August 2000 — Math 725

Problem I. Let {a,}, n > 0 be an infinite sequence of complex numbers. Recall that the infinite series > ° ; a,

converges to a complex number S if and only if the sequence of partial sums {S N = 271:[:0 an} converges to S. The
infinite series ZZO:O a,, is said to be Abel Summable to a complex number A if for all real numbers x with 0 < z < 1,
the infinite series Y~ j apa™ converges, and lim, ;- >~ a,z" = A.

(a) Suppose that > ° ; a, converges to S. Prove that lim, ;- > °  a,z™ is Abel summable to S.

(b) Give an example that shows that a series >~ a, can be Abel summable, but can fail to converge.

(c) Prove that if a, > 0 and if Y~ a, is Abel summable to a complex number A, then the infinite series Y~ an
converges to A.

Problem II Let {f,}, n > 1 be an infinite sequence of real valued continuous functions defined for all real numbers
x € R. Suppose there is a function g so that f, converges uniformly to g on R.

(a) Either prove that f2 converges uniformly to a g2 on R, or give a counter-example to this assertion.

(b) Suppose that ¢ is a uniformly continuous function defined on R. Prove that ¢(f,) converges uniformly to ¢(g)
on R.

(c) Suppose that ¢ is a bounded continuous function defined on R. Either prove that ¢(f,,) converges uniformly to
©(g), or give a counterexample to this assertion.

(d) Suppose that each f;, is continuous differentiable, and that f], converges uniformly to a function h. Prove directly
from the definitions that g is differentiable, and that ¢'(z) = h(z) for all z € R.

Problem III Let ¢ be an infinitely dlfferentlable functlon on R3 with compact support. Recall that the Laplacian

is the second order differential operator A = 8 57 + 88:2 + az

(a) For which p > 0 does hm /// 5 Py, l 73 dz dy dz exist for all such functions ¢?
|22 +y +z2\>e |£L' +y +z ‘p

(b) For which p > 0 is it true that A[(z® +y* + 2%)] =0 for (z,y,2) # (0,0,0)?
A
(c) Prove that ¢(0) = hm —— /// ple.y,2) 7 dv dy dz.
w2y t22|>e | 22 g2 + 22

Problem IV Suppose {f,} is a sequence of complex valued measurable functions on the interval [0, 1] and suppose
that lim f,(x) = g(x) for almost every = € [0, 1].

(a) Prove that g is a measurable function.

(b) Prove the following version of Egoroft’s Theorem: Given any € > 0, there exists a measurable set F C [0, 1] with
Lebesgue measure |E| < e such that f, — ¢ unformly on [0,1] \ E.

(You may use without proof the basic properties of Lebesque measure, such as countable additivity. However, your
proof should not depend on quoting results about convergence thoerems for Lebesgue integrals.)

Problem V Let f, be a sequence of functions belonging to L!(R), the set of integrable functions on the real line
R. Suppose that there is a measurable function f so that lim f,(x) = f(z) for almost every € R. Consider the

following statements:

(1) nli_)rr;o/]R |frn(x)| dx = A exists.

@) [ If@)]de <.

@) tim [ \@ldo= [ |f@)]do < oc.
R R

(4) lim / |(fr. — f)(z)] dx = 0 for every measurable set E C R.
n—oo E

Discuss (with proofs or examples) which of these four statements do or do not imply the other statements in the
list.

9 [toe ¢
Problem VI Let f € L'(R). For y > 0, define f,(x) = = [ M .
m — 00

(a) Prove that for each y > 0 the function f, € L'(R).



2 [ dt
(b) Prove that ;11% Ilf — fylli = 0. (You may use the fact that - [m E1 1) =1.)

(c) Prove that there is a sequence y; — 0 so that for almost all z € R, ]11)120 fyj)(x) = f(z).
(d) A stronger true statement thatn that in part (c) is that for almost all x € R, lir% fy(z) = f(z). Without giving
y—)

proofs, discuss some of the steps that are involved in proving this result.

Problem VII Let H be a real Hilbert space with inner product ( , ). A sequence {z,},>1 converges weakly
to xg if and only if lim, o {xn,y) = (xo,y) for all y € H. A sequence converges strongly to zq if and only if
lim;, o0 ||Zn — Zo|| = 0. A bounded linear operator T : H — H is compact if for every bounded sequence {x,} of
vectors in H, there is a subsequence of integers n; — oo so that T'(x,;) converges strongly in H.

(a) Prove that if a sequence {z,} converges weakly to xo and if a sequence y, converges strongly to yo, then
1imn~>oo<xnayn> = <$0,y0>«

(b) Prove that if T is a compact operator on the Hilbert space H, then there is a vector zg € H with ||| = 1 and
sup (Tx,x) = (Txo, zo).

llzll<1

(c) Let T be a compact operator on the Hilbert space H. Let A\ € C be a nonzero complex number, and let

E\ ={x € H|T(x) = Az}. Prove that E) is a finite dimensional subspace of H.

