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ABSTRACT

To define a conserved energy for an atmosphere with phase changes of water (such as vapor and liquid),
motivation in the past has come from generalizations of dry energies—in particular, from gravitational po-
tential energy pgz. Here a new definition of moist energy is introduced, and it generalizes another form of dry
potential energy, proportional to §%, which is valuable since it is manifestly quadratic and positive definite. The
moist potential energy here is piecewise quadratic and can be decomposed into three parts, proportional to
bﬁHu, beS, and M*H,, which represent, respectively, buoyant energies and a moist latent energy that is
released upon a change of phase. The Heaviside functions H,, and H; indicate the unsaturated and saturated
phases, respectively. The M? energy is also associated with an additional eigenmode that arises for a moist
atmosphere but not a dry atmosphere. Both the Boussinesq and anelastic equations are examined, and similar
energy decompositions are shown in both cases, although the anelastic energy is not quadratic. Extensions
that include cloud microphysics are also discussed, such as the Kessler warm-rain scheme. As an application,
empirical orthogonal function (EOF) analysis is considered, using a piecewise quadratic moist energy as a
weighted energy in contrast to the standard L? energy. By incorporating information about phase changes into
the energy, the leading EOF modes become fundamentally different and capture the variability of the cloud
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layer rather than the dry subcloud layer.

1. Introduction

The main topic of this paper is conserved energies
for atmospheric dynamics, in the case including phase
changes of water—for example, vapor and liquid pha-
ses. As motivation, we will briefly discuss energies for
dry dynamics (without water of any phase), followed by
motivating discussion of energies for moist dynamics.

Two energies can be shown to be conserved for a dry
Boussinesq atmosphere. The two energy densities are
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An anelastic atmosphere also has a conserved en-
ergy, and is also considered in the present paper, but
we restrict attention to the Boussinesq case for the
moment for motivational purposes. For references,
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see Young (2010), Vallis (2006, chapter 2), or Ingersoll
(2005), and earlier related work of Holliday and McIntyre
(1981) and Andrews (1981). Here, u is the velocity, b
is the buoyancy, N is the constant buoyancy frequency,
b = b + N’z a is an arbitrary reference height, and
the integration in (2) is done while keeping b'*' constant.
Each of the energies has its advantageous properties: for
example, E, and E, use potential energies that are natural
generalizations of the gravitational potential energy pgz,
and E; has the property of being quadratic and clearly
positive definite.

For a moist atmosphere with phase changes, on the
other hand, a generalization of the potential energy in
(2) has been proposed as

1 ‘ (0) (o) /
B, =g’ ~ | sb gz @)

For references, see Pauluis (2008), Young (2010),
Hernandez-Duenas et al. (2013, 2015), and Tailleux
(2013). Here, the buoyancy b is a function of the equiv-
alent potential temperature 6, the total water mixing
ratio ¢i°', and height z, and again the integral is taken
with 6°°" and ¢'* held fixed.

The main purpose of the present paper is to show that
the dry quadratic energy in (1) can also be generalized
for a moist atmosphere with phase changes. Specifi-
cally, in this paper, we introduce the piecewise quadratic
conserved energy

u-'s 2
T N2>M H,. )

Here, M = N, ?b, — N, ?b,, H, is a Heaviside function
indicating unsaturated regions, and H;, = 1 — H, is a
Heaviside function indicating saturated regions. The
search for an energy of this form was motivated by a
similar energy for quasigeostrophic equations with pre-
cipitation and phase changes (Smith and Stechmann
2017). The energy in (4) has several advantageous prop-
erties: it is piecewise quadratic, manifestly positive defi-
nite, and the potential energy has been decomposed into
buoyant contributions from each phase (proportional to
b2H, and b’H;) and a latent moist energy (proportional
to M2H,). Furthermore, the piecewise quadratic energy
in (4) is equivalent to the earlier energy in (3) aside
from the addition of a material invariant (a function of
the conserved variables 6,° and ¢!*").

Another moist energy that has been considered in
the past is the moist available potential energy (APE) of
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Lorenz (1955, 1978; see also Pauluis 2007, and refer-
ences therein). It can be viewed as a special case of the
potential energy, where a specific background state
has been selected (e.g., Tailleux 2013; Stansifer et al.
2017). In the present paper, a more general setup is
considered where the reference state is not constrained
in the sense of Lorenz’s APE but could be chosen
in that way if desired. Also, Lorenz’s APE is often
considered along with the assumption of hydrostatic
balance, whereas the present paper considers non-
hydrostatic motions according to the Boussinesq or
anelastic equations.

Yet another type of moist energy that is often con-
sidered is the moist static energy (e.g., Emanuel 1994).
It is a thermodynamic quantity, not including a con-
tribution from kinetic energy, and it is conserved un-
der the assumption of hydrostatic balance (whereas,
as mentioned above, the present paper considers non-
hydrostatic motions according to the Boussinesq or an-
elastic equations).

The remainder of the paper is organized as follows.
In section 2a we describe in detail the dry Boussinesq
equations, as well as discuss E; and E; in slightly more
depth. Thus, section 2b contains a description of the
moist, nonprecipitating Boussinesq equations with phase
changes. In section 2c we show that it is still possible
to obtain a quadratic, positive-definite energy even in
the presence of phase changes. While the Boussinesq
case provides a natural starting point and simple ana-
lytical expressions, the real atmosphere has nonconstant
buoyancy frequency and other complications. As steps
to moving beyond this simple case, subsequent sec-
tions will incorporate increasing amounts of thermo-
dynamic and microphysical complexity. In section 3,
we consider the anelastic equations, and while we
cannot formulate a quadratic energy, we can still de-
compose a total energy into buoyant energy and la-
tent energy released at the interface between different
phases. In section 4, we consider a Kessler warm-rain pa-
rameterization of cloud microphysics, and the Fast Auto-
conversion and Rain Evaporation (FARE) model of
Hernandez-Duenas et al. (2013). In the former case,
while we cannot obtain a conserved energy, we can
still derive an energy principle that involves the
source terms representing cloud microphysical pro-
cesses. In the latter case, we show that there exists
a unique quadratic, positive-definite energy, which is
conserved in the absence of rainfall. In section 5, we
discuss an application to empirical orthogonal func-
tion analysis, and we show that taking phase changes
into consideration results in significant differences
of the EOF modes. We conclude with a discussion in
section 6.
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2. Boussinesq equations
a. Energetics for the dry Boussinesq equations

