1.

1. Proof. By direct computation we see that the Taylor series of f(z) =
log(1 — z) centered at 0 is —» 2, 2" /n. We see that the radius of
convergence of this power series is 1/limsup,, . (1/n)"/" = 1. Now let
g(x) =—=> " a"/nfor x € (—1,1).

We see that f'(x) = ¢'(z) for z € (—1,1). Let h(x) = f(x) — g(z) for

€ (—1,1). Then ' (xz) =0 for all z € (—1,1). So h(x) is constant on
(—1,1). But h(0) = f(0)—g(0) =0—0 =0, hence h(x) =0on (—1,1).
Now f(z) = g(x) on (—1,1). Moreover, we see that —> ~° 2"/n
converges at © = —1. Thus, by Abel’s limit theorem, —> > 2"/n
converges uniformly on [—1,0]. Thus —> > 2"/n is continuous on
[—1,0]. Now f(—1) = lim,, 4+ f(z) = lim, , 1+ —> - 2"/n =
— > (=1)"/n. Hence log(1 —z) = =5 2" /n for x € [-1,1).

]

2. Proof. By part (1) we know that — Y > 2™ /n converges uniformly on
[—1,0]. Also, the power series —> > 2"/n converges uniformly on
0,a] for 0 < a < 1. So —) 2, 2"/n converges uniformly on [—1,a)
for -1 <a< 1.

Moreover, it does not converge uniformly on [—1, 1). To see this, choose

e =1/4. Let N € N. Choose m = 2N and n = N. Consider, for
x €[0,1):

N
§31¢ n gk B i: o >;ﬂwu_+$N+2+"_+$mv
k k| k|~ 2N '
k=1 k=1 k=N+1

Now (2N + ... +22V)/(2N) — N/(2N) as * — 1. Thus 3§ € (0,1)
such that |(zV 1+ ... +2?V)/(2N) —1/2| < 1/4 for all |x —1| < §. Now
choose 1 — ¢ < x < 1. Then:

X —X
?_Z k

imknk
k=1 k=1

Hence, — )", 2"/n does not converge uniformly on [—1,1). So we

conclude that the series converges uniformly on [—1,a) iff —1 < a <
1. O



3. Proof. From part (2) we have for each —1 < a < 1:

e ol o0 xn-ﬁ-l
—log(l—:c):Z;IZn_i_la
n=1 n=0
uniformly on [—1, a).
Thus:
x x oo tn+1 tn+1
—log(l —¢t)dt = dt =
[t = 1S Em ey [

n+2

- nz (n+1)(n+2)’

for x € [—1,a). Since a is arbitrary, we conclude that Y>> 2" *?/[(n+

1)(n+2)] =—> glog(l —t)dt for every z € [-1,1).
We see that — [[log(l — t)dt = [} "logudu = flogl Dt dt =
[tet]éog(l_x) — folog(lfx) etdt = (1 — x) log(l — z) + o for x € [-1,1).

This for & € [21,1)\ {0}, 5227/ [(n+ 1)(n +2) = [(1 ) log(1
z) + z]/(2?). By I'Hopital’s rule, lim, o[(1 — z)log(1 — x) + z]/(z*) =
lim, o —log(1 — x)/(2z) = 1/2. Define:

Umnlog(ln e if 4 e [1,1) \ {0},
p(x) = if 7 =
1/2 if x =0.

We see that Y 2 2™/[(n+1)(n+2)] =1/24+x/(2-3) +22/(3-4) +
... =1/2 when Az = 0. If z = 1 then >~ 2"/[(n+ 1)(n +2)] =
Yoo l/[(n+1)(n+2)] =limy_o 1 —1/N = 1. Again, by I'Hépital’s
rule, lim, (1 — x)log(l —z) = 0. So we can extend ¢(x) at x = 1 by
letting ¢(1) = 1. Now ¢ : [—1,1] — R is continuous and Y -, z"/[(n+
D(n+2)] = p(z) for |z| < 1.

Another way to evaluate nz::O WZTLH) is to use partial sums to write

1 _ 1
(n+1)(n+2) = n+l n+2°
We separate cases:

Case I: = 0, then the sum is equal to 0.

