Qualifying Exam in Analysis
January 2004

. Prove or disprove the following:

o0 o0
(a) If 3" a, converges and a, > 0 for n = 1,2, ..., then > a converges.
n=1 n=1

o0 [&.°]
(b) If 3" a, converges, then Y a3 converges.
n=1 n=1

. Show that [~ e~* S2%4y = T — arctant, t > 0.

(a) Let f be a differentiable function defined on [—1,1]. Assume that
f" = |f|*?. Prove that if f(0) > 0 then f(1) > 1/4 and that if
f(0) <0 then f(—1) < —1/4.

(b) Let € > 0. Find a differentiable function g defined on [—1, 1] such
that ¢'(z) = x|g(z)[*/?, g(0) # 0 but |g(z)| < € for x € [-1,1].

. Let p € [1,00). For f € LP(R) define the functions

Show that the sequence g, converges in LP(R), and determine its limit
function.

. Let f: R2 — R be a continuously differentiable function which vanishes
for 2 +y? > R2.

(a) Show that for every 6 € [0, 27] one has
|£(0,0)] S/ |V f(rcos,rsinb)|dr.
0

(b) Let p > 2. Show that there exists Cp, g > 0 (depending only on p
and R) such that

£0.01 = Cpl [ [ 1V 1),

(Hint: Integrate the inequality from part (a) over all 8 € [0, 27]).
(¢) Show that there is no constant C' < oo such that

£0.01<C [[ 19fldady

for all continuously differentiable f : R?> — R which vanish for x2? +
2
ye > 1



6. Assume that (Q,%,u) is a measure space with p(Q) < co. A sequence
fn of complex measurable functions is said to converge in measure to a
complex measurable function f, if for every € > 0 there exists N such that

p{z: | fn(z) = f(z)] > €}) <eforn = N.
Prove or disprove the following;:

(a) If f,, — f, a.e. then f, — f in measure.

(b) If f,, — f in LP, with 1 < p < oo, then f,, — f in measure.

(c) If fnis a sequence in L? such thatfor every g € L?, fQ fng — 0 as
n — 0, then f,, — 0 in measure.
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7. Let 0 < aw < 1. Let f(z) be the determination of zaw on C\ (—
f(1) > 0. Let g(z) be the determination of (14 2)'~% on C\ (—
g(1) > 0.

,0] with

00,0
00, 0] with

(a) What are the limits as ¢ — 0T, and as t — 07, of f(—3 + it) and
g(—5 +it)?
(b) Show that fg extends holomorphically to C\ [—1,0].

(c) Evaluate
0
/ d—x(l + )t

8. Let f(z) be holomorphic on the unit disk in C. Fix r € (0,1). Assume
that f(r) = maz{|f(2)] : |z| =r}.
(a) Show that f’(r) > 0, if f is non-constant.
(b) Show that if f(0) = 0, then f'(r) > @ and equality holds if and
only if f(z) = ¢z for some nonnegative constant c.
9. (a) Show that there is no holomorphic function on {z € C;1 < |2| < 3}
satisfying
2
‘ﬂz) - 1‘ <1
z

(b) Show that there exists € > 0 so that no holomorphic function on
{#z € C;1 < |z] < 3} satisfies

f()1

1’ < e.
|2
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7. No solution yet.



8. No solution yet.
9. No solution yet.
Problem Solutions

1. (a) Prove. Since > > | a, converges the terms go to 0. So there’s an N

such that for all n > N, a,, < 1 so a3 < a,. So by the comparison

&) 3 . [eS) o0 3
test > -y a, converges, since » > \ a, converges. So Y - a

n
converges.
(b) Disprove. Define

1/n ifn=3k+1,
an =< —1/2n if n =3k + 2,
—1/2n if n = 3k.

Then 0 = lim, o —1/n < 307 a, < lim,_oo1/n = 0. But
Yoo an = (3/4) >, 1/n, which diverges.

2. Differentiate both sides with respect to ¢ and show that the derivatives
are equal. Applying the Fundamental Theorem of Calculus, integrate the
LHS derivative and show that the constant of integration is /2.

First, show that the LHS integral is finite for all ¢ > 0 and then show that
one can differentiate the LHS under the integral sign. The derivative of
the LHS, if it exists, is, for fixed t > 0:

00 —hz :
. e —1 _, Sinx
lim et dzx.
h—0 Jg h T

We can apply the Lebesgue Dominated Convergence Theorem, since we
have |(e="* —1)/h| < x. (To show this, try differentiating the function
twice with respect to h if you can’t think of anything else. It works but is
messy.)

