QUALIFYING EXAM
ANALYSIS

August 29, 2001

Version for Math 725 : Solutions

Problem I. f > 0 and decreasing on (0,0). Let € > 0 and a > 0.
(a) For all 0 < z < oo, f(2z) < 271F¢f(x). Consider the Riemann sum

S = i f@ra)[2"a — 27a),

n=0
which is based on the left end-points of the partition a < 2a < 4a < ... < 2™a < .... By our condition on f,

oo

Z 279 f(a)(2"a) = af(a) Y 27"

n=0

The geometric series on the right is convergent, and converges to some C' > 0 which depends only on €. So,
as f is decreasing, we conclude

/00 f(z)de < S=C af(a).

(b) For all 0 < z < oo, f(z) < 2'7¢f(x). This time, consider the Riemann sum, based on left end-points

S = i f(27"a)[27" e — 27"a).
n=1

By the condition on f

o0

S < ZQn(l €) )—af( )227ne'

n=1

Arguing exactly as before, we conclude that there is a C' > 0 depending only on € so that

/Oaf(x) dr < S=Caf(a).

(c) For all 0 < z < oo, f(2x) > 27! f(z). This time, consider the Riemann sum based on right end-points

S=>Y_f@mer-21,

/100 f(z) dz

to infer, by comparison, that

diverges.



2

Problem II. For a,b > 0, let

e dx
F(a,b):/;()o m4+(:177a)4+(:177b)47

and let f(z) = W. Suppose a < b. Define
R min{a, (b —a)}/100, ifb>a
a,/100, if b= a.
There exist kq, K1 > 0 such that
ko K} 4 Ky
< < < < —— Y —R,R).
zt4bt T ot 420 T o2t + bt +at T f@) < xt 4 b v € (=K R)

Notice that as
1/f(x) = 32* + a* + b* — 4a®x — 463z + O(|z]?),
and since |z| < a for z € (—R, R), there exist constants A;, A2 > 0 independent of (a,b) such that
M(a* +01) < 4ladz| +4p3z) + O(|z)?) < Ao(a® +b*) for z € (R, R).

Thus, k1 and K7 in the first estimate above will not depend on (a, b).

Analogous estimates can be made around & = a and x = b with constants (ko, K3) and (k3, K3) respec-
tively, none of which depend on (a,b). And, there is an Ny > 1 independent of (a,b) and an Ny independent
of (a,b) such that

| | 1

— < <

Natarr -~ WS aommnee S arm e
z€R\[(-R,R)U(a—R,a+R)U(D~R,b+R)|.

We conclude thus that there exist k, K > 0 such that
k[ d K [~ d
7/ B U JE Ay [ E———
bt Joo 1+ (2/b) b J oo 1+ (x/b)
Making the change of variable y = /b, we have

kE [ dy K [ dy
— < F(a,b) < —
b3 e 1 _|_ y4 _ (a’7 ) — b3 . 1 + y43

a<b,

whence there exist ¢, C' > 0, independent of (a, b) such that
cb™ < Fla,b) < Cb 3 a<hbh.

When b < a, the positions of a and b are switched in the above estimate.

Notice that
1 1 1 1 1,1
//F(a,b)p da db = / / F(a,b)? db da + / / F(a,b)? da db.
o Jo 0 Ja o Jb

In view of the last estimate above

1 1 1 1 1 1
2c / / b3 db da < / / F(a,b)? da db < 2C / / b=3P db da.
0 a 0 0 0 a



Thus, the integral fol fol F(a,b)? da db converges for precisely those p for which

1 1
:/ / b=37 db da
0 a

converges.
Case (i) p # 1/3; in this case

1
=t / (1= a"?") da,
P1-3p Jg

which converges precisely when (1 — 3p) > —1.

Case (ii) p = 1/3; in this case
1
I, = / |Ina| da,
0

Thus, the given integral converges for p < 2/3.

which converges.