Case II: z = 1, then the sum is equal to (nLH — n+r2) =1.
n=0



o0 [e.°]

Case III: z # 0, 1. Then the sum equals > A > 2

n

= n+1 = n+2
1 =y 1o g2 1
= ;MZH—z—zn:O C s = 2(—log(l — x)) — H(—log(l —z) —x) =
—log(1—x) log(1—=z 1 log(l—x) log(1—x) 1
T + 2 + z x + 2 + T

2.

Proof. We can use the Intermediate Value Theorem to show that |f(x)| <
(a/b)?/3 for all z € R. For |f(z)| < (a/b)*/* we try to solve the equation:

[ =it = | de=t

But the 1ntegra1 is not easy to compute.
Let G(t) = [, — b‘y|3/2 for [t| < ¢ = (a/b)*?2. That is,

b dy if0<t
fa_ cTES ifo<t<e
G(t): 0 —gy dy o

—Jo W it —c<t <.

By the Fundamental Theorem of Calculus, G'(t) = b|t\3/2 > 0 for [t| < c.

Thus G(t) is 1-1 on (—c¢,c¢) since it is strictly 1ncreasmg It is not hard to
show that G(t) blows up to +00 as t — ¢ and to —oo as t — —c. Hence
G ! (z) : (—00,00) — (—¢, ).

Define f(z) = G7(z)); then f(0) = G7*(0) = 0 (since G(0) = 0).
Moreover G(f(x)) =2 = (G(f(2))) =1 = f'(z)/[a—blf(=)]?*] =1,
so f'(z) = a — b|f(x)]*/? as desired.

We have shown existence; we now show uniqueness. Let f : R — R such
that f(0) = 0 and f'(z) = a — b|f(z)[>? for all z. We want to show that
f( ) = G~ !(z), or equivalently that G(f(z)) = x. Note that G(f(z)) =

fo @) — bc‘lylm So by the FTC:

d _ J'=)

—G(f(z ))—Wzl-

So G(f(z)) = x + constant, but G(f(0)) = G(0) = 0, so the constant
must be 0. So G(f(x)) = x, proving uniqueness.

3



The limits are (a/b)*? as x — oo and —(a/b)*/? as x — —oo.

Note:
orem.

3.

1.

Another way to solve this problem is using the Picard - Lindel6f The-
O

Proof. There are a few ways to do this. You can use the definition of
the derivative, twice, but you need to explain why you can let both
limits go to zero simultaneously. A niftier trick is to use I’'Hopital’s
Rule:

f(xo+h) —2f(x0) + f(zo — h) f'(xo +h) = f'(zo — )

s e = oh
_ Lo Fee+ k) = f(w)

2 h—0 h
1 f(wo) — f'(xo— h)
+ 5o I '

The first term is just f”(zo)/2, which by assumption exists. Changing
variable h = —k in the second term yields f”(z()/2 as well, so all our
steps are valid and the limit is f”(xo). O

Proof. False. By part (1), a Counterexample is any function f(z) such
that f”(zo) does not exist while }lllm (ZOM) f(xo ") does. Try f(z) =

x - |z| and xy = 0; then f'(x) = +2x, so the limit is uniformly 0, but
f"(x) = +2 so does not exist at the origin.

. . z 22, x>0
Another example is the following: f(x) = [ 2|t|dt = ) :
-z, <0
Then f'(x) = |z|, the limit exists when 2o = 0 but f”(0 does not exist.
[

. Proof. Following the hint, we use convolutions. We actually prove

something stronger, which is that the set of all « such that u(E,NF) >
0 has positive measure.

Note that xg,(y) = xe(y — «). Define function f(z) = [on x6(y —
x) - xr(y) dy; the integrand is non-negative so f(x) is Well defined, but



might = +00. We want to show that f(z) > 0 on a set of positive
measure; so we just integrate f(z) over RY:

[gwde = [ [ xelr—a) et dys

= [ et [ el —o)dody.

(Since the integrand is non-negative we can apply Fubini’s Theorem.)

By change of variable, [,y Xg(y — x)dz = p(E); so the integral be-
comes:

— j(E) / xrly)dy = p(E) - p(F) > 0.
Hence u(G) > 0. O

. Proof. False. Let {¢,} be a countable enumeration of the rational num-
bers. Let I, = (¢ —27",¢, +27"); let U = U, I,,- It’s a union of
open sets, so U is open; it’s dense since it contains the dense set {g,}.
However, it’s not hard to show (define some disjoint sets and apply
countable additivity) that pu(U) < > 27" < +o0. O

. Proof. We apple Lebesgue’s differentiation theorem. Since f € L{ (R),

for a.e. x € R.

