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ABSTRACT

Given a Blaschke product b with distinct zeros aq,as,0 in the open unit
disk, we show that there exists a monic, cubic polynomial p with distinct
roots 21, 22, 23 on the unit circle so that a, ay are the critical points of p and
b identifies z1, 29, z3 if and only if 2|ajas| = |a; + az|. We show that this is
equivalent to describing when the Blaschke ellipse constructed from b is also a
Steiner inellipse whose circumscribing triangle has all its vertices on the unit
circle. Using elementary symmetric functions, we extend this result to describe
when there exists a polynomial p with roots on the circle so that a Blaschke
product b with n distinct zeros mapping 0 to 0 identifies the roots of p and the
zeros of b are the critical points of p; this provides a new context in which to
study the behavior of such polynomials and their critical points. We also show
a matrix that provides an alternate proof of this general result, and discuss

the geometric implications of this result in higher degrees.



1. INTRODUCTION

Polynomials and the locations of their roots and critical points comprise
several intriguing open problems in the area of complex analysis. One such
conjecture has been proposed by Blagovest Sendov [13]: Given a polynomial
p with zeros z; in the closed complex unit disk, there is a zero of p’ in every
disk |z — z;| < 1. That is, there is a critical point of p within one unit of each
zero of p.

Much recent work has been focused on this conjecture, resulting in its veri-
fication for several important cases. It seems, however, that a direct proof of
the conjecture in general is still out of reach.

In the case of certain cubic polynomials, there is a direct geometric rela-
tionship to certain ellipses that gives an entirely new and different context in
which to study these polynomials and their critical points. Minda and Phelps
[11] recently described this relationship, as did Kalman [9], by studying the
Steiner inellipse: given the convex hull of the three zeros of a cubic polyno-
mial with distinct and noncollinear roots, there exists an ellipse inscribed in
the triangular hull that is tangent at the midpoints of the sides of the triangle.
The striking result is that the foci of this unique ellipse are the critical points
of the polynomial.

A second type of ellipse has been discovered to be related to certain finite
Blaschke products, analytic functions that map the unit circle to itself. Daepp,
Gorkin and Mortini show in [2] that, given a degree 3 Blaschke product map-
ping 0 to 0, there is an ellipse that can be constructed so that the foci are the
zeros of the Blaschke product, and it is circumscribed by an infinite number
of triangles, each of which is inscribed in the unit circle. In fact, this char-

acterizes these Blaschke ellipses as 3-Poncelet curves; Frantz [5] has shown
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that 3-Poncelet curves in the unit circle are precisely the Blaschke ellipses.
Furthermore, a most interesting property of these Blaschke ellipses is that the
three vertices of each such triangle are identified by the Blaschke product.

These two types of ellipses come from very different backgrounds; Steiner
inellipses are very geometric, while Blaschke ellipses arise in the field of analysis
through a somewhat complicated function. The studies of these two sets of
curves, however, do overlap in the context of the unit circle. By describing
when an ellipse is both a Blaschke ellipse and a Steiner inellipse, we can use
methods from both areas of mathematics to study the behavior of polynomials
over the unit disk. These results we describe in Section 3.

In studying the relationship between Blaschke products and cubic polyno-
mials, it also became clear that a similar relationship exists for polynomials
of arbitrary degree. Our main result (Section 6) describes precisely which
Blaschke products are associated with polynomials in the following sense: the
zeros of the Blaschke product are precisely the critical points of the polynomial.

The proof of this main theorem led us to study and utilize a rather intriguing
matrix, discussed in Section 6.3. The matrix is tied inherently to the Blaschke
product. First we show the construction of a certain matrix A with eigenvalues
at the zeros of the Blaschke product b. By applying a special unitary dilation
based on some A € 0D to this matrix, we construct another matrix By whose
eigenvalues are significant in another way; they are the points on the unit circle
that b maps to A.

This investigation has brought together analytical ideas, geometric objects,
and linear algebraic methods, providing a new way of studying problems in

one field with the mathematics of another.



2. THE ELLIPSES

2.1. Steiner Inellipses. The first type of ellipse we study was named after
Jakob Steiner, a Swiss mathematician (1796-1863). It is an inellipse, or an

ellipse that is tangent to all three sides of a triangle.

Theorem 2.1 (Steiner). Given any triangle, there is a unique ellipse inscribed
in the triangle that passes through the midpoints of the sides of the triangle
and 1is tangent to the sides of the triangle at these midpoints. If z1, 2o, 23 are

the vertices of the triangle, then the foci of the ellipse are
1

1 1
(1) g(zl + 2+ 23) & \/(5(21 + 20+ 23))% — 5(2122 + 2123 + 2223)

(See Minda and Phelps Theorem 2.1 [11].) We call this unique ellipse the

Steiner inellipse. See Figure 1.
More importantly, due to a result of Siebeck, also referred to as Marden’s

Theorem, we know more about the nature of these foci:

Theorem 2.2 (Siebeck). Suppose that the vertices of a triangle are the points
21, 22, and z3 in C. Consider the monic, cubic polynomial with these points as
roots, p(z) = (2 — 21)(2 — 22)(2 — z3). Then the roots of p’ are in fact the foci

of the Steiner inellipse of Az1z923.

(See Marden, [10, p. 9], and Minda and Phelps Corollary 2.2, [11].) This is
a beautiful result in its simplicity; furthermore, it provides a very interesting
geometric representation of the analytic study of polynomials and their roots.

Steiner inellipses have also been recently studied by Kalman [9] and Minda
and Phelps [11].

We will call a Steiner inellipse a unit Steiner inellipse if it is the Steiner
inellipse of some triangle with vertices on the unit circle. Given a unit Steiner

inellipse F, we will call a circumscribing triangle that has vertices on the unit
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FIGURE 1. A Steiner inellipse

circle and has Steiner inellipse £ a unit Steiner triangle of E. We will soon
show (in Theorem 3.3) that a unit Steiner inellipse almost always has a unique

unit Steiner triangle.

2.2. Blaschke Ellipses. Another family of ellipses was discovered during the

investigation of finite Blaschke products, a special type of rational function.

Definition 2.3. A Blaschke product of degree n is a function defined by

where |B| =1 and a; € D for j=1,...,n.

The degree of b is the number of zeros (repeated according to multiplicity)
of b.

Finite Blaschke products map the open unit disk D to itself, the unit circle
dD to itself, and map points outside the unit circle back outside the unit circle.

Furthermore, a Blaschke product b is an n-to-one map; that is, given any
point A on the unit circle, b maps exactly n distinct points of the unit circle
to A, as shown in the following lemma (though slightly technical, we will need
this result soon and often). We will say that b identifies n points if it maps

them all to the same value.
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Lemma 2.4. Given a A € 0D, a Blaschke product b of degree n maps exactly

n distinct points on the circle to A.

Proof. Without loss of generality we will assume b is given as in the definition

above with 5 = 1. We calculate log(b(z)):

log(b [Z log(z — a;) Z log(1 — a_jz)] )
j=1

Then, differentiating, we see that

V(z) |~ 1 . q
b(z) [Zz—aj+zll—Tz]

Now for z € 0D,

b'(z)
b(2)

That is, 0'(z) is never zero on the unit circle. ThlS 1mphes that b assumes

n

Vz)| 3 1 — Jay/?
‘= (z —a;)(Z — @)

zZb(2)

|a1’2

each value of modulus one with multiplicity one. Since b is n-to-one, b maps n

points to A; then there are exactly n points on the circle that b sends to A. [

A Blaschke 3-ellipse, or, simply, Blaschke ellipse, is a curve associated with
a given degree three Blaschke product; it is described by the following theorem
from Daepp, Gorkin, and Mortini [2]:

Theorem 2.5. Consider a Blaschke product b of degree three with distinct

ZETros

&) 0=+ (7 ) ()

For X\ on the circle, let z1, 29, 23 denote the distinct points mapped to A under

b and write the partial fraction decomposition

b(z)/z my Mo ms
F(z) = = .
(2) b(z) — A z—zl+z—22+z—z3




Then the line joining z1 and zy 1s tangent to the ellipse
E:|w—a|+ |w—as| = |1 —ajas|
at the point (3 = (Mmy2z2 + maz1)/(my + mg) (with (1, defined similarly).