Problem VIII A distribution 7" on R? is a continuous linear functional on the space C5°(R?).
(a) Let T be a distribution on R2. Give a precise definition of what it means that 88% = (%.TZ
Q C R~

(b) Let T be a distribution on R?, and suppose that g—i = gTTz = 0 on all of R2. Prove that there is a constant A
so that for every function ¢ € C§°(R?), T[p] = A [ ¢(z) dx.

(c) Suppose that T be a distribution on R?, and suppose that gTTl = g—g; = 0 on the open set R?\ {0}. Is the
conclusion of part (b) still true? Either give a proof, or give a counterexample.

2 2 if 2 2<1
v ) 9:2+y2 ~ 7 Show that Ag (in the sense
1 if z® + 9y > 1.

of distributions) is a finite measure on R? and calculate what that measure is.

= 0 on an open set

(d) Define a real valued function g on R? by setting g(z,y) = {

Problem IX A real valued function f defined on R belongs to the space C'/?(R) if and only if

[f(z) — ()]
ilelg @]+ iig VT =1yl

Prove that a function f € C'/2(R) if and only if there is a constant C so that for every e > 0 there is a bounded
function ¢ € C*°(R) such that

< 0

sup|f(z) — p(x)| < Cye and supe|¢'(z)] < C.
z€R z€R

August 2000 Solutions

I. Let {a,}, n > 0, be an infinite sequence of complex numbers.

(a) If 3" a, converges to S, then {a,} is Abel summable to S.
Fix e > 0, and choose N so large that sup,,> v [An| <€, where 4, =377\ a;.
We use summation by parts. For any « € [0,1] and k& > N,

m m—1 m—1
Z apa"| = Z Ap(z™ — 2" — Ap_1aF 4+ A 2™ < <SUP |A"|> Z (a™ — ") + 2e
n==~k n==k n2N n==k

The inequality follows from the positivity of 2™ — 2"t on [0, 1]. We rewrite the last quantity as

(sup |An|) (zF — 2™) + 2¢ < 3¢,
n>N



which shows that f(z) = 3 a,2™ converges uniformly for all € [0,1]. Thus f(z) is continuous, which shows
that {a,} is Abel summable to S.
(b) a, = (—1)™ is Abel summable to 1/2, but > (—1)" fails to converge.

This is clear.
(c) Ifa, >0i is Abel summable to A then > n_CONVeTges to A. Indeed, since a,, > 0, we have that

Z anx”™ < Z ap, 0 A = h}n Z apx™ < Z an. Moreover, for any N € N and 0 < x < 1, we have that
n 0 =0 n=0

00 N N
> apz™ > Z anx™. Taking the limit as r /' 1 gives that A = lim apz™ > lim Y a,z™ = Y. a,. Thus, as
= = r/1 T/ 1n=0 n=0

N — oo we have > a, < A. Therefore Y a, = A.
n=0 n=0
II. Let {f,},n > 1 be an infinite sequence of real valued continuous functions defined for all 2 € R. Suppose f,

converges uniformly to g on R.
(a) If f,(x) = z + 1/n, then f,, converges uniformly to g(z) = x, but f2 doesn’t converges uniformly to z2.

Just observe that f2 — 22 = 2z/n+ 1/n?.
(b) If ¢ is a uniformly continuous function on R, then ¢(f,) converges uniformly to g.

Totally routine.
(c) There is a bounded continuous function ¢ defined on R and a sequence f,, converging uniformly to g such that
@(fn) does not converge uniformly to ¢(g).

Let ¢ be any continuous bounded function which is 0 on the integers and 1 on the set {n + 1/njn € Z — {0}},
and take f,(x) =z + 1/n, as before. Then ¢(g(n)) = 0, while ¢(fr(n)) = 1.
(d) If each f,, is continuously differentiable, and f;, converges uniformly to h, then g is differentiable, and ¢'(z) = h(z)
for all x € R.

By the fundamental theorem of calculus and uniform convergence,

o) = 5(0) = tim fue) = u(0) = 1 [ pi(opae= [ " (.

n—oo n—oo 0

Thus g is differentiable with ¢’ = h.