Let x € Ly, the Lebesgue set of f, i.e. the set of all = satisfying (*).
Let € > 0 be given. Then by (*), there is a § > 0 such that for all
r € (0,9),

< e (%)

2 [0 i

Choose positive integer j, such that 2770 < §. Now let j > jo; then
277 < 2790 < §. Note that there is a unique integer n such that



r € [n277, (n+1)277), and also [n277, (n+1)2779) C (x — 277,z +277).
Therefore:

~ p(nt1)27d
Bfe) - j@ = 2 [ f0dc- f

2—J

z+277
27 — d
<[ o
< 2e.
Hence lim;_ .. E;f(z) = f(x) for x € Ly, where p(Ly) = 0. O

2. Proof. Assume f € L*(R); we will use the fact that C, is dense in L2
let € > 0 be given. Then there is a g € C.. such that ||f —g|l2 < . Now
consider [|E; f — flla < | E;f — Ejgllo + [ E;9 — gll2 +[lg — fllo-

We first show that ||E;f — Ejglla = [|E;(f — g)lla < |[f — glla:

00 - pnt1)27d 2
IEif = Egly = || D <2j /2 ‘ f(€) = 9(¢) dC) X[n2-7 (n+1)2-7]
n=—o0 n2=7 9
00 (n+1)2-7 2
= 27 - d
> [ ro-s0
0 (n+1)2—7
_ 24
<> [ 10~ s P
= |If —gll3-

Applying uniform continuity on a compact set it is not hard to show
that lim; . [[Ejg—g|l2 = 0. So we conclude that lim; . || E;f — f|l2 =
0. O

6.

Proof. The convolution integral is well-defined, for all x, since, by the
Cauchy-Schwarz inequality:

[ 176 = 09wl dy < 1 Alellgln < o

6



To show A(x) is continuous we show that for each  we have lims_o |A(z+
d) — A(z)| = 0. Now in general:

Az +6) — Az)| < /|ffv+6 y) — f@ — y)llgw)| dy
< 1) = Fy— )z lgllze.

The latter is finite (and fixed); we must show the former goes to zero. We
show this by the standard “a priori” argument. First, suppose f € C°(R);
then || f(y) — f(y — 0)||z2 — 0 by uniform continuity on compact set.

Now if f € L?, we pick ¢ € C2° such that || f —¢||z2 < &, using the density
of C° in L?. Then:

1 (y) = f(y =)l < 1f(y) — e)lle2 + lle(y) — ey — )|z
+ lle(y = 0) — fly — &) | 12

The first and last terms go to zero by choice of ¢(z) (do a change of
variable on the last term); the middle term goes to zero by the previous
argument. Hence lims_o|A(z +d) — A(z)| = 0, and so A(x) is continuous.

Finally, to show limy,_ A(z) =0, fix ¢ > 0. Since f,g € L*(R), there’s
a compact interval C' = [—c, +c| such that || f|[z2c) — || fllz2m) | < €, and
similarly for g. Then:

|[A(x)]

IA

/ o= wat)ldy+ [ 1@~ v)a)ldy
R\C
< Nf@ =yl - N9lez@ + 1 flle2w) - gl 2@e)

Now the last term goes to zero as ¢ — 0 since ||g||2@\¢) < € and || f]|L2(w) is
fixed and finite. Letting |x| — oo, the former term goes to zero since for |z

large enOUgh7 Hf(l' - y)HLQ(C) = HfHLQ([CC—C,x-f—C]) < HfH]R\C <e. [
7.

1. Proof. Note that f(z) = g(z) = 0 satisfies the inequality; hence if what
we are to prove is true then:

F 10 9 1
lim ) 4 = tim S / 22 4e = —16mi,
=0 /.1 G(2) R0 Ji, =g 217 4 92 z1=10 2 + 9




by the Residue Theorem. (Residue at z = —9 is —8.) We show that:

lim F(z) 21942°

— dz = 0.
R—oo Ji, g G(2) 2104929 ©

Calculating the difference explicitly yields a term bounded by a rational
function of order ~ 1/R?, for R large. By the ML estimate, the integral
of the difference goes to 0 as R — o0. O