Problem III. {z,} is a sequence of complex numbers that converges to L. Notice that

1 & 1 L &
ﬁ’;(%—l)zk— EZ%—lzk—n—Z(%—l

k=1 k=1
Let R > 0 be such that {z,} C B(L; R). Given € > 0, there exists an N; € N such that |z, — L
every n > Ni. So, for any n > N;

%zn: 2k—12k—
k=1

1 n
< — 2k—1 — L.
< 5 kg )zk — L]

< ¢/2 for

n

Ny

R €

?E (2k—1)+ﬁ E (2k—1)
k=1

k=N;+1
N;
R
= = > @k—1)+ 5
k=1

IA

We now choose Ny € N, Ny > Nj such that
R & €
EZ(zk—l) <5 ¥n>No.

We conclude, thus, that

1 n
EZ@k—l)zk—L < € VYn> Ns,

whence
21+ 322+ 5z3+--+(2n—1)z,

lim 5

n— 00 n

= L.

Problem IV. (a) E is a Borel set by definition. To show that E is uncountable, we define

E =02, E,.
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Clearly E \ E' is a countable set, so it suffices to prove that E is uncountable. We show that E is a perfect
set (To see this, imitate the proof in §2.44 in W. Rudin’s Principles of Mathematical Analysis, 3rd ed., 1976,
McGraw Hill.), whence E is uncountable. Thus, E is an uncountable Borel set.

Let l,,, n > 2 be the length of each connected component of E,, n > 2. By construction

by = 21— ) =
T\ a+1) T 2+
This implies that

2
lpi1 = —Io.
+1 277.72” 2
Since E,, has 2”2 intervals of equal length, we conclude that
2
|E7L‘ ="
n

|E| = lim |E,|=0.
n—oo

(b) Let k,, be the number of disjoint intervals of which FE,, is constituted. From our calculations above,

1
Jm kaliy =l 2 e
= lim 2% 29n(-a)po
Thus
Cifo<a<1
lim ki = {50 U=
n—o0 0, ifa>1

(c) Refer to the definition of Hausdorff measure. We have just seen that

sup{a@ >0 : lim k,l, = oo} = inf{fa>0 : lim k,lo = 0} =1,

n—oo

whence the Hausdorff dimension of F is 1.

Problem V. Let {f,} € C(R*R), and f,, — f pointwise. We are given that f,, f are integrable and that
1 1
- < < — .
Since f,, and f are given to be integrable, m > 3 and p > 3.
(a) The statement :

If for cach n// [ huta) dz =0 then// [ fa) dz =0

is true whenever m > 3, p > 3.

To see this, define M := min(m, p) > 3. Then

|fu(2)] < vz, Vn,

1+ |z|M

and the majorant is in L*(R™). The claim follows via dominated convergence theorem.
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The statement in part (b) is true for the same ranges for (m,p), and the proof is exactly the same as
above.

A counterexample : This shows that the above ranges for (m, p) are sharp.

To see this, define ¢,, : [0,00) — R as follows :

the line y = 1 — r when r € [0, 1],

the two sides of an inverted isosceles triangle based on the interval
[2k — 1,2k + 1], with altitude= -, when r € [2k — 1,2k + 1],

y =0 whenr >2n+1,

the graph { y = ¢,,(r) } comprises

where C' > 0 will be chosen appropriately. Define
fal@) = on( 2] ).

[][ @ d=vn
B(0;1)
and there is a constant v > 0 such that

/// fule) de = —om(2k)? 5 1<k<n,
Ann(0;2k—1,2k+1) nk

This follows from the theorem on the volume of solids of revolution. Define C' by requiring that

There is a constant V' > 0 such that

C Vr
2% — = =,
vr(2k) nk? n
Notice that
L < he) 2
Ty n\T) >~ T/ 3>
1+ |z — 1+ |z|3

and that, by construction,

[ [ [ st az=o
// Rsf(x)dx:Vw#O.

Problem VI. Let f be a measurable, integrable function on R2.

whereas

(a) Let x be a continuous function with compact support in R?, y > 0 with x = 1 near the origin, such that
Jg x(z) dz = 1. Define, for € > 0,
1 Ty
Xe(z,y) = 5 X (f 7) .

