
HOMEWORK 4 SOLUTIONS

Problem 1 First observe that

(1) n−1ESn = n−1
∑

1≤k≤n
EXn,k =

∑
1≤k≤n

n−1u

(
k

n

)

which in particular is the Riemann sum of u for the partition
{
k

n
: 1 ≤ k ≤ n

}
. Since u is

integrable, we know that that the Riemann sum converges to the integral of u, therefore

(2) n−1ESn
n→∞→

∫ 1

0
u(x) dx.

Define ξn,i = Xn,i − EXn,i. Now consider the fourth moment of
Sn − ESn

n
= n−1

n∑
i=1

ξn,i.

We estimate the fourth moment:

n−4E

 ∑
1≤i≤n

ξn,i

4

= n−4E

 ∑
α1+...+αn=4

ai≥0

∏
1≤i≤n

ξαin,i


= n−4

 ∑
α1+...+αn=4

ai≥0

∏
1≤i≤n

Eξαin,i

(3)

where the last equality follows from the independence (in i) of the ξn,i. If at least one of
the αi is 1, the product becomes 0, since the ξn,i’s are centered. Then the possible terms
that show up in the sum (3) are: ξ2n,iξ

2
n,j .

There are exactly
n2 + n

2
< Cn2 ways to select the indices i, j and each ξn,i is bounded,

so

(4) n−4E

 ∑
1≤i≤n

ξn,i

4

≤ C

n2
.

Now pick ε positive. We have

sumnP
{∣∣∣∣Sn − ESn

n

∣∣∣∣ > ε

}
=
∑
n

P

{∣∣∣∣Sn − ESn
n

∣∣∣∣4 > ε4

}
≤ ε−4

∑
n

Cn−2 by Chebyshev’s inequality

< +∞.
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By the first Borel- Cantelli lemma we have that
Sn − ESn

n
→ 0 a.s. To finish the proof,

observe that
Sn
n

=
Sn − ESn

n
+

ESn
n
→
∫ 1

0
u(x) dx.

Problem 2: We need a lemma first.

Lemma 0.1. Suppose Nt > 0 for all t ∈ [0Tn]. Then for all 1 ≤ m ≤ n,
Y0 + ...+ Ym−1 ≥ Tm.

Proof. The proof goes by induction on n. For n = 1 observe that Y0 ≥ T1 or otherwise the
park is empty during [Y0, T1).

Assume the lemma is true up to n − 1. Since the park is not empty during (Tn−1, Tn],
we must have that

Tn ≤ max
0≤m≤n−1

{Tm + Ym} .

This statement just says that the n − th visitor arrived when there was at least a person
inside. (Why?)

By the induction hypothesis, we get that

(5) Tn ≤ max
0≤m≤n−1

{Y0 + ...+ Ym} =
∑

0≤k≤n−1

Yk.

The SLLN implies that for a.e. ω we have n−1Tn(ω) −→ EX1 and n−1
∑

0≤k≤n−1

Yk(ω) −→

EY1. By the assumption on the expectations there exists N = N(ω) large enough so that

Tn(ω) >
∑

0≤k≤n−1

Yk(ω), ∀n > N.

This contradicts the lemma (hence our original assumption on Nt.) �


