Qualifying Exam in Analysis
January 17, 2007

1. Let X be a metric space with metric d.

(a) Define p: X x X — R by

d(z,y)

p(x,y) = m

Prove that p is a metric on X.
(b) Show that a subset U of X is open with respect to the metric d if
and only if it is open with respect to the metric p.
2. Let u: R* — R denote a smooth function and let Au = 92u + 3;u +0%u
be the Laplacian of u.
Suppose that Au = 1 on R?® and u(z,y, z) = 23y> on the sphere of radius
R centered at the origin. Find u(0,0,0).

3. Let I be a compact subset of (0,27). Show that the series

. sin(kz
>

k=1

converges uniformly on I.

4. Let F be a closed set in R whose complement has finite measure, and let
0r(x) denote the distance of x to F, i.e. dp(x) =inf {|z —y|y € F}.

(a) Prove that dp is Lipschitz continuous, in fact
10p(z) = 0p(y)| < |z —yl

(b) Let
or(y) du.
o — yl?

M(z) =

Show that M (z) < oo for almost every « € F. Hint: For part (b)
consinder the integral [, M (z)dx.

5. On the interval [—1,1] consider the standard Banach spaces L' and L?
. 1 1
with the norms || f||; = f_l |f(x)|dx; || flL2 = (f_l |f (z)|2dx)/?

Let {f;};2, denote a sequence of functions in L?. Assume that f; > 0,
[£illr = 2, and

1 fllee = v2] <279

Show that lim;_ f;(x) = 1 for almost every x € [—1,1]. Hint: Write
fi=14h;.



. Given a sequence of functions f,, € L?(R), we say that f,, converges weakly
to f € L2 if

lim [ fu(@)g(x)ds = / f(@)g(x)da

n—oo R

Find a sequence of bounded, (Borel) measurable sets in R whose charac-
teristic functions converge weakly in L?(R) to a function f # 0 in L?(R)
with the property that 2f is a characteristic function.
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. For z € C evaluate )
1 4 .
—/ log| exp®® —z|df.
2m Jo

Suggestion: Treat the easier case |z| > 1 first.

.Let S={z=z+iycC:zeR,-1<y<1},andlet f: S — C be a
holomorphic function which satisfies the inequality

[f) <1+ 2

for all z € S. Show that for any n = 0,1, ... there is a constant C,, such
that
[f(@)] < Cu(1 + |2)

for all x € R. What can you say about the constant C),7

. Let F denote a compact subset of R of measure 0 (here measure refers to
Lebesgue measure on the real line). Let f : C\ E — C be a holomorphic
function. Show that if f is bounded on any bounded subset of C\ E, then
f extends to a holomorphic function on C.
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. Let g: R? — R,
2?2 +y? ifa? 42 <1
g(x,y)Z{l if 22 + 92 > 1.
Find the distribution (92 + 97)g.

. For any m € {1,2,..} let fi,(x) = |z|7™ on R\ {0}, ie. Tp(p) =
Jg fm(x)p(x)dx for any ¢ € CF(R\ {0}). Give complete justifications (in
particular show that your choice of T, really defines a distribution).

. Let H be an infinite dimensional Hilbert space.

(a) Prove that there is no relatively compact neighborhood of the origin.



(b) Let T : H — H be linear, bounded and surjective, and let B be
the closed unit ball centered at the origin. Show that T'(B) is not
compact.

Problem Solutions

1. (a) To show that p is a metric on X, we need to verify the following
properties: (i) p(z,y) = 0 & a =y, (ii) p(z,y) = p(y,z) for all
x,y € X, (iii) p(x,z) < p(z,y) + p(y, z) for all z,y,z € X.
(i) p(z,y) =0 d(x,y) =0 < x =y, since d is a metric.

.. d(z, d(y, . .
(i) p(z,y) = HS?;{% = 1+(dy(;,)a:) = p(y,x), again because d is a

metric.

(iii) Let ¢ = d(z,2), a = d(x,y) and b = d(y,z). We want to show
that p(z,2) < p(z,y) + p(y,2) for all z,y,z € X, or equivalently,
e < ﬁ—k%b or ¢(14+a)(1+b) < a(l4+c)(1+b)+b(1+c)(14a)& c+
act+bc+abe < a+act+ab+abe+b+be+ba+abes ¢ < a+b+ab+act+abe.
Since ¢ = d(z, z), a = d(z,y) and b = d(y, z), we have that a,b,c > 0
and since d is a metric, ¢ < a + b. Therefore a + b + ab + ac + abc >
a+b+0+0+4+0=a+b>c Therefore p(z,z) < p(z,y) + p(y, 2).

(b) Assume U C X is open with respect to the metric d. Then for every
x € U, there is € > 0, such that the open ball B;(z,¢) of radius
e centered at x lies entirely in U. We will show that for that =z,

B,(z,€) € U, where € = m. Indeed, take y € Bg(x,¢€) and let
us denote d = d(z,y), p = p(z,y) for short. Then
— e pipd—dep=di-ped=-"
p=ggErtrd=dep= p =1
This is well-defined, since p = d%'f_l < 1. Now,
d<€<:>ipp<6<:>p<e—6p<:>p(1+6)<6<:>p<1+6:€.

Since y € U was arbitrary, this means B,(z,e) C U.