Conversely, each point of E is the point of tangency with E of a line that passes

through two distinct points z; and zy on the unit circle for which b(z1) = b(2s).

F1GURE 2. A Blaschke ellipse is also a 3-Poncelet ellipse.

Since b identifies the three points z1, 29, 23, the line segments connecting the
three form a triangle that circumscribes E. Therefore, Blaschke ellipses are

Poncelet ellipses, which are curves defined by the following theorem of Poncelet

[4, p. 1]:

Theorem 2.6. Let C' and D be two ellipses, with D inside C. Suppose there
1s an n-sided polygon inscribed in C' and circumscribed about D. Then for
any other point of C, there exists an n-sided polygon, inscribed in C' and

circumscribed about D, which has this point for one of its vertices.

In particular, we will take C' to be the unit circle, and D to be our Blaschke
ellipse E. Let us begin with any point z; on the unit circle and take a path that
is tangent to £ and ending on a 25 on the circle. We take a second path from
29 t0 z3 (also on the circle) that is also tangent to E. Since E is a Poncelet

ellipse, we are assured that the path from z3 to z; is also tangent to E.
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These points z; make a triangle not unlike the one associated with Steiner
inellipses in the previous section. This triangle, however, is more general; the
points of tangency of the ellipse to the sides of the triangle need not be the
midpoints of those sides.

We note here that Frantz, in 2004 [5], showed that the 3-Poncelet curves
(those inscribed in triangles) in the unit disk are precisely the Blaschke ellipses,
if we allow the Blaschke ellipse defined by the Blaschke product in equation
(2) to include the case where a; = as.

We will say that the degree 3 Blaschke product b(z) = 2 (f_‘—%) <%> is
associated with the polynomial p if p is a monic cubic polynomial with distinct
roots 21, 22, z3 on the unit circle such that b identifies 21, 2o, 23 and such that
a1, as are the critical points of p.

Suppose we have b and that such a p exists; in other words, suppose b is
associated with p. Due to Theorem 2.5, a Blaschke ellipse £ with foci aq, as
is inscribed in Az2923. By Siebeck’s Theorem 2.2, there is a Steiner inellipse
E' inscribed in Azjzy23 that is tangent at the midpoints of the sides of the
triangle. Recall that ellipses are defined by their two foci and some constant
¢; the curve consists of all points that have the sum of the distances to the two
foci equal to ¢. Since E and E’ have the same foci, they may differ only in the
constant ¢. But as E and E’ are inscribed in the same triangle, we must have
that they have the same constant, so that £ = E’. Thus if a degree 3 Blaschke
product b is associated with a polynomial, the Blaschke ellipse constructed from
b is a unit Steiner inellipse. Note that we know that b identifies the zeros of

the polynomial by Theorem 2.5.

2.3. Unit Steiner Inellipses are Blaschke Ellipses. Here, we give a result

that shows that there is a 1-1 correspondence between unit Steiner inellipses
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FiGURE 3. A Blaschke ellipse that is also a unit Steiner inel-

lipse, with foci a; = 1 and ay = =%, Note that the points of

tangency are the midpoints of the sides of the triangle. The de-

gree three Blaschke product with zeros at 0, a;, and as identifies

the vertices of the unit Steiner triangle.
with distinct foci and Blaschke products whose representation as in Theorem
2.5 has each m; = % for some A € dD. (We will soon show that the one special
case is when the unit Steiner inellipse E has its two foci at the same point,
which will imply is the circle of radius % centered at the origin; then there
are infinitely many such Blaschke products with Blaschke ellipse £.) Then, as
Frantz noted, every unit Steiner inellipse is a Blaschke ellipse. Furthermore,
a Blaschke ellipse is a unit Steiner ellipse if and only if it has, as described
above, m; = my = ms3 = % for some A € JD.

In Section 3 we give the necessary and sufficient conditions for a Blaschke

ellipse to be a Steiner inellipse based instead on the zeros of the Blaschke

product, and show how to find A.

Theorem 2.7. There is a 1-1 correspondence between unit Steiner inellipses

with distinct foci and Blaschke products with distinct zeros

== (1) ()

where, for some A € 0D,




has my = my = mg = % and 21, 22, 23 are the points mapped to X by b.

Proof. First, suppose that we have a unit Steiner inellipse £ with distinct
foci whose unit Steiner triangle has vertices 21, 22, 23. Now, since we have one
triangle, Azyz523, that circumscribes F/, Theorem 2.6 implies that £ must be
a 3-Poncelet curve. Now, as mentioned in the previous section, we know that
FE must also be a Blaschke ellipse (see Frantz, [5]), so that there exists a degree
three Blaschke product b as above that defines E.

To show that the m; are as claimed, note that we know that the points of
tangency are the midpoints of the line segments between the z;. In particular,

mozy mizo 21 zZ9

G =

N mi+mae M1+ me 2 2
(see Theorem 2.5).

Now let us think of z; as the vector [ i?ji } and zy as [ Z 1 over R. Then
z1 and 29 are either linearly independent or linearly dependent.

Since the z; are distinct and have length one, if they are linearly depen-

x T
dent, we must have Tl =— 2 ,or z1 = —zy. Then (3 = —"2—2z —
n Yo mime
mi _ 2 _ 2 _
A = 3 5 = 0, so that m; = m,.

If the two vectors are linearly independent, then whenever r [ 51 } +s [ 52 } =
1 2

0, we have r = s = 0. Then, from the two expressions for (35, we have that

mo 1 T my 1 T
— +————-= =0
mi + Mo 2 U1 mi + Mo 2 Y2

mo _ o mg _ 1
Then mi+me ~ mitmo 20

SO 1M1 = Ma.
By symmetry, we have m; = moy = m3. Now

B b(z)/z _ b(z) _ A 2ma ng’
b(z) =X b(z)— AN z—2z z—2z z—=z

and taking the limit as z — oo, since b(z) — 00, we see that m;+my+mg = 1.

1

5, as desired.

Then each m; is
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To prove the converse, now assume that we are given b(z) as defined in

the hypothesis with m; = my = ms = %. Then by Theorem 2.5, one point

E.
of tangency of the Blaschke ellipse E is (3 = (myze + moz1)/(my + mg) =
3(22 + 21)/(2) = (22 + 21)/2, which is the midpoint of the line segment z1z,.
Similarly (i, (> are midpoints of 2525 and 2723 respectively. Then E is a unit

Steiner ellipse as desired. 0

A result concerning monic cubic polynomials with zeros on the unit circle
follows immediately, since there is also by definition a 1-1 correspondence

between such polynomials and unit Steiner inellipses.

Corollary 2.8. Suppose that p(z) = (z — z1)(2 — 22)(2 — z3) for z1,29,23 € D

distinct and that p has distinct critical points ay,as. Then p is associated with
Z — aq Z — Q2
b(z) =z
o= (=) (=)
where, for A =b(z;) for j =1,2,3,

b(z)/z  1/3 1/3 1/3 P (2)
_b(z)—)\_z—21+z—22+z—Z3 3p(z)

The last equality in this corollary follows by taking the logarithmic derivative
of p(2).

