Qualifying Exam in Analysis
January 2005

1. (a) Show that if > a, converges then there exists a sequence b,, — 00 so
that > a,b, is still convergent.

(b) Let b, be an unbounded sequence. Show that there exists a conver-
gent > ay, so that > apb, is divergent.

2. (a) For which real values of p does the sum
R e dxdy
I = 2 2,2
o Jo 1+z*+yP+ay

(b) For which real values of p does the sum

o0 o0 1
Z:2:1—|—m2—ﬁ—nfﬂ—i—rnzn?

m=0n=0

converge?

converge?

3. Let a, be a convergent sequence. Define
F(A) =Y e an, A>0.
n=1

(a) Show that lim F'(X) exists.
AN0

(b) Show that F': (0,00) — R is a continuously differentiable function.
(¢) Does the limit
lim F(X) — F(0)
ANO A
exist? (Here we interpret F'(0) as )1\1{% F(X).)
4. No solution yet.
5. No solution yet.

6. No solution yet.
Complex Analysis 722

7. No solution yet.
8. No solution yet.

9. No solution yet.



Real Analysis 725

7. No solution yet.

8
9

. No solution yet.

. No solution yet.
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Problem Solutions

n
Since S,, = 3 aj, converges in R and R is complete, we have that S,
1
is Cauchy, so for every € > 0 there is N € N such that for every m >
m

n >N, | ag| =[Sy — Su| < €. In particular, for e = 2-2' | €N,
n+1

m

there is N; € N such that | > ag| < 22" for m > n > N;. Without
n+1

loss of generality, we can choose the N; so that N1 < Ny < N3 < ....

Define b; =1 for | < Ny and b; = 2% for Nj,_1 <1 < Ny, k=2,3, ....

oo N1 N2 N1 N2
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Ny
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Y

Since b; is unbounded, for every n € N there is a k,, such that |by, |
22" Without loss of generality, we can choose the k, so that k; <
ko < k3 < ...

2_” f — f .
Define a; = sgn(by,), ifl=ky, 'or somen
0, otherwise .
OO o0
Then |Sa| = | 3 2 "sgn(bs )| < 3. 27" < oo and Saib =
n=1 n—1

Sbr, 277> 322 2 =2422 4254 L >24242 4. = 0.
n=1

Another counterexample: Since |b,| — oo, one can find either a
subsequence of b, consisting of positive terms and is increasing or
one consisting of negative terms that is decreasing. Without loss of
generality, assume we can find b,, > 0 that is increasing. Define

1)k
7(b ) , N =mng
a, = g

0, else
o0 (o]

Then a,, b, = (=1)%, 50 > anb, = Y. (—1)F diverges, but Y a,
n=1 k=1

converges by the alternating series test.



2.

(a) We will show that I, converges if and only if p > 0. We write

the set [0,00) x [0,00) as the union of the sets A = [0,1] x [0, 1],
B =[1,00) x [0,00) and C = [0,1] x [1,00). Since the integrand is
always positive and [ [, = [[,+ [[5+ [[o, I, converges if and
only if the integrals over A, B and C' converge.

Observe that in A, we have that 1 + 22 + y? + 2%y? > 1, therefore
e dzdy fol fol ldzdy < oo, hence the integral over A

+yP+a’y?
always converges.

_dedy dzdy
Moreover, ffB Ti 22 tyPta2y2 fo f1 1+m2+yp+:z:2y2 <

dzdy
< fo fl w2(1+y ) < 00, so the integral over B also converges. Thus
dxdy _ _ dxdy
it suffices to check whether ffc W fl fo 1T 22 4yPt22y2

converges or not.
If p <0, then y? < 11in C, since y > 1 there. Thus

dzdy dzdy
ffC 1+1:2+2P+93 292 = ffC 2+:L’2m+z 242 = fl fO ﬁ ’ 2 _chdil'dy -

—fl an—1<m> >

foo —2L___tan! ( 1+y

L V201492) 2(1+y 2 /=
oo 1
——tan"~
h 2(1+y?2) fl 1+y fl Y +y

= Cfoo ﬂ = o00. Therefore I, diverges for p < 0.
Now, for p > 0,1+ 2%+ x2y2 +yP > yP + 2%y? = y?(yP "2 + 2?), so
j‘f _ dxdy f f _dxdy

C T+z2+yP4a2y2 — J1 0 y2(yP—2422)

= f1oo y% [yp/lz—l tEJLIrl(@,z)/z 1 } dy = f1 J1+1p/2 tanil(yl_pﬂ) <

_2f y~ 1= p/zdy—f _;//22’ < oo for p > 0.

We conclude that I, converges precisely when p > 0.

We will show that the sum converges if and only if p > 1. First we
will handle the case p > 0. Observe that if z is fixed, then g(y) =

71+w2+y1p+w2y2 is decreasing for all y > 1. Also, for y > 1 fixed, h(x) =

W is decreasing. Therefore Z Z m <
n=1m=1

< [T —drdy < o since p > 0 (from part (a)). Now,

142 4yP+aly?

ZZW 22m+1+21+m2+

n 0m=0 n=1m=1

o0
Z Ttn p7Where Z 1+ T <Y W<oo,and

n=1 m=1 n

oo ifp > 1.
o0

If 0 <p <1, then ZﬁZZﬁ:oo.
n=1

Now it suffices to examine the case p < 0. If a,, = ﬁ, then again

1 OO
1+nP < Z <
1 n=1

118

o0
we can show that > a, = Z T +n,, diverges, by comparing it with
n=1

the series Y. b, = > 4. Indeed hm ¢ = oo and ) b, diverges,

n



s0 Y a, also diverges. Hence the double sum diverges if p < 0. We
conclude that the sum converges if and only if p > 1.

(a) We denote F(0) := )1\1{% F()\). We will show that F(0) = a, where
a= lim a,.

Let € > 0. Then there is N € N such that n > N implies |a,, —
_ N-1
< e Now, 3 xe™ =325 s0 F(0) —a = X deNa, +

1—e=?

n=1
00 o0 N-1
3> Ae *Ma, — Z)\e_)‘”a +a( X e —1) = 3 AeMa, +
n=N N n=N n=1
> Ae M (a, —a) + a()‘e —1). Taking absolute values, we have
=N
that|F()a|<‘Z)\e Ang +erM|a a|+aleﬁ1\

As A\ 0, the first term on the rlght slde goes to 0, since it is a sum
of finite terms. The second term is less than €, and the third term
goes to 0. Hence |F(0) — a|] < e. But € > 0 was arbitrary, hence
F(0) =a.

(b) No solution yet.
(¢) No solution yet.

. No solution yet.
. No solution yet.

. No solution yet.
Complex Analysis 722

. No solution yet.
. No solution yet.

. No solution yet.
Real Analysis 725

. No solution yet.
. No solution yet.

. No solution yet.