Similarly, let U C X be open with respect to the metric p. Then
for every x € U there is € > 0 such that B,(z,é C U. Without
loss of generality, we can assume that € < 1. We will show that
By(w,€) C U, where e = +&. Indeed, for y € B,(z, ¢, we have that

1—-€-°

d
pie o <ied<itadedl-f<isd< 1;

=€
Thus y € B,(z,¢€) if and only if y € By(x,€), so Bq(x,e) € U. We
conclude that U is open with respect to the metric d.

2. No solution yet.

3. No solution yet.



4.

(a)

Separate into cases!

Case 1: z,y € F, then |6¢(z) — d¢(y)| =10—0/ =0 < |z —y|.

Case 2: z € F,y € F°, then |6;(z) — 7 (y)| = |0r(y)| = in£|y— z| <
zE

lz —yl.

Case 3: x,y € F°. Since F* is open, it is a union of intervals.

Case 3(i): = and y are in the same interval (a,b). Assume without
loss of generality that x < y. Then we need to separate this into
cases again, according to which of x — a,b — x is smaller, which of
y —a,b—y is smaller and which of min(z —a,b—z), min(y —a,b—y)
is smaller. For purposes of demonstrating the argument, assume that
min(z —a,b—z) =z —a, min(y —a,b—y) =b—yand z—a > b—y.
Then x —a < b—z implies 2z < a+0b, b—y < y—a implies 2y > a+b
and x —a > b —y implies z +y > a+b. Now, |0p(x) = dr(y)| =
[(w—a)—(b—y)| = lo—a—b+y| = o+y—a—b = y+ (2 —a—b) -
y—x=|y—al

Case 3(ii): z € (a,b),y € (c,d), where (a,b) and (c,d) are disjoint
subsets of F°. The argument here is similar as before. Again for
purposes of demonstration, assume a < z < b < ¢ < y < d, min(x —
a,b—z)=b—z, min(d—y,y—c)=y—cand b—x >y — c. These
conditions imply the following inequalities, respectively: 2z > a + b,
2y <ctd, x4y <b+c Now, [6p(z) —0r(y)| = [(b—2) = (y—c)| =
b—z—y+ef[=btc—r—y=(b+c-2y)+y-z<y-z=|y—2z|,
since 2y =y+y >b+ec

(b) It suffices to show that [, M(z)dz < oo, since then we have that
M(z) < oo for ae. z € F. M fFflx y‘Qdydx =
I [re f;ﬂgpdydx, since if y € F then §F( ) = 0. Using Tonelli’s the-

orem we can interchange the integrals and get [ e 0F(Y) I} I m—imdxdy.

Now observe that |z —y| > dr(y), so the change of variables z = x—y
gives that the integral is less than or equal to [ f‘ idzdy <

2 [pe fap(y) zdzdy =2 [ 0 (y
2 [ dy = 2u(F°) < oo.

[>0F (y)

‘5 ®) Ay =2 [ 0r(y) 507y =

No solution yet.

No solution yet.
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We will use Jensen’s formula, namely

21
mu|—21 +—/1%W&mw
0

where (2 is an open set that contains the closure of a disc Dg, f is holomor-

phic in Q, f(0) # 0, f vanishes nowhere on the circle Cr and 21, 29, ...

ZN



denote the zeros of f inside the disc (counted with multiplicities).

Case I: |z| > 1. Then for R = 1, the function f(w) = w — z is holo-

morphic, f(0) = —z # 0 and f has no zeros in {|z|] < 1}. Hence
2m i

5= [ logle® — z|df = log | f(0)| = log |z|.

Case II: 0 < |z| < 1. Then f has one zero in {|z| < 1}, namely z = 0.

2m i

Thus 5 [ log|e” — z|df = log|f(0)| — log |z| = log|z| — log|z| = 0.

Case III: |z =0, i.e. 2 =0. Then 5 fo% log e?df = 5= 027r log 1df = 0.

Case IV: |z[ =1, i.e. z=¢". Then 5 fOZTr log |ei? — e?0|dh =

= i fOQW log |e‘i0°(ei(9_~9°) —1)|do = i fo% log |e!(?=%) — 1|dh. Now, let

0 =60—0. Ifd= le?®=1 — 1|, the law of cosines in the triangle with

vertices 0,1 and €% gives d?> =12 + 12 — 2cosf = 2(1 — cosf). Therefore

L 2 log e — ei®|d = 2% L(log2 + log(1 — cos0))df. As f — 0

though, log(1 — cos @) — —oo, so this integral diverges.

. Let C denote the boundary circle around the point z with positive orienta-
tion, then the Cauchy inequalities yield | £ (z)| < 2| f|lc < }g' sup(1+
z€eC

— R’!L
|2]") < 2L sup A(1+ |z| + R)" = 25 (1+ |z| + R)™, since from the triangle
z€C

RTL - R’!L
inequality on the triangle with vertices 0,z and z € C we get |z| < |z|+ R.
Since |f™(z)| < 25(1 4 |z| + R)™ for every R < 1, taking the limit as
R — 1 yields | f™(z)] < n!(2 + |z|)".
Case I: n < 0. Then 2+ |z| > 1+ |z| implies (2 + |z|)™ < (1 + |z])™, i.e.
f) (@)] < nl(1 + J2])™.
Case II: n > 0. Then (2+z)" = (2(1+2))" = 27 (14+- 2y < 27 (14 |2))7,
o [£()] < n12"(1 + al)"
Therefore we can take C,, = n! max {2", 1}.

. No solution yet.
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. No solution yet.
. No solution yet.

. No solution yet.