We will begin by describing energetics for a dry
Boussinesq system with no phase changes. For deri-
vations of the Boussinesq equations, see, for example,
Vallis (2006). The equations for a dry atmosphere
with no phase changes are

Du .
—=-Vé+
D V¢ + bz, (5a)
Db,
_—— 4+ =
Dr N'w=0, (5b)
V.ou=0, (5¢)

where u(x, ¢) is the velocity vector, ¢ = p'/py, p’ is the
pressure, pg is a constant background density, b is the
buoyancy, and N? is the squared buoyancy frequency
and is taken to be a constant. The buoyancy is b = g6'/6,,
where 6’ is the potential temperature, and we have as-
sumed that the total thermodynamic variables of potential
temperature 6(x, f) and pressure p(x, ) have been de-
composed into background and fluctuating parts; 6(x, t) =
6(z) +0'(x,t) and p(x, t) =p(z) + p'(x, t), where the
background pressure p(z) is hydrostatically balanced.

The total energy of a system governed by (5a)—(5c)
can be decomposed into both kinetic and potential en-
ergy parts. There are, however, different ways of speci-
fying the potential energy component, which give rise to
the two energies, £y and E,, given by (1) and (2). These
two energies satisfy the equations

z—f+V~[u(E+¢)]=O, (6)

where E can be E; or E,. While there are clear differ-
ences between these two energies, they are still related.
It can be shown that
1 ) 2

E2=E1—W[b+N(z—a)]. (7)
From (5b), we see that b + N*(z — a) is a conserved
variable, which implies that E; and E, differ by a
quadratic material invariant. In subsequent sections,
we will define total energies analogous to those given
in (1) and (2) that include the effects of moisture and
phase changes, and show that these energies satisfy an
equation similar to (7).

b. Moist Boussinesq equations with phase changes

Now we incorporate moisture and phase changes into
the Boussinesq equations. That is, we assume that mois-
ture is present and can be in the form of either water
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vapor or liquid water. Regions where liquid water is
present are referred to as saturated regions, and regions
without liquid water are referred to as unsaturated re-
gions. If we assume that liquid water does not precipi-
tate, then the equations are

DU St H b, (8a)
Dt u u s s
Db
u 4 200 —
S Now =0, (8b)
Db
s 4 2., —
4 Naw =0, (8¢)
V.ou=0, (8d)

where u is the velocity vector, and b,, is the unsaturated
buoyancy, and by is the saturated buoyancy. The vari-
ables b, and b, are defined over the whole domain and
can be expressed in terms of equivalent potential tem-
perature 6,, total water ¢q,, and prescribed saturation
mixing ratio qy:

66 Lv
bu:g 0_0+ Rvd_c 90 qt ’
p

6 L
bs=g{6—;+ <Rvd—c go+1>qm(z)—qt} . (9b)
p

(9a)

The Heaviside functions H,, and H, indicate the un-
saturated and saturated phases, respectively, and are
defined in terms of b, and by:

(10)

and H,=1 — H,. More precisely, H,(x, t) is a function of
x and ¢ and is defined via function composition as
H,(x,t) = H(b, — b,), where b, and by are themselves
functions of x and ¢, and where H(s) is the Heaviside
function, which takes the value of 1 for s > 0 and 0 for
s = 0. The constants N,, and N; are the buoyancy fre-
quencies for the unsaturated and saturated phases, re-
spectively, and are defined as

d|e L \.
6_€+ Rud_ 5 qt ’
0 ¢Y

2: R—
N,=g e
d|o L
l=g—|-¢— -— + —q,|-
N=g e [ 0 (Rud — 1>qw(z) q,} (11b)

p 0

(11a)

Similar types of equations for nonprecipitating cloud
dynamics have been considered in the past (e.g.,
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Kuo 1961; Bretherton 1987; Grabowski and Clark 1993;
Cuijpers and Duynkerke 1993; Stevens 2007; Pauluis and
Schumacher 2010, 2011). A derivation of (8), starting
from the perhaps more familiar equations for equivalent
potential temperature 6, and total water g,, is described in
the appendix.

c¢. Piecewise quadratic energy

In this section, we present one of the main results of
the paper: we show that there is a piecewise quadratic,
positive-definite conserved energy for the moist, non-
precipitating Boussinesq equations.

To find the piecewise quadratic energy, we take mo-
tivation from Smith and Stechmann (2017) and assume
that the total energy, E1, is the sum of four components:
kinetic energy, unsaturated potential energy, saturated
potential energy, and moist energy, which we denote
as KE, PE,,, PE;, and ME, respectively. Explicitly, this
means that

E,=KE+PE_ +PE +ME. (12)

By analogy with Smith and Stechmann (2017), these
components are assumed to take the form

KE = %|u|2, (13a)
1(b?
PE, = i(N_},) H, (13b)
b2
PE = ﬁ H_, (13¢)
1 2 1 2
ME—EA”M H, +§AVM H, (13d)
where
b b
M=—5- FSZ (14)
and
DM
—_—= 1
o O (15)

so that M is a material invariant.