€€
We use the following two results derivable from the hint given and the fact that C}(R?) is dense in L!(R) :
i) For almost every y, the mappings S, : R x L'(R?) — L!(dx)
Sy, 0) = S s)

are continuous;



ii) For almost every y, the mappings S, : R x L'(R?) — L'(dz)
T,(t. f) = fo=
are continuous;
to show that if
fa(@,y) = x1/m* fz,y)
then {f,} is the desired sequence of continuous functions. To see this, refer to the proof of Theorem 9.6 in

R.L. Wheeden & A. Zygmund, Measure and Integral — An Introduction to Real Analysis, Marcel Dekker,
1977.
(b) For each x € R, define

F(Y) = Xm0 () f(6Y)
where X[, _1 ;1) is the characteristic function on [z — 1,z +1]. Since f(as,y) = [pF¥(t) dt, applying the
hint given to the function ,FY gives us the desired result.

Problem VII. Extending f by to fe Co(R) by simply extending by zero, we may re-write

()
H(f|(x) = d
@) = [ 22 ay
Now, refer to Chap. VI, §1 in E. Stein & G. Weiss, Introduction to Fourier Analysis on Fuclidean Spaces,

1971, Princeton University Press, for proofs of (a)-(d).

Problem VIII. (a) F is continuous with compact support in R and for each ¢ > 0, there is a G € C* such
that all x € R,

|F(x) — G(z)|

|G (@)

IN
o)
Q

eafl

IN

Now let z # y € R. Choose € > 0 so that € < |y — x| < 2¢, and let G correspond to this value of e. Since
G € C! we now have

|F(y) — F(z)]

IA

[F(y) = Gy)| + |G(y) = G(2)] + |G(z) — F(z)|
2¢% + igﬂglG'(C)I ly — =

IA

604 4 €a—1 |y—.’13|

IN

3¢ |y — x|
3y — 2" |y — 2|

3(217%) |y — al*.

IA

Thus, F' satisfies a Holder condition of order a.
(b) Let F satisfy a Holder condition of order . Let x be an infinitely differentiable function with suppyx C
(—1,1), with 0 < x <1, x = 1 near the origin, such that fo(m) dx = 1. Define, for ¢ > 0,

1 T

Xe(z) = - x(f)-

€ €



Let G=xex f. GeC.

F(z) - G(z)] < /\F(x%F( Y| x(y) d
< K /\yl
< |y|°‘ dy
= el
Also
G(@)] = / Flz— ) (x)'(y) dy]

By the fundamental theorem of calculus

Thus
/ 1 (Y
@) = | [ 5 Fa—y) - F@ (L) dy
R € €
K/ € o
<% [ wray
€2
_ 2K, a—1
T oa+1
We take
2K 2K’
C =max{ —— , ——
a+1l a+1
to obtain the desired result.
Problem IX. Set 1
T,Y) = ————— .

(a) Since f has an integrable singularity, f € L{. ., whence it defines a distribution

Co(R?) 3 wH//sz(z,y) o(z,y) dz dy ;

the reader can verify that the above functional satisfies the continuity condition for a distribution.
The distribution A f is defined by

@) 2 o [ [ rew) dete) da dy
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(b) If (z,y) € R?, write r = \/22 + y2. We are given that ¢ € C5°(R?) and (0, 0) = gf (0,0) = Z’(O, 0)=0.
Let R > 0 such that supp(¢) C B(0; R). By Stokes’ Theorem

of 9p | Of O¢ D dp
A = -1 dx dy — li dy — dzx ;.
(A el 5361//@@{3:5 ge "oy oy Wt Ve g™
Since on {r = §}, f(z,y) = O(671), g‘i (z,y), g‘; (z,y) = O(9), the line-integral above is O(J) and hence
goes to 0 in the limit. So, applying Stokes’ Theorem again
(A5 @)

. of 3(,0 of Oy
-1 + = —
51%//<r< { y y}(az,y) dx dy

. i af
I A A dz d 1 da dy -
5—1>I61+//6<'r'<R fy) Bola,y) du dy + 6—1%1‘*' O{r=6} {3I i 9y ’ y}

Since on {r = &}, p(z,y) = 0(6?), & s L(x,y), gi (z,y) = O(57?), the line-integral above is O(d) and hence
goes to 0 in the limit. We compute

Af(z,y) =

1
(22 + y2)3/2
Thus, since p(x,y) = O(r?), we conclude that

(NS p) //R2 x2 3/2 dz dy.

(z,y) # (0,0).



