is y >~ na™. Hint: Differ-
entiate a geometric series.

5. Let f(x) = cos(me®). Find