To motivate the form we have chosen for the moist
energy, ME, we make two observations. First, since
M is a material invariant, ME has no impact on en-
ergy transfers within each phase, but it can still im-
pact energy transfers at the phase interface, due to
the Heaviside factors in (13d). The coefficients A, and
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A are then determined to provide the appropriate
amount of latent energy transferred at the interface.
Second, the variable M is associated with an addi-
tional eigenmode that arises for moist dynamics but
is not present for dry dynamics. It essentially emerges
from the linearization of (8) in the purely unsaturated
or purely saturated case (see, e.g., Hernandez-Duenas
et al. 2015; Smith and Stechmann 2017, and refer-
ences therein). As such, it is natural to suppose that
a moist energy should have an additional term re-
lated to M? and associated with this additional moist
eigenmode. Indeed, other moist systems have also
been shown to have an M? energy component (e.g.,
Frierson et al. 2004; Stechmann and Majda 2006;
Chen and Stechmann 2016), but without the Heavi-
side factors that arise in ME in (13d) due to the phase
changes.

The next step is to determine the values of A, and Ay,
which are, as of yet, unknown constants. They will be
determined by requiring that the material derivative of
E; consist of only divergence terms. Following this idea,
we differentiate each component of the total energy.
The derivative of the kinetic energy is found by tak-
ing the dot product of (8a) with u, and the derivative of
PE, is found by noting that

152 DH,

D 112
—PE = +o .
DI (2 N2> BA3N D

The derivatives of PE; and ME are determined similarly.
We then have

%KE =—-V-(¢u) + wb H, +wbH_, (16a)
%PEu wb H, + ; ]l\’; D; (16b)
VAT C N
%ME = %AMMZDDH “ ;A MZDD}II (16d)

By looking at (16a)—(16d), we see that the saturated and
unsaturated potential energies are involved with direct
transfers to kinetic energy through the terms —wb H;
and —wb,H,. In addition, the presence of the terms
DH,/Dt, and DHg/Dtindicate that they are also involved
in exchanges with the moist energy at the phase inter-
face. The role of the moist energy is to exchange energy
with PE, and PE,, and this exchange occurs only at the
phase interface. The material derivative of the total
energy is then
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DE, 152 DH, 11> DH,
— . + ___u u
D VWt D I I
Uy P, 1 oDH,
tIAM A M 17)

Note that the nondivergence terms are nonzero only
at the phase interface. In fact, the moist energy ME is
materially conserved at the phase interface, which in-
dicates its role as a latent energy associated with phase
changes.

To determine the values of A, and Ay, we require the
nondivergence terms in (17) to vanish identically:

1p2DH 1 ,DH 1 .DH
+ _ u + - N
2N2 Dt 2A“M Dt ZASM Dt

(18)

1 b%z DHu

2N? Dt =0

This is made easier by two observations. First, the in-
terface flux terms DH,/Dt and DH /Dt are nonzero
only at the phase interface between saturated and un-
saturated regions, and at this interface, b, = b;.
Second, the relationship H; = 1 — H,, allows us to
write DH,/Dt = —(DH,/Dt). Therefore, the previous
equation becomes

2 2
1, (1 1 111, (1 1
__ - | -4 -
7 (Ng N3> A <N§ N§>

(19)

The above equation yields the following relationship
between A, and Aj:

N2N2
A=A G

(20)
We thus have an infinite family of conserved ener-
gies which are quadratic even in the presence of phase
changes, and differ only in the choice of A, and A;. In
addition, (20) implies that if A; = 0, and if N> > N2, then
the energy will be positive definite. Finally, letting A, =
0 is an appealing choice, since it allows M to represent
latent energy in the unsaturated phase that is transferred
to buoyant potential energy upon reaching saturation;
this choice results in the particularly simple expression

Lo 1[0 1{ v
5 -l +2<N2>H 2<N "

1 ( N2N?

2
AtV Nz)M H,, (21)
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and satisfies the conservation equation

aa—Etl+V-[u(El+¢)]=O.

(22)
The energy E; in (21) is therefore the desired energy
that is piecewise quadratic.

Several notes about the piecewise quadratic energy in
(21) are in order. The first thing to point out is that we
could absorb the factor of (N2N?)/(N? — N?) into the
definition of M given in (14), and the resulting moist en-
ergy would then have the simpler form of M*H,,/2. Second,
notice that, because it is (piecewise) quadratic, the energy
in (21) can be used to define an inner product and a norm.
Its use as a norm is explored below in section 5 for defin-
ing an energy for empirical orthogonal function analysis.
Note, though, that (21) defines an inner product or norm
only if the Heaviside functions H,, and H, can be treated as
given functions, as in some data analysis applications.

Finally, notice that PE,, PE;, and ME are all discon-
tinuous across the phase interface, but the total potential
energy, PE, + PE; + ME, is continuous. To see this,
note that the potential energy is b2/(2N?) + A, M?/2 in
unsaturated regions and b/(2N?) + A;M?/2 in saturated
regions, which are both continuous functions of the
variables b, and b, within the unsaturated and satu-
rated phases, respectively. Thus, to establish conti-
nuity of the potential energy over the entire domain,
all we need to do is verify that it is continuous at the phase
interface. This can be expressed mathematically as
limy, -, b2/(2N?) + (A/2)M?* = b2/(2N?) — (As/2)M?* = 0.
To show that this limit is in fact zero, we substitute b,, = b,
use (20), and simplify. The details are omitted for the
sake of brevity.

Recall that the relationship between the coefficients
A, and A, given by (20) was obtained by forcing the
material derivative of the total energy to contain only
divergence terms. This exact same relationship could
have been obtained by instead demanding that the total
energy be continuous across the phase interface.