In summary, we have shown several relationships between unit Steiner in-
ellipses, Blaschke ellipses, and polynomials whose zeros lie on the unit circle.
First, recall that a Steiner inellipse is by definition associated with a polyno-
mial p whose zeros are on the unit circle. We've also shown that every unit
Steiner inellipse is also a Blaschke ellipse. Then since we can construct a unit
Steiner inellipse from any three points on the circle, all monic cubic polynomi-
als whose distinct zeros lie on 0D are associated with a unit Steiner inellipse

that is also a Blaschke ellipse.
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Furthermore, a Blaschke ellipse E is not necessarily a unit Steiner inellipse,
and so is not necessarily associated with a monic cubic polynomial with distinct
zeros on 0. Recall that since F is a 3-Poncelet curve, we can draw a series of
triangles circumscribing E. If one of these triangles has its points of tangency

at the midpoints of its sides, then E is the Steiner inellipse of that triangle.

3. WHICH BLASCHKE 3-ELLIPSES ARE UNIT STEINER INELLIPSES?

We now prove several results concerning unit Steiner inellipses and Blaschke
ellipses. Unit Steiner ellipses with isosceles or equilateral circumscribing tri-
angles are interesting special cases. The latter case suggests a proof that unit
Steiner ellipses have unique circumscribing triangles, except in the special case
of the circle of radius %

We also show that a Blaschke ellipse whose Blaschke product has roots ay, as

is a unit Steiner inellipse if and only if 2|ajas| = |a; + as|.

3.1. Special Cases. In two cases concerning unit Steiner inellipses, we can
describe very clearly the relationship between the vertices of the triangle and
the foci of the Steiner inellipse: if the unit Steiner triangle is isosceles, and if
the unit Steiner triangle is equilateral.

If the unit Steiner triangle is isosceles, the inellipse has one of two special
forms: its foci are on a diameter of the unit circle, or its foci are symmetric
about a diameter of the unit circle. In this case, we can say much without

using the Blaschke product.

Lemma 3.1. Suppose that a degree 3 polynomial p has the form (z — 1)(z —
O)(z— ) where |¢| =1 but ¢ ¢ R. Then the critical points of p are real if and
only if R(¢) < —3, are both zero if and only if R(() = —3, and are complex

conjugates if and only if —% <R < 1.
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Proof. From expression (1) in Theorem 1, the two critical points of p are

R Ty (TR
This simplifies to
3) 5 (14 2R(Q) + VARQP — 2R() —2).

Now expression (3) is zero if and only if R(¢) is —3. Thus the critical points
of p are both zero if and only if ®({) = —%; in this case the critical points are
trivially both real and complex conjugates of each other.

We now concentrate on the expression under the radical in equation (3),
which we refer to as (). A quick test shows that () is positive if and only if
R(¢) < —3. Thus the critical points are both real if and only if R(¢) < —3.

Finally, @ is negative if and only if —% < R(¢) < 1, and so the critical

points are complex conjugates, as desired. [l

By rotation, this shows that any isosceles unit Steiner ellipse has foci on a
diameter of the unit circle, or zeros symmetric about a diameter of the unit

circle

)=

FIGURE 4. An isoceles unit Steiner triangle with inellipse with
real foci; an isoceles unit Steiner triangle with inellipse with foci
that are complex conjugates; an equilateral unit Steiner triangle
with inellipse that is C 5.

Now consider the case in which the unit Steiner triangle is equilateral. We

show that this is an even more special case in which both foci of the unit
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Steiner inellipse are equal to 0. Let us denote the circle centered at 0 of radius

r by C,:={z:|z| =r}.

Corollary 3.2. Given three points zy, 29,23 on the unit circle that form an

equilateral triangle, the unit Steiner inellipse E is C .

Proof. From classical geometry, we know that a circle can be inscribed in
NAz1z923 so that it is tangent at the midpoints of the sides of the triangle.
Furthermore, we know the center of the circle must be the origin, which is also
the centroid of the equilateral Az;z523. Since the Steiner inellipse is unique,
E must then be C,. for some r. Finally, an easy calculation shows that the

circle must have radius % That is, ' = C} /. O

We will use Theorem 2.5 to prove another result about the special equilateral
case that has a greater implication: the curve (), is the only unit Steiner
inellipse that can be circumscribed by more than one triangle (with vertices
on the unit circle) such that the midpoints of the sides are the points of
tangency. This implies that for any unit Steiner inellipse not 'y /2, there is a
unique circumscribing triangle with vertices on the unit circle and points of
tangency at the midpoints of its sides. (Recall that the uniqueness guaranteed

in Steiner’s Theorem 1 is that a given triangle has a unique Steiner inellipse.)

Theorem 3.3. Suppose we have an ellipse E with foci a; and ay. If there
exist two distinct monic cubic polynomials such that the triangles created by

connecting their zeros are tangent to E at the midpoints of their sides, then E

1

is the circle of radius 5

with its center at the origin.

That is, if a unit Steiner inellipse E has two distinct unit Steiner triangles,

then E = 01/2.
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Proof. Suppose p and ¢ are two monic, cubic polynomials with zeros on O
and critical points a;,as € . The main part of the proof is to show that
p(z) = 23 + ¢p.

Because both p and ¢ have the same critical points aq, as, they both are

associated with the same Blaschke product b as defined in Theorem 2.5. Con-
'(2) _ b(2)/z

sidering p specifically, by Corollary 2.8 we can write gp(z) i — for some
~v1 € OD. Similarly, g;((z)) = b?S)_/; for some v, € ID.
Solving for b yields
/ /
b(z) = NP i b(z) = IRt
zp’ —3p 2q' —3q

By our conditions, we know that p’ = ¢’. So, setting the two expressions for b
equal to each other and substituting, we see that v, /(zp’ —3p) = 72/ (2p' — 3¢).
If 1 = 72, we have p = ¢. So assume y; # 7s.

Since 7, is on the unit circle, 7—11 =771 (7 is the same), and so we can rewrite
our equation as J3(zp’ — 3q) = F1(zp’ — 3p).

But recall that we also know that ¢ = p + C. Then we have that

(4) 3%C = (32 — 71) (20" — 3p).

Of course, we can also write p(z) = 2* + c22? + 12 + ¢o. Then p/(z) =
322 + 292 + ¢, and 2p/'(2) — 3p(2) = —c2® — 2¢;12 — 3¢p. Replacing this
expression for zp’ — 3p into equation (4) shows that ¢ = ¢; = 0. Thus
p(z) = 2% + ¢y for some ¢y. Then the zeros of p are the cube roots of —cy,
and so are equally spaced on the unit circle. The same argument shows that
q takes this form as well, though perhaps with a different constant. Then the
ellipse described by both p and ¢ is Cy/, by Corollary 3.2. O

3.2. A Sufficient Condition for a Blaschke Ellipse to be a Unit Steiner

Inellipse. In general, the expressions for the foci of an arbitrary Blaschke
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ellipse E are rather hard to study as we did in Lemma 3.1, so it is unclear
what might be a sufficient condition for F to also be a Steiner inellipse. Recall
that from Section 2.3 we know that all unit Steiner inellipses are Blaschke
ellipses. Then the following lemma gives a necessary condition for E to be a
unit Steiner inellipse. Our main theorem will be proving that this condition

is also sufficient.

Lemma 3.4. Suppose we are given a triangle with vertices zy, 2o, 23 on the
unit circle. Denote the foci of the Steiner inellipse of this triangle by ay,as.

Then 2|aias| = |ai + as|.

Proof. We know from Corollary 2.2 that there exists a polynomial p such that

the zeros of p are z1, 29, z3 and the critical points of p are a, as. That is,

[(z—21)(z — 22)(2 — 23)] = 3(2 — a1) (2 — av).