II1. (a)We can assume that ¢ is supported in the unit ball. In which case, since ¢ is bounded above by C,

1
1
[// Sﬁ(l',y,Z) dlfddeSC/ 77’2d7'
|22 +y2+22|>€ |1‘2 +y? + 32‘13/2 e TP

which is finite for all € is 2 —p > —1, that is p < 3.
Conversely, to show that the integral does not exist if p > 3, we use Urysohn’s Lemma to construct ¢ € C®°
suth that ¢ = 1 in the unit ball and ¢ = 0 outside the ball of radius 2 centered at the origin. Then, by switching

(IL’ Y,z ) . . 1 52
to spherical coordinates, we see that lim dx dy dz converges if and only if [ £d
p 64'0/»//|I2+y2+22>5 |l‘2 + y + ZQ‘p/Q Y g y fo pP P

(where p = (22 + y? + 22) converges, i.e. when p < 3.
(b) Compute compute compute! Since

52 _ 2 90\ 52
2(332 oyt 2?2 = p _ (p° + 2p)x _
or ($2+y2+z2)5+1 (x2+y2+z2)§+2
A% 452 + 22)7P/2) = PP o we require p2 —p =0, that isp=0or p = 1.

($2+y2+22)g+17
(c) Recall Green’s Theorem which says that (under suitable hypotheses which are satisfied here)

/uAv—vAude U— —v—do
Q

where a% denotes the unit outward normal. In our case, if we let u = ¢ and f(z,y,z) = ﬁ(xQ + 92 4 22)~1/2, then
by (b) and the support conditions on ¢, we have

/// —Agofdxdydz:/// Afo—ANpfdedydz
e<x24y?2+22<1 e<z?+4y2+422<1

- G2y,
224y2422=¢ 8n



However, in polar coordinates, f(r) = %% =) gfl = gf = —L L. For e small, ¢(z,y,z) = $(0,0,0) + O(e) and the
second integral is also O(e). Note — f _ ar L do=1. Letting € — 0 gives the solution.

IV. (a) By breaking g into its real and i 1mag1nary parts, we can assume that g is real-valued. Note that g=*((c,0)) =
N2 Ur,, fr (e, 00)) since we can write g = inf,, oo supk: > nfy. But then g=*((c, oo)) is a measurable set.

(b) Fix € > 0. Let By = {z € [0,1] : |fr(z) — g(z)] > 5%} Note that Uns1 Misn Ef = {2 1 [ fr(z) — g(x)] >
5w, for large k}. But f, — g almost everywhere, so |Un>1 Mi>n Efml = 1 (just work out what the unions and
intersections mean). Hence, there exists N, so that if E,, = Uk>N Ekm, then |E,,| < 55%. Let E =, Enn. It
follows that |E| < 2e. Let x € E°. Then z € Ej, = isn, Efns so |fr(z) — g(z)| < 5% for k > N,,. This is
independent of z € E€ so f; — g uniformly on E°.

V. It’s clear that (3) implies (2) and (1). We claim that (4) implies (3) (and hence (2) and (1) also). [|f,] <
S+ [1fa = f1 = [Ifl and [|fn]l = [Ifl = [1fa = f] — [|f]. Also (3) implies (4) using the Generahzed
Dominated Convergence Theorem. Indeed, |f, — f| < gn := |fn] + | f|, where |f, — f| — 0 a.e., g, — g := 2|f]| a.e.,

and [ gn — [ 9. Therefore [ |f, — f| = [,0=0.
Also, we claim (1) implies (2). By Fatou’s lemma, [ |f| = [liminf, |f,| <liminf, [|f.| < A. Now, (2) does not
imply (1) if we let f,, = ﬁX[o,n]- Then f =0 and [|f,| = v/n. To show the rest of the implications do not hold,

set fn = X(n,n+1)-

3
V1. For the problem, let p(t) = %ﬁ and ¢, () = i(p(i) Note that ¢y (t) = iz and [, (t) dt = [ o(t)dt =
1.

(a) Note that by Tonelli’s Theorem,

Iyl < = t/‘lf Dl (t) dodt = | fll1.

(b) ¢y is an approximation of the identity and fy(x) = f * ¢, (t). We first show (b) for continuous functions g with
compact support. Let € > 0. g is continuous with compact support and hence uniformly continuous, so there exists
d > 0 so that for |t| < ¢ and all z, |g(x —t) —g(x)| < Tempg- For y small enough, f\t|>5 y(t) < Then

using the fact that [ ¢, (f)dt =1

llg —g 1<//g gz —t)|e dtdx<// — dxdt+// 2||gll zoopy (t) dt dax < 2e.
lo = gulle < [/ Jleu(t s Top g0 lgllz s ®)

For an arbitrary f € L', let € > 0 and choose g continuous so that [|f — g| < e. Writing f(z) — f(z — t) =
fl@)—gx)— (f(x—t)—glx—1t)) + g(x — t) — g(x) and breaking up the integral into three pieces easily leads to the
answer.