Also note that M?H,, is similar in spirit to the moist
latent energy L,q, of a compressible atmosphere (e.g.,
Emanuel 1994), but also has some differences. It would
be interesting to make a thorough comparison in the fu-
ture, while for the moment we note the following com-
parison. For instance, they are similar in that they are
both latent energies; that is, they are conserved quantities
in unsaturated regions, and their energy can be accessed
due to phase changes. They differ, however, in the release
of their latent energy: the M>H,, energy is transferred to
buoyant potential energy only at the phase interface,
whereas L,q, is a source of heating or cooling throughout
the saturated region.
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d. The traditional form of the potential energy

Another version of the potential energy, one that is
not piecewise quadratic, has also been considered in the
past (e.g., Pauluis 2008; Hernandez-Duenas et al. 2013).
Here we will write this traditional form in terms of the
variables

b =b +Nz, (23a)
b =b_+ Nz, (23b)

referred to as the total unsaturated and saturated buoy-
ancies, respectively. These two variables are both mate-
rial invariants, that is,
Dbyt Db
Dt Dt

0. (24)

The more traditional form of the potential energy, denoted
by I, is then given by

Z
(e b, 2) = = | (0 =N, + (0 = N2 H, d.

(25)

where a is an arbitrary reference level, H, =
H[b'' — bt — (N2 = N?)7'], H; = 1 — H,, and the in-
tegration is performed while keeping b!° and b!°!
constant. The details of this integration are included
in appendix B, with the explicit form of II given by
(B6). If we define a total energy E; as

juf?
E, =S4,

= 26)

then it can be shown that E; satisfies the equation

LEZ +V-{u[(E, +¢)]} =0.

o 27)

e. Relating the two energies

We have thus derived two conserved energies. The
piecewise quadratic energy E; is shown above in (21),
and the more traditional energy E, in terms of potential
energy II is shown above in (26).

Here, we point out that the two energies are, in fact,
related. In appendix B, it is shown that

E =E, +1IIL

inv?

(28)

where I1;,, denotes a material invariant term—that is, a
term which satisfies DII;,,/Dt = 0 and does not affect
energy transfers. Thus, E; and E, differ by a material
invariant. So, even after incorporating moisture and
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phase changes into the Boussinesq equations, we are
still able to obtain a relationship between two energies
that is similar to that of the dry case in (7).

3. Anelastic equations

We now study energetics of the anelastic equa-
tions. As above, the energy can be decomposed into
four similar components (KE, PE,, PE;, ME) with
straightforward physical interpretations, but in this
case the energy is not quadratic, since the coeffi-
cients N2(z) and N?(z) are not constants. The struc-
ture of this section is similar to that of the Boussinesq
case; we will first consider the energetics for the dry
equations, and then incorporate moisture and phase
changes.

a. Energetics for the dry anelastic equations

The anelastic equations for a dry atmosphere with no
phase changes are

F‘; = V¢ + b, (292)
%l; +N*(z)w=0, (29b)
V- [p(z)u] =0, (29¢)

where ¢ =p'/p(z) and b is the buoyancy. In the an-
elastic case, the squared buoyancy frequency N*(z)
will no longer be constant, which precludes the exis-
tence of a conservation equation like that of (6) for a
quadratic energy. We can, however, still obtain such
an equation for a slightly altered version of (2) that
takes into account the varying nature of N*(z). Thus,
we define,

juf*

z ~
E?nelastic — 7 _ J btot _ b(Z’) dZ/, (30)

where the integral is performed as partial integration
with b'°* held fixed, and b(z) = [{N*(r) dr, and b"*' =
b(z) + b with Db"'/Dt = 0. It can be shown that in the
dry anelastic case we have

9. nelastic ~ nelastic
a[P(Z)E§ BT+ V- [p(z)u(E2"C + ¢)] =0, (31)
so Efnelastic js g conserved energy.

b. Energetics for the anelastic equations with
moisture and phase changes

After incorporating moisture and phase changes, the
anelastic equations are
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DU Vgt (b, H, + b HE, (32a)
Db
—uy N2 =
Dt Nu (Z)W 0 ? (32b)
Db
— s 4 N? =
D Ni(z2)w=0, (32¢)
V- [p(z)u] =0, (32d)
where ¢ = p/p(z), and p(z) is the background density
profile.

The potential energy is again defined as the integral of
the buoyancy:

u u

2z ~
H(btm, b‘;ol,z) — _J [blot _ bu(z/)]Hu

+ [ — b (2)]H, dZ, (33)
where the background states are defined as
2
b (2)= JONﬁ(r) dr, (34a)
2
b= | Ny ar. (34b)
and the total variables are defined as
b =b(2)+b,, (35a)
b =b (z)+b,, (35b)

where b'°" and b!** are material invariants: Db'*"/Dt =0
and Db''/Dt = 0. Note that (35a) and (35b) are analo-
gous to (23a) and (23b) in the Boussinesq case, and both
definitions will agree when N? and N? are constant.
The main result of this subsection is a decomposition
of the potential energy as
=TI, +10, +11, +1I,

" inv? (36)
where I1,, , I, , IT,,,, and I, are the saturated potential
energy, unsaturated potential energy, latent energy, and
material invariant terms of II, respectively. Upon inte-
grating (33), we find that

4 ~
m, - —Huj b2 — B, ()] de’, (37a)

u

z ~
m - —HSJ b — b.()] d, (37b)

s

m u
a

1, =1, [ b [b,) - BN a2 (T
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and IT;,, is a material invariant that satisfies DII;,,/Dt =
0. The calculations leading from (33) to (37) are similar
to the ones done in the appendixes and can be found in
the online supplemental material. In brief, the terms I1,,
and II,, are similar to the potential energy in the dry
case, except they are multiplied by Heaviside functions
H, and H, respectively, in this case with phase changes;
and the third term II,, represents an additional moist
latent energy.

Note that z,, not z, appears as the upper limit of inte-
gration in (37c), where z, is the solution to the equation

b = b =b (z,)—b(z,), (38)
where b and b!** are regarded as fixed values. In-
tuitively, z, is essentially a lifted condensation level
(LCL), since (38) defines z, as the level where the un-
saturated and saturated buoyancies, b, and b, are equal,
which is the condition for saturation. Also notice that z,
is a material invariant, since it is a function of the ma-
terial invariants b'** and b'*', and therefore z, satisfies
Dz, /Dt = 0.