Consider the integrand for x € (0,1) and for = > 1; in both cases the inte-
grand is dominated by e =%, which is integrable. Thus, by the DCT we can
switch limits and integration, so the LHS derivative is — fooo e "sinz dr.
The RHS derivative is of course —1/(1 + t2). Integrating the LHS deriva-
tive, by parts, twice, and solving a simple algebra formula, we see that
the LHS derivative is the same. Hence, by the FTC,

0o si
/ e—te 20T gy = —arctan(t) + C,
0 X

for some constant C'. Trying to compute C' by evaluating the LHS at t = 0
yields integral fooo (sinx)/x dx, which is not too easy to solve. Computing
C by taking the limit of the LHS as ¢t — oo is easier;

o0

oo . oo —tx

4. sinx _ e 1
/ et dac‘g/ e dr = — =- =0,
0 z 0 t oo




as t — oco. But lim_, o, —arctan(t) = —7/2, so C = /2.

(a) Note that the derivative is always > 0. If f(0) > 0 then f(z) > 0
for all > 0; hence f'(z) = /f(z). Solving the simple differential
equation yields: \/y = (z + f(0))/2, so f(1) = (1 + f(0))*/4 > 1/4.

Similarly, if f(0) < 0 then f(z) <0 for z < 0; and f'(z) = /—f(z).
So f(—1) = —(—1+ f(0))?/4 < 1/4.

(b) Note that the derivative is < 0 if < 0 and is > 0 if > 0. Solving

the differential equation yields f(z) = (z%+2c)?/16 or f(z) = —(z*+
2¢)?/16, where ¢ = f(0).
In both cases, note that f(x) = 0 if = ++/—2¢; also note that f(x)
has critical points at = 0 (local minimum) and at x = £v/—2c.
Finally, note that f(z) = 0 is also a solution to the equation. Now
we have all the pieces.

Choose ¢ < 0 such that ¢?/4 < e. Define function f(x) as follows:

o) = {(3”21226)2 if x € (—vV/—2¢,+v—2c¢),

0 else.

Then f(z) attains local (hence global) minimum of ¢?/4 at x = 0 and
is uniformly 0 outside a small interval. From the above comments
we know f(z) is continuous; it’s differentiable as well since:

—z(z? + 2c¢)

lim  ——— =2 =,
wHIIIiQC 4

and similarly for x — —v/—2c.

. Show convergence for f € C2°(R); then use the fact that C2° is dense in
LP. Functions {g,} converge to f;“ f(t)dt.

If f e C*R), f is uniformly continuous on some interval [—A, A] D
suppf. So we can use the M L estimate to bound the difference; fix £ > 0,
fix corresponding § > 0 such that |x —y| < 0 implies |f(x) — f(y)| < &; fix
n > 0 such that 1/n < . Then:

x+1 n n z+E k
1 k n f (1: + 7)
_ = - < _ I\ nJ
‘/ F(t)dt an(:v+n) < > /H“ F(t)dt -
k=1 LP(R) k=1 n
" || 2¢
S -
k=1 Lr([-A,A4])
= 45.A1/p’

which goes to 0 as n — oo.

Lr([-A,4])



Now suppose f € LP(R), and fix ¢ > 0. Then there’s a ¢ € C2°(R) such
that || f —cl|Lr(r) < . Now:

x+1 1 n k‘ x+1
/ fydt—=>"f (x + ) < ’ / f(t) = c(t)dt
z " k=1 n Lr(R) z Lr(R)
z+1 1 n L
+ /x c(t)dt—an(Jj—l—n)
k=1 LP(R)
- k k
+ = Zc(z+n)—f<x+n)
k=1 LP(R)

The first term goes to 0 by choice of ¢(z): use Holder’s Inequality and
Fubini’s Theorem. The second term goes to 0 as n — oo, by the argument
above. The third term goes to 0 by choice of ¢(z); here we just use the
triangle/norm inequality.