(c) Let € > 0. There exist y; — Oso that || f— fy,|l1 < 2. Let g; = fy, and go = 0. Let E; = {z : [f—g;| > 1} Then

|E | < [xEe, <Jj[|f—gj] <. Claim: limy_.— mfng = f a.e. Note that there exists Ny so that > .-y 37 <,

F < e Then Uysy, {7 gy — fI > €} <3 nop, [En| < e This implies pointwise convergence.
(d) Look up approximations of the identity in any Real Analysis textbook.

e
2||gll oo | supp g[

VII(a) Note (Xn, Yn) — (X0, Y0) = (Tn,Yn — Yo) + (Tn — To, Yn). Since x,, — x weakly, [(x, — To,yn)| — 0 as n — co.
Thus we need only to show that |(z,, yn — yo)| — 0 as n — oco. To see this, observe (n, Yn — Y0} < |Znllllyn — volls
and ||yn — yo|| — 0 as n — oco. To complete the proof, we need only to see that ||z,| are uniformly bounded in
n, and we use the uniform boundedness principle. Let y € X, and T, € £(H,C) be defined by T (z) = (z,y). If
A ={T,,}, note that sup;¢ 4 |Ty| < oo for each y € H since (z,,,y) — (z,y).

(b) Given z # 0, ||z|| < 1 where (Tx,x) = ¢, (T(7%7), 1o7) = T = & so it follows

il =l

sup (Tx,z) = sup (Tx,x)
llzll<1 llzll=1

Let x,, € H, ||zn]| =1 so (Txp,z,) — L as n — o0. x, is a bounded sequence in H and T is a compact operator,
so there exists a subsequence ny, so that Tz, converges strongly, say to yo. H is a Hilbert space, so H is reflexive.
Since xp,, is in the unit ball, a compact set in the weak* topology by Banach-Alaoglu, there exists x in the unit ball
such that z,,,, — = weakly. Rename this last subsequence as x,,,. By (a), it follows that (I'%,,, zm) — (Yo, o). We
are done once we establish that Txy = yg. But this follows easily from what we have done.

(c) Let A € C\ {0}. If E, is infinite dimensional, there exists an orthonormal basis z1,x3,.... But then Tz, =



Az, L Az, = T, for all n # m, but this contradicts that T is compact (z,, is a bounded sequence and T'z,, has no
convergent subsequence).

VIII(a) Look in a book.
(b) See Theorem 6.11 in Lieb and Loss.

(c) Try T[] = ¢(0).
(d) Away from 22 +y? =1, Ag(x,y) =4 is 22 + y? < 1 and Ag(z,y) = 0 if 22 + y> > 1. We have:

(Dg. ) = (9, 0) = / / 9(z.y), Dp(z, y) dr dy

- / / (@ + 52 Ap(a, ) de dy + / / Ap(e,y) de dy.
a:2+y2§1 w2+y2>1

By a useful version of Green’s Theorem and the fact that ¢ has compact support (no 2% + y? = R integral),

0
I seewiay=[[ sy - @ieepddg = [ s
z24y2>1 z24+y2>1 z24y2=1 O

And

2m
// (w2+y2)A4p(:c,y)dxdy:/ rza—(p —230d0—|—4// o(z,y) dr dy.
z2492<1 0 on 2 +y2<1

. . . . . . 2 .
Note, incidentally, we have some cancellation since » = 1 and on the unit circle, %Ln —y = 2. Adding our answers

together yields —2 faB(O,l) pdo+4 ffB(O,l) pdz dy.

IX Let ¢; be an approximation of the identity, that is, ¢ € C°(R), suppy C [-1,1], [¢ =1, ¢ >0, ¢’ < ¢, and
@i(z) = 1o(%). Let f € C'/2. Then

|f<a:>— / f(x—y)%(y)dy‘ - \ / (f(x)—f(x—y))got<y>dt\ < [1 ‘”ﬁ‘y)' Wleor(v) dy

¢
c \/Msot(y) dt < Ctl|pe]l1 = Ct.
—¢

So if we set Y(z) = f * @c(x), then sup,cp | f(z) — ¥(z)] < Cy/e. Also, since ¢ is bounded by a constant, scaling
shows that sup,cp v€|¢'(z)] < C. The other direction is easier. Let  # y and € = |z — y|. Then

f(z) — fW)] _ |f(=) - p(@)] N lp(x) — ¢(y)] N lp(z) — f(y)
Vie=yl ]z =y Ve =yl Viz =yl

To see that f € L°°, note that

<CH ¢ llL=ve+C.

CVe <sup|f(x) — o(z)| < sup|f(z)| — ()] < sup (|f(z)| —sup|e(y)]) = sup|f(z)] — sup |o(y)],
zeR SN zeR yeR xR yeR

and it follows immediately that f € L.