Also notice that I1,,, in (37c) is analogous to the moist
latent energy «M?H,, in the Boussinesq case in (21). As
such, (37c) could possibly be used as a definition of a
variable like M in the anelastic case.

To see the different roles of the components of II, one
can examine the energy transfers:

DH Z - DH
bu — _ tot __ ! ! u
o~ bW {L[bu b,(2")]dz } oo (39)
DH 4 - DH
bx —— _ tot __ ! / s
o=t = { [ =6, @na @

DHm_ o tot _ ptot _ [ (o _ L (o) / DHu
o= ([ e b, - bz )
(39¢)
DIL
Zpm =0, (39d)

Notice that the only terms that are involved in direct
transfers of energy with kinetic energy are the terms 11, ,
and II,,. The term II;,, is a material invariant, and II,,,,
which is given by (37c), transfers energy only at the phase
interface. Furthermore, by combining (39a)—(39¢), one
can see that

%(Hhu +10, + Hm) — —wh, (40)

where we have also used that z, is equal to z at the phase
interface. Hence, the material derivative of I1,, is precisely



3576

what cancels the interface flux terms that arise in the flux
of the buoyant potential energy terms in (39a) and (39b).
So from this perspective, 11, is analogous to the moist
energy of (13d) in that both terms ensure that the total
potential energy is continuous, by supplying moist latent
energy at the phase interface. In addition, it can be shown

that
[ (z)u( |2+H+¢>

apo (5]

so that the total energy is conserved.

(41)

c. Alternative energy, anelastic M, and connection
with Boussinesq case

We end this section by offering a slightly different
definition of II. The alternative II will serve two pur-
poses: (i) to make a connection with the Boussinesq
case, and (ii) to motivate a definition of an M variable in
the anelastic case, and to offer a physical interpretation
of that M.

To these ends, we define IT* as

2 .
*(b, b, z) = _J [blet — b (z")H d7’

1

z ~
- j b — b (HHdZ . (42)
(12

where a; and a, are reference heights. We note that "
differs from II given by (33) by a material invariant
(which can be seen by splitting the integral from a; to z
into two integrals, one from a; to a and another from a to
z, and similarly for a,). A convenient and physically
relevant choice (as discussed further below) is to define

=b, ' (b") and a, = b '(b!), so that a; and a, cor-
respond to the unsaturated and saturated levels of
neutral buoyancy, respectively. Then, as was done for I1,
we can decompose IT* into its unsaturated, saturated,
latent and 1nvar1ant components, which are denoted by
l'[b H H , and H , respectively.

In the spec1a1 case of Boussmesq, where N? and N? are
constants, the expressions for Hb IT", and H simplify
to the quadratic unsaturated, saturated, and moist en-
ergies given in (21). In other words, we have, in the
Boussinesq case,

. 1(B?
my =5 (Ng) H, (43a)
« 1[ b
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* N2N?
I, = 2<N2 N M*H,. (43c)

We note that this connection with the Boussinesq case
arises only for the specific choice of a; and a; as levels of
neutral buoyancy as described above. If different values
of a; and a, are used, or if the earlier Il from (33) is used
instead of the alternative II* from (42), then the
connection with the Boussinesq case is somewhat
spoiled and (43) would have additional terms on the
right-hand side.

Finally, we consider the question: How can an M
variable be defined in the anelastic case? In particular,
note that we did not earlier define an M variable in the
anelastic case, whereas in the Boussinesq case we had
defined M before describing the energetics. The formula
in (43c) now suggests a definition of the M variable in the
anelastic case, since

2

Z/ ~ Z/ ~
H:Z=Hu{j [b;“—bu(z')sz'—j (b = b,()] dz'}.
ul a

(44)

By comparing (43c) and (44), one is motivated to define
Zl’ ~
Manelastic = J [bLOt - bu(zl)] dZ/
4

- 12
—J'[b;m—és(z')]dz'} . (45)

since it would be proportional to the Boussinesq def-
inition of M in the special case of constant N2 and N2.
An alternative definition of an anelastic M variable
was proposed by Wetzel et al. (2019). An advanta-
geous property of M,eastic here is its physical in-
terpretation: it is related to convective available
potential energy (CAPE) (e.g., Moncrieff and Miller
1976; Emanuel 1994; Hernandez-Duenas et al. 2019).
In particular, notice that (45) involves the differ-
ence between an unsaturated CAPE and a saturated
CAPE, since z, is similar to a lifted condensation level
[see its definition in (38)] and a; and a, are levels of
neutral buoyancy. It would be interesting to investi-
gate the variable M,,casic in more thorough detail in
the future.

4. Other moist systems

In this section, we will examine several systems fea-
turing other microphysical parameterizations. We will
start by looking at energetics of the anelastic equations
when Kessler microphysics are used. The Kessler case
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allows an exploration of the effects of an additional water
constituent, rainwater, and associated source terms and
their influence on energetics. Then a limiting form of the
Kessler scheme will be considered, called the FARE
microphysics scheme (Hernandez-Duenas et al. 2013).
The FARE case is interesting because it includes rain-
water and precipitation, yet, unlike the Kessler case, it has
an energy that is conserved (aside from a single dissipa-
tion term, due to precipitation at the surface).

a. Warm-rain microphysics

The anelastic equations with warm-rain microphysics
can be used to model a moist atmosphere with three
phases of water: cloud water q., rainwater g,, and water
vapor g, (Kessler 1969; Grabowski and Smolarkiewicz
1996). They are

% =-V¢+(b,H, +bH)z, (46a)
Db, ) g L,
F%—Nlt(z)w—%(R c, 9 > [p(Z) T‘I]
L
= _g<Rvd_C 5 +1> (A7+CI_EI)’ (46b)
p 0
b
I;); + N2 (z)w + ﬂa_[p(z) 4,1 =0, (46¢)

ol
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Dg, 1 9
Dt p(z)oz

—Ip(2)V,q]=A +C —E,  (46d)

V- [p(z)u] =

where A, is the autoconversion of cloud water into
rainwater, C, is the collection of cloud water by rain, and
E, is the evaporation of rainwater into water vapor, Vris
the rainfall velocity, and we have assumed that super-
saturation cannot occur, and again ¢ = p/p(z). Many
other formulations of cloud microphysics are in use,
such as simple formulations (e.g., Vallis et al. 2019) and
more complex formulations including number concen-
trations of droplets and/or ice microphysics (e.g., Seifert
and Beheng 2001, 2006); it would be interesting to an-
alyze these or other formulations, but we focus on the
Kessler system here as an example case. Additional
details regarding the Kessler scheme can be found in
appendix A.

