Qualifying Exam in Analysis
January 2002
1. No solution yet.

2. Let {a,}22; be a numerical sequence and let

1 n
n 7627:

(i) Prove or disprove: If a,, converges then b,, converges.
(ii) Prove or disprove: If b,, converges then a,, converges.
Hint: Relate Y _, k® to an integral.
3. No solution yet.
4. No solution yet.
5. No solution yet.

6. (i) Show that for nonnegative scalars a,b € R and p > 2 we have
a? + P < (a® 4 b?)P/?

and 2, g2 )
a”+b% @ g
P < 4
( 2 s 2 + 2

Hint: For the second inequality use the convexity of t — t?/2 for
t>0.

(ii) Show that for f,g € L?(X,dp) and 2 < p < o

+ FIE - lallb
”f g - g”p l Hp+|| ||p.

2 2

5+

(iii) Show that each closed convex set in LP (2 < p < co) has an element
f of minimal norm.
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7. No solution yet.
8. No solution yet.

9. No solution yet.
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7. No solution yet.

8. No solution yet.

9. No solution yet.

Problem Solutions

1. No solution yet.

2. (a)

We observe from the graph of y = x° that the following inequalities
hold: Z B> [P atde = 2| =20 5o L Z k> 1. We also have
0

Zk°< nL s gy b D)°

Thus Z k%a = 2, where ¢ = lim aj. Now, since ¢ = lim ay, for

k=1 k—o0 k—o0

every € > 0 there is N € N such that for all n > N, |ay, —a| < e. Let
n > N, then |b, — 2195(1|—|1 Zk5(ak—a)|< Z\ak—a|+

ole

n
45 > kla, — a|. The first term goes to 0 as n — co. The second
=N

o0
term is < e~z >, which tends to 0 when n — oo and € — 0. Hence
k=N
1 N~ 5
. . a
lim = lim szlkj a=g.

n—oo n—oo

n
Note: Another way to show this is by calculating explicitly > k5.

The method for doing this is the same as the one used to calculate

> k. Indeed, recall that in order to do that, we write > (k + 1)% =
1

=
=
L

SR 423k +211e z/& F 12 =124+ kK2 +25 k+n,
2 1

1 1
so > k== "+1) . Repeating the same procedure with > (k + 1)% for
1 1

a = 3,4,5 and 6, one can calculate > k% explicitly.
1

The statement is false. Counterexample: a,, 1)™. Observe that

= (=
n
the limit lim a, does not exist. Now,b, = 25 Z E>(—1)*, s0 |b,| =

5 Z kS(—1)F| < J.n® = L ™22 0. Therefore hm |bn] = 0, so
hm bn =0.

3. No solution yet.

4. No solution yet.



5. No solution yet.

6. (a) No solution yet.

(b) Here we will use the two inequalities in (i). We have:

Pof=gl” f+y
s

From the first inequality in (i), we have that this is

F+gl® |f—yg
</(|2 o5
(P N P el AR el
_/<2></<2+2>_/2+/2_2+2’

where we used the second inequality in (i).

2
f+yg +f—g
2 2

)

2>p/2:/(f2+2fg+g2+f2—2fg+92>p/2:

22

(c) Let A be a closed convex set in LP, where 2 < p < co. Assume
m = }ng | f1|5, then there is a sequence of functions {f,} in A such
€

| n—oo

that || f.[|) — m. Then it suffices to show that {f,} is Cauchy.
If yes, then {f,} converges, say f,, — f. Therefore, || fu[[5 — [/ f[5,
hence m = ||f||b and f € A, since f = lim f, and A is closed.
Therefore f is an element of A of minimal norm. To show that {f,}
is Cauchy, we need to use the inequality from (ii). Indeed,

I I < N T <

2 2 2

fn';fm Hg < m.

U Vel e

therefore lim |
n,m— oo

Now, fn, fimn € A implies that % € A, since A is convex, hence
Intfm|p > ; P — ; fntfmp >
15705 = Wb IFI5 = m. Thus lim 2ot 7> m. We

conclude that lim ||%||g = m. Thus taking the limit as
n,m— o0

n’m — 00 in ||fn‘§meg + ||fn_2fm||g S Hf;”i + ”fr;“g, we get that
m—l—nrlérgoou%ug < m, ie. n}rllrgooéufn — fml® = 0. Hence

| fo = fmllh = 0 or || fr. — fimll, = 0. We conclude that {f,} is Cauchy,
50 fn — [ € A, whence m = || f|| and || f[|, = m'/? = inf [lgll,-
g
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7. No solution yet.



. No solution yet.

. No solution yet.

. No solution yet.
. No solution yet.

. No solution yet.
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