. : : tzod23 _ a1t
By expanding and comparing coefficients, we see that 2=+ = 4242 and
that

2129 + 2123 + 2223 = 3aqa9. Multiplying the latter by z1z5z3 and recalling that

zjz; = 1, we obtain z; + 2 + 23 = 3a1a27122272. Thus

- ai + az
2122230102 =
2
which implies the result after taking the modulus of both sides. OJ

Corollary 3.5. If we have a unit Steiner inellipse where the foci aq, as satisfy

a1 = as or ay; =0, then a3 = as = 0.

Proof. Suppose a; = as and a; # 0. Then the polynomial p defining our

Steiner inellipse has p'(z) = 3(z — a;)?. Therefore

p() =(z—2)(z — 2)(z — 23) = (z — 1)’ +7,
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and because v — a3 = —z12923, we know |y — a3| = 1 since zy, 29, and 23 are

on the unit circle.

From the proof of Lemma 3.4, we see that Z1z323a1a2 = 2%, so
— 3\2_ 2
—(¥ —a1°)a] = Z1z22307 = Q7.

Now [y—a1®||a?| = |y—a?||a1|* = |a1|. Thus since a; # 0, we have |[y—a?||a;| =
1. But this is impossible since |a;| < 1 and |y—a}| = 1. Therefore a; = ay = 0.
Now suppose a; = 0. Since 2|ajas| = 0 = |a; + as| = |as|, we have ay = 0

as well. O

Referring back to Corollary 3.2, this shows that C' /3, which is the only unit
Steiner inellipse with more than one circumscribing unit Steiner triangle, is
also the only unit Steiner inellipse that is a circle (since a circle is an ellipse
whose two foci are equal).

Continuing with our main proof, we will also use
Lemma 3.6. Gwen a Blaschke product
Z — Q1 Z — Q2
b(z) —
(2) == (1 —a_lz) (1 —a_zz) ’
and a X on the circle, let A1, Ao, A3 be the points on the circle such that b(\;) =
A. Then

(1) )\1 -+ )\2 + /\3 =a; +as + )\alag,
(2) )\1)\2 + )\1)\3 + )\2)\3 = a1a9 + /\(Cl_l + CL_Q), and
(3) )\1)\2)\3 == )\ = b()\J>

Proof. Let us write Q(z) := b(z) —A. Then the zeros of @) are the three distinct

points that b maps to A\. Now
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is a rational function, but since the poles of () are outside the disk, to find the

zeros of () we need only consider the numerator of ). Thus
q(z) =z(z —a1)(z —az) = M1 —a12)(1 — azz)

is the monic polynomial with zeros at A1, A2, A3 (by finding a common denom-

inator in ). Then we can write
q(2) = 2(z — a1)(z — az) — A1 —a72)(1 —@22) = (2 — \)(2 — Ao) (2 — A3).

Now we need only expand both expressions for ¢ and compare coefficients.
The 2% terms imply that —a; — as — A\@iaa = —A\; — A — A3, which in turn
implies (1). Similarly, the z terms imply (2); comparison of the constant terms

nearly immediately implies (3).

With these two lemmas, we are now prepared to prove the main result.

Theorem 3.7. Let ay,a, € D, and let b be the corresponding degree three

b(z) = 2 (f__a—?z) (12——;222) |

Then the ellipse E associated with b is a unit Steiner inellipse if and only if

Blaschke product

2|ajas| = |ay + ag|. Furthermore, if a1 and ay are distinct, the vertices of the
unique circumscribing Steiner triangle are the three distinct points zq, 23, 23 €

oD satisfying b(z;) = $-222.
Alternatively stated, the points ai,as € D are the critical points of a monic
cubic polynomial with distinct roots on the unit circle if and only if 2|ajas| =

|CL1 +(12|.

Proof. First, if a; = as, then a; = as = 0 by Corollary 3.5. Then by Theorem
2.5, the ellipse E is |w — a1| + |w — as| = |1 — @yas|, which reduces to 2|z| = 1,

or C /2. Also 2|ajas| = |a; +as| trivially. Now, E can be inscribed by infinitely
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many equilateral triangles with vertices on the unit circle. By Theorem 2.5,
the vertices of any of these triangles are identified, so b is associated with any
polynomial constructed from the vertices of one of these triangles, as desired.
So we now assume that aj,as # 0. If E is a Steiner inellipse, then 2|ajas| =
la; + as| as we have shown in Lemma 3.4.
Conversely, now suppose that 2|ajas| = |a; + as| and that b is as described.

We have [§222] = 1; we will let A = 2 = 24192 (where the second equality

follows since A has modulus 1). By the three-to-one property of the Blaschke
product, there exist A1, A2, A3 € 0D with b(\;) = A
By Lemma 3.6 part (1),

YTy ata 3(a1 +a
)\1+)\2+>\3=a1+a2—|—/\a1a2:a1+a2+¥ala2: M
2&1@2 2
and Lemma 3.6 part (2),
2(11&2

AMA2 + M3 + Ao = aras + A(ag + a@2) = aras +

(a_1 + CL_Q) = 3(11@2.

a1 + as

Now let p(z) = (z — A\1)(z — A2)(2 — A3). Then
P(2) = 32% = 2(\1 + Ao + A3)2 + Mda + Midg + Ao
Substituting from above,
P'(2) =3[z — (a1 + a2)z + aras) = 3(z — a1)(z — a9)

and p is our desired polynomial. That is, the triangle formed by Aq, Ao, A3
circumscribes a Steiner inellipse E with foci a1, ay by Theorem 1 and Corollary

2.2. U

In summary, then, we have found that the set of unit Steiner inellipses is
contained in the set of Blaschke ellipses. Given an arbitrary degree three
Blaschke product b with zeros 0, a1, as, we know that the associated ellipse is
also a unit Steiner inellipse if and only if 2|ajas| = |a; + az|. Furthermore, the

ai1+az

vertices of the unit Steiner triangle are the points that b maps to A = S We




can find these vertices explicitly by solving for the roots of Q(z) = b(z)—A =0,
as in Lemma 3.6.
In terms of polynomials, then, we’ve shown that b is associated with a

polynomial if and only if 2|ajas| = |a; + as|. The zeros of this polynomial are

ai+az
2a1az °

the points that b maps to A =

Remark 3.8. We see that ay,ay are the critical points of a monic cubic poly-
nomial with zeros on the unit circle if and only if 2|ayas| = |a1 + as|. To find
this polynomial, we can integrate 3(z —ay)(z — az) with an integration constant
of =A. (Expand the equation for p(z) in the proof of Theorem 3.7 above to see
that the constant term is —A A3 = —\ = —%E2 by Lemma 3.6.)

2araz
4. WHICH POINTS CAN BE THE FoOCI OF A UNIT STEINER INELLIPSE?

As a natural part of our investigation, we asked: given some point a; in the
disk, what other points a; may we choose so that a; and ay are the foci of a
Steiner inellipse? Interestingly, the solution set of such as is a circle.

From Theorem 3.7, we know that the condition 2|ajas| = |a; + asl is nec-
essary and sufficient for a Blaschke ellipse to also be a unit Steiner inellipse.
Given ay, solving for as is complicated by having to find the modulus. If
we assume that ao is purely imaginary, however, the equation simplifies very

nicely.

Proposition 4.1. Choose a; in the open unit disk with |a;| # % Then there
are at most two choices for a purely imaginary as such that there exists a unit

Steiner inellipse with ay,as as foci.