Now consider energetics, and take the potential energy
II to have the same definition as in the nonprecipitating
anelastic case from (33). Despite the increased micro-
physical complexity of the Kessler system, we will still
obtain the exact same expression for Il when it is in-
tegrated. That is, IT can still be integrated and decom-
posed as in (36)—(37). The energy evolution equation
satisfied by II in the Kessler scheme will, however,
differ from the one in the purely anelastic case. Here, it
takes the form

(46¢)

2
v {ﬁ(x)u (% +11+ qsﬂ = 8(c ~ )1V, ] ~ 8~ 2) (Rvd ) cféo ' 1)

< { SV @0 - 508, |, -5, a)( Cfgﬁﬂ)

< { AV 9(2)a,] - (6)S, P ~ b = b, b))

where S, = A, + C, — E,. The reason for the terms on the
right-hand side of (47) is that b, and by are not material
invariants, and so their derivatives will appear when we
differentiate II. As a result, an energy principle can be
written down for the case of Kessler microphysics, but the
energy is not conserved, due to rain falling at velocity V
and due to microphysical source terms S, = A, + C, — E,.

b. FARE microphysics

In this section, we consider energetics for a system
that includes precipitation yet still has a piecewise

(47)

quadratic energy, and the energy is conserved (aside
from a single dissipation term, due to precipitation at
the surface).

The system of interest here is the fast autoconversion
and rain evaporation model, or FARE model, first in-
troduced by Hernandez-Duenas et al. (2013). This
model can be obtained from the anelastic Kessler model
by making several assumptions. First, we assume that
water vapor is converted directly into rainwater. This
obviates the need for a g, variable as well as expressions
for A, and C,, and constitutes the fast autoconversion
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assumption. Second, rainwater, which is assumed to fall

at a constant rate Vr, is instantly evaporated in unsaturated

regions until saturation is reached. This amounts to the fast

rain evaporation assumption and completes a basic de-

scription of the FARE model, the equations of which are
Du

—=-V¢+ (b H +bH )z,

Di (48a)

Pou v New—gv, (R, ~ L )2, (agp)
Dt wog vd c,0 0z

Dbﬂ+N2 +
Dt sWT 8

aqr
oz =0, (48c)

V-u=0. (48d)
Note that these equations are essentially the same as the
nonprecipitating Boussinesq equations from section 2b, except
additional V- terms are present and represent precipitation.

Recall that in section 2b, we found an infinite family of
conserved, quadratic energies of the moist, nonprecipitating
Boussinesq equations of (8a)—(8d). We now show that
by including the microphysics of the FARE model, that
is, by incorporating a nonzero value of V;, we can
obtain a unique quadratic energy, which under appro-
priate circumstances, will be positive definite.

Our starting point, then, is the energy defined by
(13a)-(13d), and (20), and the goal is to determine
values for the constants A, and A that appear in the en-
ergy. Differentiating each component of the energy under
these new microphysical assumptions now results in

D

EKE =-V.(¢pu)+wb H +wbH_, (49a)
D bgV, L q
J— = — +M7 v r
DtPEu WbuHu N,% (Rvd Cp60> gz
1b2 DH,
2N2 Dt (49b)
D bgV.dq 1 b DH
PE =-wb H — 2oL —IH +--5—— (49
Di R T A YV TR
D 1 ,DH DM
Lt A M——
DME A MD ——H, + 2AMM D AM D1 H,
1 DH
+ A M*——
2" Dt’
(49d)
where
DM 1 L 1 |dq
—= R ——2 | +—|-— 50
D 81 N2< v c00> Nf}& (50)
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Since there is no rainfall in unsaturated regions in the
FARE model, it follows that (d¢q,/0z)H,, = 0. Using this,
along with the relationship between A, and A, given by (20),
we can write the material derivative of the total energy as

DE bg bgVya

1 L 1 |9q
—|R ——2 | +—|—H
T Nﬁ( vd cp90> NYZ} az *’
(1)

which appears to have nondivergence terms on the right-
hand side.

Now we can determine the unique value of A; such
that (51) contains only divergence terms. This can be
accomplished by rewriting that equation in terms of M
and g,. In particular, the goal is to write the b,dq,/dz term
asasum of a g,d¢q,/0z term and a Mdq,/dz term, and then
to choose A to make the Mdq,/dz term vanish. To this
end, observing that

625

+ A MgV

1
qr = L (bu - bs)Hs (52)
R ——2+1
g( v CPOO )
and
NgV_ [R  — L, +1
s8Vr vd CPOO NZN2
b:HS = NN q,— N = NZMHS’
(53)
we can simplify (51) into
L
R,——=2+1
DE _ 2y <% 9q,
D 8'r|TNe—N2 oz |T
N? aq
+gV ——~L M-
EYINT N2 oz s
1 L 1
+ v + r
A MgV, N2 (R 4 Cpg()) NZ} (54)
We can now solve for A, from the constraint that
N2 aq,
8V gz M g2+ AMeV,
1 L 1
Xl Ry~ —= | +53|=2H, =0. 55
I T
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Doing so, we find that

_N2

A = . (56)
| (N2 —N2) _L + L
N2 cb,] N?
P
Then, from (20), we have
L
N2 R — v
s vd c 60
A = L (57)

“ 1 L 1]
N2—N2)|—|R, ——2| +—
" )[N( . 6) Ns}

With these values of A, and Ay, the total energy E is

given by
1 b2 b?