(a) Fix 6 € [0,2m. We know that fOR g'(r)dr = g(R) — ¢(0). If g van-
ishes for r > R, then [;° ¢'(r)dr = —g(0), so |g(0)| = | — g(0)| =
| J5S g (r)dr| < [57 19’ (r)|dr (*). Let g(r) = f(rcosd, rsinf), then
the chain rule gives ¢'(r) = f,(rcost, rsind)-2(rcosf)+ f,(rcosd, rsind) & (rsind) =
cosl f, + sinb f, = (cosb, sinb) - V f(rcosh, rsinb).
From (*), we get [f(0,0)] < [ |(cosb, sinf) - V f(rcost, rsind)|dr
But |u-v| < |ul-|v], so |(cos8, sinB)-V f(rcosd, rsind)| < |(cosh, sind)|-
|V f(rcost, rsind)| = |V f(rcosd, rsind)|, since |(cosd, sind)| = v/sin20 + cos?0 =
1, thus (*¥) yields | (0,0)| < [ |(cosf, sinf)|-|V f (rcosd, rsind)|dr =
IS IV f(reost, rsind)|dr.

(b) We know from (a) that |f(0,0)] < [;° |V fldr = fOR |V f|dr, since

f=0forr>R. Let f= |Vf|.7 /P and § = #—/P. Then using
Hoélder’s Inequality, we have that

R R R Vr s R a
£0.01= [ (9 fatmytrar = | ~g<</0 |f|pdr> (/ |§|er> -
R pr R 1/q
/ (|Vf|r1/p)pdr] [ / (r—l/P)qczr] _
0 0

1/q

R Urr R
/ |Vf|prdr] l/ T_Q/prl =
0 0




1/q

1 271' R 1/]) 1 R
= | = Prdrdf —2+41
[Qw/o /0 IV f\rdr ] —a " .

1\Y7 (R 1/p
_(%> (—Z+1>[//szf(x’y)|pd$dy} .

—a,
Thus Cp g = (i)l/p (R . ) Note that here we used the fact

27 —I+1

that —% > —1. This is true because p > 2 and 1% + % = 1, hence
2 _

q<2and%<§—1

(¢) No solution yet.

(a) Prove. Apply Egoroff’s Theorem. Fix ¢ > 0; then f,(z) — f(z)
uniformly except on a set B with pu(B) < e. Fix N such that for all
n > N and all x € Q\ B we have |f,(z) — f(2)] <e.

(b) Prove. Clearly holds if p = co. Suppose p < co. Fix € > 0; let
B, ={z:|fu(z) — f(z)| > £}. Then we have:

([ 1) f(:c)|pdx>1/p .

Since the left hand side goes to zero, we can fix N such that for all
n >N, |[fo— fll, < /P, Then we have ¢ - u(B,)Y/? < e'*1/7;
dividing both sides by € and then raising the result to the pth power
finishes the proof.

(c) Disprove. Let f,(z) = sin(nz); let Q = [0,1]. Clearly f, € L*(),
and it is not hard to show that f, /4 0 in measure. However, if
g € C, letting ¢ = sup,¢.1(|9'(z)| + |g(z)|) and using integration
by parts:

cos(nx) !

b 1 [t )
/Osm(nx)g(x)dx g(z) —I—g/o | cos(nz)||g’ (z)| dx

n 0

2c ¢
< S4-
n n

)

which goes to 0 as n — oo.

Now choose g(z) € L?; since C° is dense in L? we can choose
c(x) € CZ° such that [|g(z) — c(z)||2 < e for any fixed € > 0. Then:

/Osin(nx)g(x)da: S/o |sin(n$)||g(x)—c(a:)|da:+/0 sin(nz)c(z) dx

The first term goes to 0 by the Cauchy-Schwarz inequality; the sec-
ond goes to 0 since ¢(z) € C°.
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f(z) = exlosllzl) . gia(z),
g(z) = el log(1+2])  i(l=a)(1+42)

where w is the single-valued branch of argw with —7 < w < 7.
Some simple geometry yields:

3 _ . — alog(1/2) | ima,
tl—lgl-t,-f( 1/2 + it) e e,
th%l f(—1/2+lt) _ ealog(l/Z) . e—iﬂ'a;
Jim g(=1/2+it) = lim g(=1/2+it) = €07 R0/,

Functions f, g are holomorphic on C\ (—o0, 0], so their product fg
is holomorphic on the same domain. It remains for us to show that
fg is holomorphic on (—oo, —1); by Morera’s Theorem it suffices to
show continuity on this slit.