Proof. Recall by Corollary 3.5 that if a; = 0 then we must have a; = 0. So
assume a; # 0. Choose a; in the open disk and write in it its polar form

a; = re?. Suppose that a purely imaginary a, exists so that a;, as are the foci
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of some Steiner inellipse. Since as is purely imaginary, a; = ix and z € R. We
know from Lemma 3.4 that 2|ajas| = |a; + ao|. That is, [2a1z| = |a; + ix].
Squaring both sides, we find that 4|a;|?z? = (R(a;1))? + (S(a1) + x)% Then,

since |a1| # 3,
(5) (4|a1|2 — 1)&02 —2%(ay)x — |a1|2 =0

which is a quadratic in x with solutions

S(a1) £ /(S(@))? + a1 P(@ar [ = 1) rsind +r/sin®0 + 472 — 1
4)aq1)? —1 B 4r2 — 1 '

Therefore there are at most 2 distinct choices for ay = iz.

U

Note that when a; = %, there are infinitely many choices for as; we can solve
2|aias| = |ai + as| since the |as|? term drops out. This gives us R(az) = —1.

There are cases in which Proposition 4.1 returns solutions for x that are on
or outside the circle, but these are clearly extraneous solutions.

Now that we can solve a special case, we will rotate an arbitrary case to this
one, solve, and rotate back. Without loss of generality, we will assume that
our fixed focus a; is real and nonnegative; any other a; can clearly be rotated
to lie on this line segment (by an initial rotation independent of those we will

use in our proof), solved, and rotated back.

Theorem 4.2. Suppose we are given a; € [0,1) \ {3}. Then the set of all ay
in the disk such that ay,as are foci of a unit Steiner inellipse is represented by

the intersection of the open unit disk with the curve

sinf + /sin? 0 + 4a? — 1
4a? —1

sinf + /sin? 0 + 4a? — 1
4a3 — 1

(6)

aysinf +

aycosf i

where 0 < 0 < 27 and sin® 0 > 1 — 4a?.
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There are in fact two curves, each defined by choosing one of the two possible
values for z given by Proposition 4.1. The curve not listed above is simply a
different parameterization of the curve given by (6) above; this can be verified
by substituting 6 + 7 for € into curve (6) and using the angle sum formulas.

In addition, this curve often lies partially outside the unit circle, but these

points are not solutions in the context of our problem.

Proof. By Corollary 3.5, if a; = 0 then ay = 0, which is consistent with the
curve defined above. So assume a; # 0. Given a;, suppose we have an ay such
that aq, as are the foci of a unit Steiner inellipse. Rotate a; and as by an angle

¥ — ay cosO+iaq siné.

0 so that as goes to ajy purely imaginary. Then a} = a,é’
Now using equation (5) in Proposition 4.1, we may solve explicitly for x to
find the imaginary a}, = zi that are associated with a}. When we rotate these
al, back, we obtain ay = ize™® = xsin  + iz cos § that are associated with our
original a;. Choosing a value of = from the Proposition gives the curve (6).

First we show that all ay in the disk such that there exists a unit Steiner
inellipse with aq, as as foci lie on this curve. Given an aq, if any such a, exists,
there exists a rotation so that a), is purely imaginary. Then we need only show
that we can always solve the quadratic (5) for a real solution(s) for x; that is,
we need to show that the discriminant is nonnegative. There are two cases:
a; > % or a; < %

First suppose a; > % It is clear that the discriminant is nonnegative for
any 6.

So suppose a; < % Then for the discriminant to be nonnegative we need
sin?@ > 1 — 4a?. We check that # will always be in this range.

We can prove this as follows. Write ay = |ag|e””. Then to rotate so that

ay goes to a), purely imaginary, we must make the final argument of a, either
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7/2 or 3m/2. We multiply by e/ 277); that is, we will choose 6 = 5 — 7, and
S0 afy = |ay|ee’ 2™ = |ayle’>. (Choosing to rotate to 37/2 gives the same
resulting inequality.)

Since 2|ajas| = |a; + as] by Corollary 3.4, we know that 4a?|as|? =

a? +2a;R(az) + |as|? (recall that we assumed that a; was real). Since R(ay) =
|lag| cosy, this is equivalent to |ag|?(4a? — 1) — 2a4|ag| cosy — a? = 0, so
las|?(1 — 4a?) 4 2a4|az| cosy + a3 = 0. This is a quadratic in |ap|; since |az|

real, the discriminant of this quadratic must be nonnegative. That is,
4a? cos® y + 4at(4a? — 1) = (cos® v + 4a? — 1)4a? > 0.

Since v = £ — 0 and cos*(Z — 6) = sin® 4, we have sin*# > 1 — 4a} as desired.

The reverse direction is nearly trivial; we show that any point ay on the
curve given by (6) is the second focus of a unit Steiner inellipse with focus a;.
We know ay satisfies 2|ajas| = |ay + az| (this was, recall, the starting point

for the curves in Lemma 4.1), and by Theorem 3.7, this is sufficient for the

existence of a Steiner inellipse with ai, as as foci. O

The curve in (6) is in fact a circle (intersected with D, as noted); since its
first term is real and its second term purely imaginary, we consider these as x
and y respectively. Then by taking z? + 3? and substituting, simplifying, and
completing the square, we find that curve (i) is equivalent to

4af
(407 —1)*

a

_—)2+y2:
4a? —1

(x

We include here examples of this curve. As a; increases from just greater
than 0 to %, the circle grows in size from very small to infinitely large (see
Figure 5). When a; increases from just greater than % toward 1, the circle
shrinks, though never again lies entirely in the unit disk. Recall that when

1

ay = ;5 the curve is undefined, but the solutions in this case given in Proposition
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4.1 are R(az) = —i, which is in fact the line the curve approaches as a;

approaches % from either direction, before the circle “becomes infinitely large”

and flips direction.

FIGURE 5. On the left, as a; increases toward % the circle grows

infinitely large; on the right, as a; > 1 increases toward 1 the

circle shrinks.

5. A MATRIX INTERPRETATION

For a Blaschke ellipse to also be a unit Steiner inellipse, a specific relationship
must hold between points A1, A2, A3 that the Blaschke product b identifies and
the zeros aq, as of b, as described in Lemma 3.6. There is another unexpected
and very interesting proof of this relationship using methods, not from analysis
or geometry, but from linear algebra.

First, we will assume that a; and ay are nonzero, as this case has already
been thoroughly discussed and this more extensive argument is not needed.
We introduce two matrices associated with our Blaschke product in a special

way.
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Definition 5.1. Suppose we are given a degree three Blaschke product b with

distinct zeros at 0, aq and as. Let

Ao VT aPyT JaP
0 (05} '

Note that the eigenvalues of A are the nonzero zeros of b. Given A € 0D,

we define a second matrix B, as follows.

Definition 5.2. Suppose we are given a degree three Blaschke product with

distinct zeros at 0, aq and ay. Let

ay V1—laP\/1—as —agy/1 = |as]?
0 (05}

B,\ = \/ 1— |a2\2
1— ’CL1|2 —)\G/_l\/ 1— ‘CLQ‘Q )\alag
where |A| = 1.

Note that B, is unitary (it is relatively easy to check that its columns form
1 0
an orthonormal set) and that B, is a dilation of A; that is,let V.= | 0 1
00
Then VB,V = A.

This matrix also has an interesting connection to b. By Daepp, Gorkin and

Voss [3], we have the following theorem:

Theorem 5.3. The eigenvalues of By are the values on the circle mapped to
A by b. The product of the eigenvalues is the determinant of this matriz. In

the case when By is a 3 X 3 matriz, det(B)) = .

Then we have a new proof for our old lemma, one that will shed light on a
method for a generalization of this result:
Lemma 3.6. Given a Blaschke product
bz) = - (f__a_cj;) (1___) ,
and some X\ on the circle, let \i, Ay, A3 be the points on the circle such that

b(Aj) = A. Then




25
(1) M+ Ao+ A3 = ay + az + \ajaz
(2) Mg + AiAs + Aads = ajas + N(ag +az) and
(3) MAads = A = b(\;).