1 1
+-A MH, + 2AvM2H

54, (58)

which completes the derivation of a piecewise
quadratic energy.

Note from (56) and (57) that the coefficients A,, and A, will be
positive if (N2/N?) < [(L,/c,0p) — Rya]- We know that R,,; ~
061 and L,/(c,80) = O(10),s0 the ratio N2/N? can be roughly
as large as O(10), and so the condition on the ratio of the
squared buoyancy frequencies to ensure positivity of A,
and A, allows a reasonably wide range of values.

The conservation law for the energy in (58) takes the form

v

R d
L wE )iy, | — %%
ot 2g N2—N?

a2_
a2

(59)

Thus, the effect of precipitation is an energy flux pro-
portional to Vr¢?. Upon integrating this conservation
law in space, one can see that the V7¢? term represents a
sign-definite sink of energy at the lower boundary of the
domain. In other words, when precipitation falls to the
surface, it represents a loss of water and also a loss of
energy from the system.

5. Application to EOF analysis

In this section, we use the ideas from the piecewise-
quadratic energy and apply them to empirical orthog-
onal function (EOF) analysis, or principal component
analysis (PCA). In the EOF analysis, the goal is to
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decompose a signal (in our case, a variable of an at-
mospheric flow) into a set of spatial and tempo-
ral patterns, and to identify the patterns with the largest
energy or variance. In its most common form, an
EOF analysis would use the standard L? energy. Here,
the goal is to see if we can use the concepts of the
piecewise-quadratic energy from (21), in order to in-
clude information about phase changes, to potentially
better identify the main modes of variability of moist
dynamics.

We begin with a brief review of EOF methods. In
EOF analysis, we assume that we have N7 time sam-
ples of a scalar variable, S(x, ¢), located at N spatial
points. We denote the N values of S at time ¢; by the
vector

o T
s = (s1,85,...,8y) - (60)
The data matrix S is then formed by the column vec-
tors s':
=(s',8%,...,s"7). (61)
The EOF modes are then the eigenvectors of the sample
covariance matrix (1/N7)SS”.

To motivate the variables on which to perform the

EOF analysis, recall from (21) that the energy

bZ b2 1 N2N2 2
— + — + + s
E | | <N2>H <N2> HS NZ NZM H

(62)

is a piecewise quadratic, positive definite conserved
quantity, and it induces a natural inner product (as-
suming the values of the Heaviside functions H,,(x, )
and H,(x, t) can be taken as given values, as in the case
of the present data analysis application). While the
EOF analysis below will deviate from using the full
form of this energy, we explain the deviations further
below and momentarily describe the full energy to aid
the discussion. Consider the full state vector y, where

y = (u,u,w, B,M"), (63)
where
b, b
B=—“H +2H 4
N, )
and
M* = MHu ‘ (65)

Then (62) can be written as E; = y' Ay, where
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FIG. 1. Snapshots of the (top) vertical velocity w (ms~') and
(bottom) cloud water g, (gkg ') to illustrate the spatial structures
present in the shallow convection simulation data used in the EOF
analysis.

1 0 00 0
0100 0
1
Azj 0 010 0 (66)
0 0 01 0
NaN;
In writing E; = y'Ay, we have assumed that B> =

(b*/b2)H, + (’IN*)H,, which is valid if H?=H,,
H? = H,, and H,H, = 0. From the standpoint of data
analysis, this means that all of our data points are away
from the phase interface. In what follows, to examine the
effect of phase changes in the simplest possible setting, we
will consider the univariate case rather than the case of the
full vector y, and we will take the single variable to be either
B (as a setup with phase changes) or b, (as a comparison
case with standard L? energy without phase changes).
We apply EOF analysis to simulations generated by
the University of California, Los Angeles, large-eddy
simulation (UCLA-LES) model based on data from
the Rain in Cumulus Over the Ocean (RICO) study
(Stevens et al. 2005; Rauber et al. 2007; Stechmann
2014). The focus of this study is on shallow cumulus
clouds, which are clouds that extend only a few kilometers
above Earth’s surface. While these clouds do not involve
ice, and often do not rain, they nevertheless incorporate
both moisture and phase changes. The simulation is for
5 days with Ny = 7195 time samples. For spatial resolu-
tion, we use a two-dimensional setup with N, = 128 and
N, = 100 grid points with grid spacings of 100 and 40 m in
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FI1G. 2. Time series of the (top) maximum vertical velocity and
(bottom) area cloud fraction to illustrate the intermittent evolution
in time of the shallow convection simulation data used in the EOF
analysis.

the horizontal and vertical directions, respectively. In
Fig. 1, snapshots of the vertical velocity and cloud cov-
erage are shown at approximately 2.4 days. (See Fig. 2
for a time series of vertical velocity and cloud fraction.)

Several additional steps are used in carrying out our
analysis. First, to obtain enough data to ensure smooth-
ness of the resulting EOFs, we perform an ensemble of
simulations. Each ensemble member uses a different
initial condition as random temperature perturbations
are inserted below 200 m, with a different random seed
used for each member. Extending the method of EOF
analysis on data produced from a single simulation to
data from an ensemble is straightforward. To that end,
suppose we have an ensemble with N, members, and
denote the kth member by S*(x, 7). The value of S* at
time #; and location x; is denoted by

i\ T

ik _ (i ik
s = (87,85, .. LSy

(67)
The data matrix of ensemble member k is then given by

S* = (st 2, ... sNrk), (68)
and the corresponding ensemble covariance matrix C, is

1 e T
Ce=N—Z(Sk)(Sk) .

