HOMEWORK 2 SOLUTIONS

Problem 1
Fix 41,492, ..., 4, € Z. We shall show that Y;,,...Y;, are independent by showing that
k
P{Y;, <ti,...Yi, <ti} = [[P(Yi, <t1), Vit ta, . tx €R.
=1

Stepl: For any bounded continuous functions f1, fo, ..., fr, we have

k k
E (H fz%)) =[[ELM).
=1 =1

Xn i 3 Y;, implies that f;(X,;,) 3 f1Yi,, and since all the functions are bounded,
Bounded Convergence Theorem (or DCT) can be applied:

k k k k
E (H fml)) = lim E (H fl<Xn,z-l)> = lim (H Efl(Xn,m) = [ [ EAi(¥i), where
=1 =1 =1 =1

the equality before last comes from the independence of {Xn,il}le.
Step 2: Consider the function

1, if —co<ax<y
fim=14 —m(z—t)+1, ift;y<z<t;+m™!
0, ift;+m™ ! <z <40

m—00

Then fi(2) — 1(_oo ) (®). All functions are bounded by 1, so again by DCT:

k k
PYi, <ti,...Yi, <tp} = lim E <H fm,z(Yz‘l)> = lim_ (H Efm,z(Yz'l)>
=1 =1

k
= H]P)(Y;z < tl)‘
=1

Now apply the independence criterion form Durrett.

Note that you cannot interchange limits freely in this problem. Let 1 ,-1) = X, py

Y =0 and
1, if —oco<ax<0

fi=< —kx+1, if0<z<k!

0, ifk <2< 400
1
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Then
limlim f3(X5) = lim i (Y)
=1
#0
= lim 1i]£n fe(Xn)
Problem 2

Let ke N;B,D € A.
P{T =k, Xr€B,Xry1 €D} =P{T' =k, X} € B,X}41 € D}
=P{X1¢A, .. X 1¢AX,€ANB, X4 € D}
P(X; € AN B)

=(1-P(X; € A))kil P(X1 € 4) P(X; € A)

P(X; € D)
where the last equality follows by the i.i.d. property.

Taking B = D = S gives P(T = k) = (1 — P(X; € A))FIP(X; € A).

Sum over k£ € N and take D = S to see P(X7 € B) =P(X; € B|X; € A).

Finally, sum over k£ € N and take B = S to see P(X741 € D) =P(X; € D).

These were the marginal distributions of T, X7 and Xp,;. The identity above shows
the independence.

Problem 3

The Borel o— algebra, B ) is generated (for example) by open intervals, since every
open set is a countable union of open intervals. Let (a,b) C (0,1). If @ > n~! for some
n € N, then (a,b) € A,. If a = 0, then take n large enough so that n=! < b. Then,
(0,b) = (0,n~ 1)U [n~1,b] € A,. Thus, each open interval lies in UA”'

n
Suppose that such a probability measure p exists. Then

0=p@) =mn (ﬂ(O,n1)> = nli)rfoou(o,nfl) = ngrfm p1n(0,n~1) = 1, which gives the
n

desired contradiction.