Proof. Since A1, Ay, A3 are the points on the circle such that b()\;) = A, they
are the eigenvalues of By. Then (1) follows since the sum of the eigenvalues
of B, is the trace of B). Indeed, since the trace is a unitary invariant, it can
be written as a; + as + A\ajaz. By Theorem 5.3, (3) follows since the product
of the eigenvalues is the determinant, another unitary invariant.

It is also a known result (see [1, p. 142] and Lemma 6.10 in Section 6.3 for
more details) that the combination of eigenvalues A Ay + A\ A3 + A2A3, which
is the linear coefficient in the characteristic polynomial of B,, is equal to the
sum of all 2 x 2 principal minors of By. (Recall that a principal minor has the
same row index set as column index set.) From B), a quick calculation shows

this to be ajas + A\(ay + a@z), thus proving (2). O

Suppose we let ch(M) denote the characteristic polynomial of the matrix
M. That is, ch(M) := det(zf — M). Then Theorem 3.7 can be restated as:
a Blaschke ellipse constructed from a Blaschke product b with distinct zeros

ay, as, 0 is also a unit Steiner inellipse if and only if
n ch(A) = [ch(B))] .

That is, suppose we are given b. Then from the above definitions, ch(A) has
Zeros aj,as, and for a given A on the circle, ch(B)) has as zeros the three
points on the circle that b maps to A. Then if we can find a A such that
[ch(B))]" = n ch(A) = then ch(B,) is the polynomial that is associated with
b— its zeros (the eigenvalues of B,) are identified by b and its critical points

are the zeros of b, as desired.
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6. THE GENERAL CASE

6.1. Preliminaries. We have until now been working with degree 3 Blaschke
products with distinct zeros. We will now need to recall the more general

definition:

Definition 6.1. A finite Blaschke product is a function of the form

b(2) =5ﬁ i
j=1

1—ajz

where |B| =1 and a; € D for all j.

Recall that finite Blaschke products map the unit circle to itself. Further-
more, they identify n points of the unit circle. In fact, these properties essen-

tially classify Blaschke products (see [6, p. 6]):

Theorem 6.2. If an analytic function f(z) satisfies:

(1) is continuous across 0D,
(2) |fl =1 on D, and
(3) f has finitely many zeros in D,

then f is a finite Blaschke product, determined by its zeros up to a constant

factor of modulus one.

We will again concentrate on finite Blaschke products with one zero at 0 and
n—1 other distinct zeros in . As we noted in our first introduction to Blaschke
products, if b is one such Blaschke product and A € D, then b identifies exactly
n distinct points on the circle to A. Indeed, if b sends two nondistinct points
to A, then b(z) — A = 0 has a multiple root A\, € dD. Therefore, taking the
derivative, t/(z) = 0 must have \; as a root, which is a contradiction: all of b’s

roots are in D by definition and thus its critical points must be in D as well.
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We will say that a finite Blaschke product

1—

n
=2z H - _aijj;z where the a; € D are distinct
j=1
is associated with a polynomial p if p is a monic polynomial of degree n with
distinct roots on the unit circle and with critical points a;.

As in the case for degree 3 polynomials, we would like to show that every
monic polynomial p with distinct zeros on the unit circle has an associated
Blaschke product. Since the zeros are distinct, by the Gauss-Lucas Theorem
[10, p. 22|, the critical points of p are in the open unit disk. Then we can

construct b from the critical points of the polynomial; these become the zeros

of b.

Theorem 6.3. Suppose that p(z) = [[;_,(z — z,) with distinct roots z; on the

unit circle and distinct critical points a1, as, ..., a,-1. Then
l:I z—aj;
e 1 —ajz

is associated with p, where b is a Blaschke product satisfying b(z;) = X for all

7 and

b(2)/z _x~ Un _ P(2)
F(Z)_—:Zz—z» ~ (2)
=1 c T TP
Proof. Suppose we are given p as described and construct b (which is well-

defined by the Gauss-Lucas Theorem, as mentioned above). We can take the

logarithmic derivative of p to see that

and we will define
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The transformation z/(z—zy) is a fractional linear transformation or Mébius
transformation (see [12]) that maps oo to 1, 0 to 0, and 2, to co. A property of

such maps is that they map circles back into circles. The given transformation

maps the unit circle to R(z) = 5 and D to R(z) < 3. Then f(z) also maps

the unit circle into %(z) = 5 and D into R(z) < 3 (though we sum n terms we
divide by n as well), and $(z) > 1 into R(z) > 1. Also note that f also maps
oo to 1, 0 to 0, and z; to oo for each j.

Therefore, F(z) := f(];()zll maps 0 to 0, D back into D, C*\ D to C*\ D,
and the unit circle back into the unit circle (i.e., |F| = 1 on dD). Since F

is a rational function, it has finitely many zeros that are in D. Also, f is

a continuous function except at its poles, the zeros z; of p. The function

T := % is also continuous, except at 1. Then ' = T o f is also continuous;
indeed, f maps no point in C to 1, and for each k, as z — z;, a computation
shows that F'(z) — 1. By Theorem 6.2, we have described a Blaschke product;
that is, F'(z) = vb(z), where b is a finite Blaschke product and |y| = 1.

Note that the zeros of b are the zeros of f, which are the zeros of p’ and

zero. Furthermore, b identifies the z;, since f sends each z; to co and so F

sends each z; to 1. Then b is associated with p.

Now we have F(z) = vb(z) = %, so that f(z)[1 — vb(z)] = —~b(z).
Therefore
2 (2) _ (%)
wiz) 1O T
and
P'(2) b(2)/z

with % € JD, as desired.
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On the other hand, as in the degree 3 case, not every Blaschke product is
associated with a polynomial. There are special conditions on its zeros that
allow these zeros to also be the critical points of a polynomial with distinct
zeros on the unit circle. It is these conditions that we will find.

We will make use of the k' elementary symmetric functions of both the

z; € 0D and the a; € D.

Definition 6.4. Given a set of n points Y = {y1,y2,...,Yn}, the k' ele-
mentary symmetric function of Y, denoted by oy (Y'), is the sum of the terms
YiYis - Yy, Jor all (}) distinct choices of the j’s from the set {1,2,...,n}.
(Note that we’ll consider oy of any set to be 1.)

For example, if Y = {y1, 99, y3}, then o1(Y) = y1 + y2 + y3, 02(Y) = y192 +
Y3 + Yoy, and o3(Y) = 11y2ys.

Remark 6.5. The elementary symmetric functions have a clear relationship
to the coefficients of polynomials; indeed, if Y = {y1,ya,...,yn} are the zeros
of a degree n monic polynomial f(z), then the coefficient of the 2* term is

(=1)" %0, x(Y). That is,

n n

1) =TI - u) = (-1 Fo, (1),

j=1 k=0

This can be checked simply by expanding f in product form.

6.2. Proof of the Main Theorem. The first lemma we prove concerns a
condition necessary for a Blaschke product with distinct zeros that maps 0 to
0 to be associated with a polynomial. It is based on a relationship between
the symmetric functions of the zeros of a given polynomial with the symmetric
functions of its critical points. Note that this result may be used in other situ-
ations, because it depends only on properties of polynomials, not the Blaschke

product.
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Lemma 6.6. Suppose the finite Blaschke product b(z) = z [/} 2= is as-

7j=1 1-ajz
sociated with the polynomial p(2) = [[;_, (¢ — 2;), where the z; € D are
distinct. Define S = {z1,29,...,2,} and T = {ay1,a9,...,a,_1}. Then for

k=01,....n—1,
n

O'k(S) = n— kO'k(T),
and
n—1 (_1)n_kn
p(z) = 2" + ; (T) Tni(T)2" + (=1)"0,(S).
Proof. We can write, as in the above remark,
© p(2) =[] = =) = S (-1 o x(8)~
j=1 k=0

Since b is associated with p, we know p/(z) = n [} (2 —a;). Now we consider
the two equations for the derivative,

P = [H<z - z»]

n

D k(=1 ok (9)F !