. Proof. Integrand has poles at z = 0 (simple), z = —1 (not so simple).
Residue at z =01is 1, so if 0 < R < 1 we have:

10 9

1

/ % dz = 2mi.
sler 2(z+1)

Residue at z = —1 is a bit harder to calculate; instead, we apply part

(1). Soif R > 1,
10 9
1
/ S R
=r 2(z+1)

(Incidentally, this means the residue at z = —1 must be —9.) O

. Proof. Define g(z) to be the Moebius transformation g(z) = [h(z) —
h(0)]/[1 — h(0)h(z)]; then g : A — A and ¢g(0) = 0. Applying the
Schwarz Lemma, we get |h(2)| < |z| for all z € A.

Suppose for contradiction that f(zp) = 1/2 for some zy < 1/2. (Part
(1) says z < 1/2, but < 1/2 makes part (2) easier. That means:

h(z0) = h(0)] < 2] - [1 = h(0)A(2)],

o |1/2 — h(0)| < 1/2-]1 —1/2h(0)|,

which is a contradiction since h(0) < 0. O



2. Proof. We use part (1) to show that h(0) = 0. Suppose not; then
without loss of generality (we can just rotate h(z)), h(0) < 0. By
part (1), h(z) # 1/2if |z| < 1/2. But h(Ay/2) 2 Aq/2; hence by the
open mapping theorem h(z) = 1/2 for some |z| = 1/2. But then the
argument in part (1) implies that h(0) = 0, a contradiction.

By the Schwarz Lemma, h(Aq/2) € Ay/o; hence by the open mapping
theorem h(0A;/) = 0Ay5. By the Schwarz Lemma, since we have
equality inside the unit disc somewhere other than the origin, h(z) =
ez for some 6. O

1. Proof. We may assume that w is real-valued. Let D be a simply-
connected open subset of V' that is symmetric with respect to the real
axis and contains [—i,4]. (Such a subset exists because [—i,1| is com-
pact and V' is open.) Let D* = DN {Imz > 0}.

Then by the Schwarz reflection principle for harmonic functions, there
is a harmonic function @ on D such that 4|, = v and @(Z) = —u(z)
for z € D*.

Since D™ is simple connected, v and @ have harmonic conjugates on D™,
i.e. there are harmonic functions v and @ on DT such that f = u +iv
and f = @ + 10 are holomorphic on D,

Now i(v — @) = f — f is holomorphic on D*. By the Cauchy-Riemann
equations, v — ¥ = ¢ on D', where c is a real constant. By the unique-
ness principle, f— f =icon all of D. Hence (since v and thus @ are real-
valued), u — @ =0 on D. Hence u(—i) = u(—i) = —u(i) = —u(z). O

2. Proof. 1t is easy to see that ¢([—i,i]) = [—2ii/4]. Let V be a simply-
connected neighborhood of [—i, 7] so that ¢(V') C Vi. Let v = wop on
V. We claim that v is harmonic on V.

Again we may assume that V; is simple connected. Then there is a holo-
morphic function f on Vj such that Re(f) = w. Since ¢ is holomorphic
on V, f o is holomorphic on V' and hence v = wo ¢ = Re(f o ¢)
is harmonic on V. Moreover, for z € VN R, v(z) = (wo ¢)(z) =
w(z +iz?) = 0. By part (1), v(—i) = —v(i). So w(—2i) = —w(0) = 0.
(We have w(0) = 0 since 0 € R and 0 + i0> = 0 € Vi, and hence
w(0) = w(0 +140%) = 0.) O



3. Proof. First, we define u(x,y) = y on a neighborhood V' of 0. Then u
is harmonic on V and u(z) = 0 on x € RNV. Consider ¢ as in part (2).
We see that ¢’'(0) — 1 # 0. So by the inverse function theorem, ¢ is 1-1
on a small neighborhood of 0; hence ¢! is defined and holomorphic.
We may assume this small neighborhood C V.

Let v = uwo ¢! on a neighborhood of 0 (note that ¢~'(0) = 0); as in

part (2) we can show that v is harmonic. Then for x € R, v( +ix?) =

u(z) = 0. On the other hand, if z ¢ the parabola, ¢~ (z) ¢ R, so
v(z) # 0. So v vanishes identically on the parabola y = 2.

(Note: we can choose any harmonic u such that u(z) =0 on RNV and
do the same technique.) O
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