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Qualifying Exam in Analysis
August 2005

. Assume that (a,)52; and (b,)52; are sequences of nonnegative real num-

bers such that

i) ap < apyq forany n=1,2,.
+
by > by for any n=1,2,... and lim,—, b, = 0.

(a) Prove that lim,—ccanb, =0

(b

No solution yet.

ii)

(iif) 0%, an(by — byy1) is convergent.
)
)

Show that conclusion (a) may fail if assumption (i) is omitted.

No solution yet.
No solution yet.

Assume that (2, %, u) is a measure space and f € LP(Q) for some
0<p<oo.

(a) Show that
() Jim [lfflze = [1f]loc-

(b) Does the conclusion (x) still hold if we omit the assumption f € L?()
(proof or counterexample)?

Construct a sequence of continuous functions f,, on [0,1] such that
0<fn<1,

1
lim f,L( Ydx = 0,

n—oo

but the sequence f,(x) does not converge for any x € [0, 1].
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Let A be the unit disc in C.

(a) Find a sequence of holomorphic functions f,, : A — C\ {0} such that
fn(0) = 3 and lim f,(1)=0.

(b) Prove that if f : A — A\ {0} is holomorphic and f(0) = 3, then
|£(3)] > ¢ > 0 for some constant ¢ independent of f.

1
/ ;)gx dx.
o x°+1

Evaluate

(Justify all steps.)



9. No solution yet.
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7. No solution yet.
8. No solution yet.

9. No solution yet.
Problem Solutions

1. (a) For n > m we have a, > a,,. Also, b, — by,41 > 0 from (ii).
Thus 32, G (bn = bns1) = X G (b= 1) = @ Sy (b —
bnt1) = am(by — bgt1) = ambm — ambrr1. Taking the limit as
k goes to infinity gives limi_ o0 Zn m An(bn — bng1) > amby, —
amlimy_—oobit1 = amby, from (ii). Since Y07 | an(b, — byy1) con-
verges, we have that for every ¢ > 0, there is an M € N such that
| >0 an(by — byy1)| < € for every m > M. Therefore |anby,| =

bin <3 (b —bng1) < |07 an(by — bng1)| < € for every
e>0and m > M, ie. limm_oolmbm = 0.

(b) Let (a,)22, be the sequence 1, 2 1 3,1,4 ,5,. ,1,n 1,... and
”([l‘)h)n , be the sequence 1, %, 1, % T i e ﬁ, 11
en

if niseven

apb, = Thus lim,, o anb, # 0. Also, it

1
% for somek, if nisodd.

is easy to see that (ii) holds but (i) does not. For (iii), notice that
Z:Lozl an(bn - bn+1) = Z (ﬁ - ’}L) + Zl(f - m) = 220:1(% -
%ﬂ) =1<o0.

2. No solution yet.
3. No solution yet.

4. No solution yet.
5. () IfIE = JIf1 = JIAPIfP < IFIS® S1F1P = IFISSP LN, there-

fore ey e . o

1Flla < 1Flloc WLf N5 = [1£]loo * [l £1l5, s taking the limit yields

lim ||f]l; < lm ||f||ig5 (J1f1P)* = |fllc- Thus we have that
q—00 q—00

lim || f]lg < 1f]lso- We need to show that lm || f]lg > || f]lee:
q—00 q—00

Case L If || f|loo = 00, let Ey = {z : |f(x)| > N}, then u(En) > 0 for
every N. In the best case scenario, u(Exn) = oo for some N, so are
done (this will be obvious from what follows). If not, then || f||; =

/ /
(f171am) " > (fp 1719d) " > (fp Nodn) " = Nu(En) s,



Since u(Ex) < 0o, we have that lim p(Ey)'Y? = 1 (if not, this
q—00

would be co). Therefore, |||, > & for ¢ large enough, and since
this happens for every N, lim ||f|l; = 00 = || f]lco-
q—00

Case IT: || f|loo = M < oo. For every € > 0, we define
Ac={z:|f| > M — €}, then u(A.) > 0. Since

/AE 7= [ (== (v - ejal

e

£l = (/ |f|q)1/q > (/A If“)l/q S (M o)A

Observe that for e small enough, lim |A.|'/7is equal to 1 if |A| < oo,
or equal to oo otherwise. In arf;?;;se, lim |[fllq > (M —¢)-1 =
I flloo —€. But this holds for all e small eng)zgolz, so im ||flq > || fllco-
This concludes the proof. o

(b) No, (x) does not hold if we omit that assumption. Counterexample:
Let f(x) =1 for all z € R. Then

1/p
T ( / fl”) — ()7 = oo,

so lim || f|lLr = co. Nevertheless, || f|jre~ =1 < c0.
p—o00

6. Define f,, be as follows: fi = gi11,f2 = 92,1, f3 = 92,2, fa = g3,1, f5 =
93,2, f6 = 93,3, f7 = ga,1 and so on, where

1, z € [0,2]
gn,1($) =q—nzx+2 zx€ [%’ %]’
0, x € [%,1]
0, z € [0, 2]
— n—2 n—1
gn,n(l‘)— ’IL.CE*(TL72)7 T € [77 n }
1, e [ 1]
and for 1 <m < n,
—2
0, x € [0, T]
nt—(m-—2), =x€ [m—_g,mgl]
gnm(®) = 4 L, ze [
—nx+ (m+1), =2, mH]
0, v e [ 1]
(for the cases where some of the numbers %, "T*Z, msz are not in [0, 1],

just define the functions in the other branches).



The {f;}; are all continuous in [0, 1], and fol fo(z)dz = f01 gi,j(x)dz for
some 1%, j, SO

n—oo

Jo gia(@)de = 1+ L "=,
Jo Tn(@)de = § [y gij(@)de = %4250 "0, £ L

fol gii(z)de =+ + L "=30
Therefore fol fa(x)dz = 0. Now, if x € [0,1], then there are infinitely
many n such that f,(z) = 0 and infinitely many n such that f,(z) = 1,
so the limit lim f, (z) does not exist.
(Note: The idea of the solution comes from example iv. of page 61 in
Folland’s book, we just needed to make the functions be continuous in

this case).
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7. (a) We know that G(z) = Zﬁi is a function from A to the upper half

plane H. Observe that G(0) = i and G(3) = %. Let h(z) = z'".
Then h takes the upper half plane to C\ {0}, and we have that
h(i) = i* =1, h(£) = 51=. Now define f,(z) = 2h(G(z)). Then
fn are functions from A to C\ {0}, f,(0) = 1 and nlggo fa(3) =

n—oo

(b) No solution yet.

8. Let f(z) = icfjs . The contour to use is a sector of angle % that avoids the
origin. The only pole of f(z) inside the contour is at e’™/3. The integrals
on the curves {z = Re" : 0 < 0§ < %}and{z:eew:% >60>0
go to 0 as R — oo and € — 0, respectively. The integral on [e, R] goes
to [C° 1982 g0 The integral on the line {z = te’5 R >t > €} goes

0 x3+1
to 000 i%%:‘l dx + e27i/3 OOO 1-7—33' To evaluate fooo, either use the sector of

angle of % that passes through the origin, or just use partial fractions.
Finally, the only pole of f(z) inside the contour is at e™/3.

9. No solution yet.
Real Analysis 725

7. No solution yet.
8. No solution yet.

9. No solution yet.