/

n

and p'(z) =n 1:[(2 —a;) = Zn (—=1)"Fo,_(T)2F1.
j=1 k=1

By comparing the coefficients of each term, we see that

n

® 7u(S) = —~

for each k =1,...,n —1 (and 0 trivially).

O'k(T)

Now using equation (8) to substitute into equation 7, we can rewrite p as

p2) = S0 a($)F = 4 Y () 00 D)4 (1) (5)

k=0 k=1
since 0, ¢(S) = —2—0x(T) =

O

Given A on the circle, this next result shows how to find the n points that

a degree n Blaschke product maps to A; it constructs a polynomial that has
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the desired points as its zeros. Note that here we are not assuming that b is
associated with a polynomial, and it is not necessarily the case that the zeros

of b are the critical points of any polynomial p with its roots on 0D.

Lemma 6.7. Given a finite Blaschke product

n—1
Z—a;
b(z) ==z oy
(2) tL1—ajz
J=1
and X on the circle, let A\, Ao, ..., A\, be the distinct points on the circle such

that b(\;) = \. Also define T = {ay,as,...,a,1} and T = {ay, @y, ..., a4, 1}
Then the A\; are the zeros of the polynomial

—_

q(z) = 2"+ [(=1)" 0,1 (T) + AN(—1) 0 (T)] 2~ — A.

1

3

i

Proof. Recall that b maps the unit circle to itself in an n to 1 fashion. So let
|A| = 1 and define Q(z) := b(z) — A, a rational function whose poles are all
outside the unit disk. Then to find the zeros of (), which are the n distinct
points on the circle that b maps to A, we need only find the zeros of the

numerator of (), which is

n—1

q(z)::sz—aJ )\H (1—a;2)
j=1
We will again use elementary symmetric functlons. The functions that result
from the second product in ¢ are not straight from the relationship used thus
far, but they can be easily verified: the 2" ! term in the second product in

q has coefficient A\(—=1)""'[]}, '@ = M—=1)""'0,_1(T), and the z term has
coefficient —\ Z;:ll @; = —Aoy(T), ete. We find that

q(z) = zi( D" e, W (T) 25 — )\i(—l)kak(T)zk
= (=1)" o, (T)2" = X ; (—=1)*0y(T)2"
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Combining like terms and simplifying gives
q(z) = 2"+ Y [(=1)" Foni(T) + MN=1) o (T)] 2" — .

Now the zeros of ¢ are the distinct n points on the circle that b maps to A,

as desired. 0

For the proof of our theorem in general, we will consider the two polynomials
in Lemmas 6.6 and 6.7. The monic polynomial p has distinct zeros on the unit
circle. The monic polynomial ¢ has as zeros the points that b maps to some
fixed A on the circle. Then if b is associated with p, there must exist some
A € 0D such that p = ¢, since b identifies the zeros of p (see Theorem 6.3). This
gives us another necessary condition on what A may be for a finite Blaschke
product to be associated with a polynomial. This condition will also prove to

be sufficient.

Theorem 6.8. Let b be a finite Blaschke product of degree n defined by

n—1

b(z):zH Z_ij

where the a; are distinct, nonzero, and in the open unit disk. Define T =

{ai,aq,...,a0n_1} and T = {a1,az, ..., Gp-1}.

Then b is associated with a polynomial

n

p(z) =[]z = =)

j=1
with the z; distinct and on the unit circle, if and only if for each k from 1 to

n — 1, we have the equation

) (M) et ==t

for some constant A € OD.
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Proof. First let us assume that b is associated with p, where b and p are defined
as in the Theorem. Also define S = {z1,29,...,2,}.
Using Lemma 6.6, we rewrite p as
n—k k_ n — ((=1)"*n k n
p(z) =) (1) Fon(9)2F = 2"+) (T) Onin(T)ZF+(=1)"0,(S).
k=0 k=1
Since b is associated with p, by Theorem 6.3 we know that b identifies the n
distinct roots of p to some A € dD. Then by Lemma 6.7, these n roots of p

are also the zeros of
qz) =2"+ ) [(=1)"Fopi(T) + M=1)*0,(T)] 2* = \.

Then since p and ¢ are monic and have the same zeros, they must be iden-
tically the same. That is, for each k, the coefficient of the z*¥ term in p must
be equal to the coefficient of of the z* term in g. Therefore, we must have
A= —(=1)"0,(S) = (=1)"" '] 2, and, for all k from 1 to n — 1,

((—1)"—’%

- ) 0 i(T) = (=1)"*op_(T) + A(=1)*o,(T).

Solving for A, we see that for each k& we must have

e ()

as claimed. (Note that (—1)"72¢ = (—1)".)

Now we prove the converse. (The argument follows nearly exactly in reverse,
though we include it here because, even so, we do not believe it to be perfectly
straightforward.) Assume that b is defined as in the theorem and that 7' =
{a1,as,...,a,_1} such that T"U {0} is the set of zeros of b. Furthermore,
suppose that for each k from 1 to n — 1, the expressions

()

are equal; call this constant .
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By the n-to-one property of b, we know there exist distinct Ay, Ao, ..., A\,
such that b(\;) = A\. Let W = {1, Ag,..., A\, }. By Lemma 6.7, W is the set

of roots of the polynomial
a(z) = 2"+ 3 (-1 ou k(T) + M1k (T)] #* - A

Then let us define p(z) = [[{(z — A;); in other words, define p so that W
is its set of zeros. If we can show that the critical points of p are exactly the
set T', which is the nonzero roots of b, then we have shown that b is associated
with p. As in Remark 6.5, we can write

p(z) =[]z =2) =D (=) o w(W)2*
j=1 k=0

n—1
=2"+ Y (=1)" e, (W)2F + (=1)"0,(W).
k=1
But note that we must have p = ¢ since they are monic and their zeros are the

same, so we may equate the two coefficients of the z¥ term for each k. That
is, \ = (=1)""to, (W) = (=1)" ' T] \;, and for each k, where k =1,...,n—1,
we have

(—1)"F o (W) = (—1)" Fa, 4(T) + (=1 ox(T).
Simplifying, o, (W) = 0, _(T) + A(=1)* "0 (T).

Now recall from our assumption that we have A defined in several different

ways, one equivalent definition for each k. Then, substituting,

n—=k\ o, (T) P
) e e

10)  ous(W) = 0ui(T) + (—1)" (
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As we wish to determine the critical points of p, we now take the derivative

p(2) = [H(z - &-)] = k(=1 o (W)

j=1

Using equation (10) for an equivalent expression for o,_;(W), we have

p(z) = Z k <(_1)#> On_i(T)2" 1 = nz (—=1)"Fo,_p(T)2F 1
k=1 k=1

Using a simple change of variable m = k — 1, we have

n—1
P(2)=n> (=)0 1) (T)2",
m=0

which by Remark 6.5, is equal to p'(z) = nH;:ll(z — aj). That is, p has the
critical points we desire, so B is associated with p.

0

Remark 6.9. In the course of the proof of our theorem, we proved that if
b is associated with p (or if the equivalent conditions on \ hold), then A =
(=1)""' 1 z; where the z; are the zeros of p; this can be seen by comparing the

constant term of the polynomials p and q in both directions of the proof.