To show continuity on the slit, we just check, following the procedure
in part (a), that the limits from the top and bottom are the same;
fix x € (—o0, —1):

lim (f . g)(m + it) _ ealog|:v\ . e(1704) log [14-z| LI eiﬂ’(lfa)
t—0+
ea10g|7;\ . e(l—a)log|1+a:| _eiﬂ';
11%1 (f . g)(m + it) _ ealog|w\ . e(lfoc) log [14-z| LeTima efiﬂ'(lfa)
t—0—
_ ea10g|x\ . e(l—oc) log |1+z| _e—iﬂ'.
But €™ = e7"™ = —1, so0 the limits are the same. So fg is continuous
9, g 9,

hence holomorphic, on C\ [-1,0].

Integrate the dog-bone contour around [—1, 0]; let the contour go to
[-1,0]. By uniform continuity (why?) we can integrate along the
top and bottom sides of the slit [—1, 0].

Integral around each of the two small circular arcs goes to 0 as the
dog-bone gets closer to [—1,0] by the M L estimate.

Compute residue at infinity by computing residue of — f(1/w)/w? =
—(w+ 1)1 /w at the origin, which is —1. So the integral along the
top of the slit minus the integral along the bottom is:

1 1 ! dx ,
eima - e—ima xa(]_ _ x)lfa = 27T’L,
0




so we have:

/1 dz -7
o (1 —z)l-e  sinwa’

Hence, the integral we’re looking for is:

/ 0 dz 1 -7
Lzl +x)-e (1)@ sin7wa’
where there is some ambiguity since we don’t have a convention that
tells us which branch of (—1)* to take (our solution gives us either
e—iﬂ'a or eiﬂ'a)'

Wiite £(2) = u(z.y) + iv(. ); then £/(r) = sl oy + v o) By
the Cauchy-Riemann equations, ve|(.0) = —uyl(r0)- It is not too
hard to show that w,|(, ) = 0: use the fact that the tangent line to
the circle |z| = r at the point (r,0) is vertical, and note that by the
maximum principle, f'(r) = max).|<, [f'(z)|. Then if uy|¢ o) # 0
would contradict f'(r) being the maximum.

Clearly f’(r) cannot be < 0; we show that f'(r) # 0. If it were,
taking the power series expansion around point r we get:

f(z) = f(r) +en(z =) (1 + Oz = 1)),

where k& > 2. So on a small disc around point 7, f(z) is “almost” k-
to-1. But then simple geometry tells us there’s a ray going through
|z| < r on which, for z suitably close to r, |f(z)] > f(r), a con-
tradiction. This argument works except in the case where k = 2
and the desired ray is vertical, but then we use the same technique
mentioned above, noting that the tangent line to the circle at point
r is vertical as well.

IA

Define g(z) = f(rz)/f(r); applying the Schwarz Lemma yields |g(z)]
|z|, for all z in the unit disc. Now ¢’(z) exists and equals r f'(rz)/ f (r);
taking a sequence of points {x,} approaching 1 from the left side
along the z-axis, we have:

19(1) = g(an)| o 1~ lg(@n)|
1—x, - 1l—-x,

so ¢'(1) > 1. But ¢'(1) =rf'(r)/ f(r), so we have f'(r) > f(r)/r.

Suppose there were such an f(z). Define ¢g(z) to be the holomorphic
function g(z) = f(2)?/z. Note that our assumption implies that
Re(g(z)) > 0 (and that f(z) #0).

There’s a single-valued (holomorphic) branch of the function w —
Vw definable on {w : Re(w) > 0}, so there’s a holomorphic function
h(z) such that h(z)? = g(z).

> 1,



Now [h(2)/f(2)]? is analytic (since f(z) # 0), and by calculation
equals z. So h(z)/f(z) is a single-valued branch of \/z defined on
the annulus {z : 1 < |z| < 3}, which is impossible and hence a
contradiction. We conclude that there can be no such f(z).

(b) Suppose no such € > 0 exists. Let {f,} be a sequence of holomorphic
functions satisfying:
f(=)?

1

1‘ < l.

n
Sequence { f,, } is uniformly bounded (why?) and hence, by Montel’s
Theorem (thesis grade), there’s a subsequence {f,, } C {f.} that
converges normally to a holomorphic function f(z). By the above
inequality, f(z) must satisfy | f(2)|?/]z] = 1. A holomorphic function
with constant modulus is constant; hence f(z)? = X -z for some
Al = 1.

Thus f(z)/v/\ is a single-valued branch of /z, holomorphic on the
annulus. But this is a contradiction, as in part (a).
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7. No solution yet.
8. No solution yet.

9. No solution yet.