Note: Since A is the product of z; on the circle (by the Remark above), each
of these expressions for A, for k from 1 to n — 1, must have modulus one. Then

A =1/, so that

and

A= (=1)" (n - k) U;:z’%)

- ()

Then we only need to have “half” of these expressions for A, because the

expressions given by k£ and k' = n — k are in fact the same; e.g. taking £ =1

with the top expression for A\, and £k = n — 1 in the bottom expression, both

A= (1) (n I 1) 001_(1%) (1) (n I 1) agz(lg)

give
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Then for n even, it is sufficient to have these expressions be equal for k from
1ton/2—1. For n odd, it is sufficient for k£ from 1 to (n — 1)/2.

In summary, all monic polynomials with distinct zeros on 9D have an as-
sociated Blaschke product. Conversely, a given Blaschke product b has an
associated monic polynomial with distinct zeros on 0D if the certain described
ratios of the symmetric functions of the zeros of b, given in equation (9), are

all equal and are equal to some constant of modulus 1.

6.3. A Matrix Interpretation in the General Case. We now look at
the matrix from Section 5 in a general setting. As in the previous special
case, these matrices also provide a proof of the main theorem through their
characteristic polynomials.

Suppose we are given a finite Blaschke product of degree n — 1 defined by

n—1

where the a; are distinct and in the open unit disk.

Consider the (n — 1) x (n — 1) matrix A given by

aj = (T (@) (1= las)2(1 = |ag[)'/? ifi <
ifi > 7.

That is, A is the matrix

ar T—laPyVT—=laeaf .. 15 (=a)/1— a1 —]an
0 az o IS (Fa) /T = fa2Py/T = Jan 2

0 0 0 Gp—1

Then, as before, the eigenvalues of A are clearly the nonzero roots of b.
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Now given A € 0D, we consider B, the dilation of A given by

Q5 A if Z,] S n—1
b M2 (=ae) (1 = |a;2)V? ifi=n and j<n—1
57 (T (@) (1 — a2 it j =n and i<n—1
ATz, (—ar) ifi = j=n.

That is, B) is the matrix

o (=aR) /1= Ja 2
A s (=aR) /1 — Jas?

M1 = a2 =Nary/1 — |as]? . M= (=ar)

The columns of By are an orthonormal set, so B, is a unitary dilation of A.

By a theorem from Daepp, Gorkin, and Voss [3], and similarly from Gau
and Wu (see Theorem 5.1 in [7]), we know that the eigenvalues of B, are the
values that b maps to A\. The proof shows that the characteristic polynomial
is

det(z] — By) = 2 [ [(z = ay) = A] (1 — @j2).

But note that this is the polynomial ¢ derived in Lemma 6.7 in the previous
section. Indeed, recall that ¢ has as zeros the points b maps to A, which, as
the eigenvalues of B), must also be the zeros of this characteristic polynomial.
Then when, in the proof of our main theorem, we claimed or showed that
p = ¢, we can equivalently say that ch(B)) = p and [ch(B,)]' = p’ = n ch(A);
the eigenvalues of A are the zeros of b, and we also wish them to be the critical
points of p.

This equivalent condition can be extended. Where we used elementary
symmetric functions in our proof, we may use the following result (see [1, p.

142] for further details):
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Lemma 6.10. Given annxn matriz M with eigenvalues \;, the characteristic

polynomial of M is given by

[y

n—

ch(M) =2"+Y (=1)"7E,_;(M)z’

<.
I
o

where Ej, denotes the sum of all k x k principal minors of M. (Recall that a

principal minor has the same row index set as column index set.)

Comparing this to Remark 6.5, we can see that the principal minors of B)
are equal to the symmetric functions of the zeros of B, so an equivalent but
very different proof can be given in this context.

We believe this is the most striking part of this result. The given proof of
the main theorem involves polynomials, Blaschke products, and other analytic
functions. As we have just discussed, there is another proof that relies nearly
exclusively on principles from linear algebra. In addition, we now show that,
just as with Blaschke ellipses and unit Steiner inellipses, there is in the general
case an inherently related geometric result concerning curves circumscribed by

polygons with vertices on the unit circle.

6.4. A General Geometric Interpretation. Instead of ellipses, the curves
associated with Blaschke products will now be algebraic curves of higher class.
These curves are directly related to the numerical range of the matrix A defined
in the previous section.

Given a bounded linear operator A on C", we define the numerical range
of A as the set W(A) = {(Az,z) : € C,|z| = 1} where (, ) denotes the
standard inner product. By the Toeplitz-Hausdorff Theorem (as cited in [7]),
we know that W (A) is always convex.

a; ¢

0 }, we have that W(A) is the
2

elliptic disk with foci a1, ay and minor axis of length |c|, see [7]. In other words,

In fact, when A is the 2 x 2 matrix
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the boundary of this disk is an ellipse. Recall the matrix
Ao VT aPyT—aP
0 (05}

given in Section 5. Then the boundary of W (A) is an ellipse and in fact the
Blaschke ellipse of the Blaschke product with zeros 0, aq, as.
In the general case, we have the following result directly as a specific case

of a theorem of Wu [14]:

Theorem 6.11. Suppose we have a finite Blaschke product
n—1

b(z) =z H 7% where the a; € D.

1 —ajz

j=1

Furthermore, suppose that b is associated with the polynomial p, a monic poly-
nomial of degree n with distinct roots zy, za, . .., z, on the unit circle and critical

points a;. Given A € 0D, define as in Section 6.3 the matriz

o (=aR) /1 — Ja 2
A (=) /1 — [az?

M1 — a2 —Xaty/1 — |ag)? M= (—ax)

Then the numerical range of By is circumscribed by the n-gon zy - - - z, and the

tangent points are the midpoints of the n sides of the polygon.

7. CONCLUSION

The original motivation for this work was to study Sendov’s Conjecture, a
question that concerns polynomials as well as their roots and critical points.
Our study gradually shifted into the realm of Blaschke products and ellipses,
and even certain matrices, but we were able to find an inherent connection
between all of these areas of mathematics. By comparing Blaschke 3-ellipses

with Steiner inellipses in the unit circle, we have shown the simple and striking
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result that two points a; and a, in the disk are the critical points of a cubic
polynomial with zeros on the unit circle if and only if 2|ajas| = |a; + as.

Generalizing our argument, we found that essentially the same relationship
between Blaschke products of degree n and polynomials of degree n still holds;
any polynomial p with distinct zeros on the circle has some associated Blaschke
product that identifies the zeros of p and has roots at the critical points of p,
but not all Blaschke products have such a p associated with them. The suffi-
cient conditions for a Blaschke product b to be associated with a polynomial
are based on the elementary symmetric functions of the zeros of b, functions
which are also a fundamental part of the expansion of a polynomial. By the
proof of this main theorem, we were able to better understand the behavior of
the matrices A and B, associated with a Blaschke product b, and in fact, see
that the matrices provide a proof of the same result. Furthermore, it is the
numerical range of the matrix B, that provides the geometric connection; the
numerical range is circumscribed by the convex hull of the points that b maps
to A. If b has degree 3, this result describes the ellipses that comprise the first
half of this paper.

These results, spanning so many fields of mathematics, offer several new
areas for investigation. They give a new classification of Blaschke products;
do those Blaschke products that are associated with a polynomial have other
defining properties or uses? We've also seen a matrix that encapsulates an
incredible amount of information about the behavior of a Blaschke product.
There is without a doubt more that can be said about this matrix. Addi-
tionally, we have perhaps achieved a part of our original goal of studying the
Sendov Conjecture, by providing a new context in which to study polynomials

and their roots and critical points.
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