Tk=1

(69)

Second, we use deviations from the horizontal av-
erages of B and b, as our variables. That is to say, we
subtract off the quantities (1/L,)[B(x', z, )dx’ and
(1/Ly) [bu(x, z, t) dx' from B and b,, respectively, where
L, denotes the horizontal domain length. Hence the data
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FIG. 3. An illustration of the adjustment process for N2. The red
curve shows N2 and the blue shows how it is changed for use in the
EOF analysis.

are centered to have a horizontal mean of zero at each
vertical level. Finally, and perhaps most importantly,
N2(z) and N?(z) are not uniformly positive over the do-
main. Note that while the buoyancy frequencies depend
on both space and time, we approximate them as purely
height-dependent functions according to (11a) and (11b).
As can be seen in Fig. 3, N2(z) <0 in the lower 500m
of the domain, within the subcloud layer, which is well
mixed. To use N2(z) to define a positive energy, it will
need to be modified in this layer, and we modify it by
simply increasing N2(z) to be 10~*s~ ! at any level where
it is originally less than 10~ *s ™!, as illustrated in Fig. 3.
This type of modification is also tacitly in place in
other studies whenever a standard L? energy is used to
analyze data within a well-mixed or unstable layer.
For the other buoyancy frequency N2(z), negative values
occur over a wider range of heights, so we simply set
N?(z) = (1/10)N?(z) at all heights to define a positive
N?2(z). Other choices of scale factors larger than 1/10,
such as 1/2, were also considered, but they were found to
produce leading EOFs that were similar to the case of an
energy without phase changes; it would be interesting to
examine this choice in further detail in the future. Over-
all, these definitions of N2(z) and N?(z) involve some
modification from the theoretical piecewise-quadratic
energy definition, but they preserve the essence of
piecewise-quadratic energy in the sense that N?(z) will
be significantly smaller than N2(z) and will therefore
create a naturally enhanced weighting of buoyancy
fluctuations in the saturated phase (i.e., within clouds),
since the reciprocal N, ?(z) is the weighting factor.

The comparison of EOFs for the standard L* en-
ergy and the piecewise-quadratic energy are shown in
Figs. 4-6. In terms of variance or energy, in Fig. 4, the
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FIG. 4. Eigen values of (a) the B covariance matrix as a fraction
of total energy and (b) the b, covariance matrix as a fraction of
total energy.

two cases appear to capture roughly similar amounts of
energy in each mode. However, in terms of EOF structures,
the two cases show substantial differences. Figures 5 and 6
show the first four EOFs of b, and B, respectively. The most
important feature is that the first two b, modes are limited to
the lower part of the domain, whereas the first two B modes
extend into the upper part of the domain, which means that
the B modes capture cloud variability while the b, modes
capture mainly the subcloud layer.

One way of understanding the significance of these
qualitative differences of the modes is to look at time se-
ries of the fraction of the domain covered by clouds. As
can be seen in Figs. 1 and 2, the domain is covered by few
clouds for most of the simulation. It is, however, punctu-
ated by brief periods of relatively high cloud coverage,
which suggests that clouds display intermittency in both
space and time. In terms of the standard L? energy, the
cloud variability contributes little to the energy, due to its
intermittency. On the other hand, the piecewise-quadratic
energy gives different weight, N, 2 versus N, 2, to the
unsaturated versus saturated regions, which allows the
cloud variability to make a substantial contribution to
the energy and manifest itself in the leading EOFs.

6. Discussion and conclusions

In summary, we have examined energetics for moist
atmospheres with phase changes. We first considered a
Boussinesq system with moisture and phase changes, and
in one of the main results, we found a piecewise-quadratic,
positive definite conserved energy. For this same system,
we also considered a second definition of an energy,
based on a potential energy II that generalizes a pgz-like
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FIG. 5. The first four EOFs based on the b, covariance with standard L? energy norm.

potential energy. While the II-based energy is not mani-
festly positive definite, it was shown to be equal to the
piecewise-quadratic energy, plus some additional mate-
rial invariant terms.

Two aspects are perhaps most important in general-
izing the dry quadratic energy to the moist piecewise-
quadratic energy. First, by using Heaviside functions H,,
and H, to represent phase changes, it becomes relatively
straightforward to account for the distinction between
the two phases. For example, the Heaviside functions
are useful in carrying out the integration in the II-based
potential energy, which then demonstrates the rela-
tionship between the [I-based energy and the piecewise-
quadratic energy. Second, the contribution of the variable
M is related to an additional eigenmode of the moist
system that is not present in the dry system, and it is
natural that one component of the moist energy would
be associated with this additional eigenmode.

Increasing amounts of complexity were then incor-
porated beyond the moist Boussinesq equations. As a
first step, in section 3, the moist anelastic equations
were considered. For the anelastic system, the energy
is not quadratic, even in the dry case. Nevertheless,

it was shown that the potential energy can be de-
composed into three components: buoyant potential
energy in the unsaturated phase, buoyant potential
energy in the saturated phase, and a moist latent en-
ergy that is analogous to the M contribution from the
Boussinesq case. In adding further complexity, we con-
sidered Kessler warm-rain microphysics, in which case
we cannot in general obtain a conserved energy due to
the presence of source terms representing rain and cloud
processes. As a final case, we considered FARE micro-
physics, which is a simplified version of warm-rain micro-
physics. The case of FARE microphysics is interesting
because, like Kessler microphysics, it includes precipita-
tion; however, unlike Kessler microphysics, FARE mi-
crophysics was shown to have a piecewise-quadratic
energy, and the energy is conserved, aside from a sign-
definite dissipation term due to precipitation at the surface.

As an application, we considered an empirical or-
thogonal analysis that uses a piecewise-quadratic energy
as weighted norm, in place of the standard L? norm.
In comparing the leading EOFs produced by these two
cases (i.e., by using piecewise-quadratic norm versus
standard L? norm), substantially different EOF modes
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FIG. 6. The first four EOFs based on the B covariance with phase changes in the energy.

were seen. The piecewise-quadratic norm is a weighted
norm that incorporates information about the phase
changes, and, as such, it produces EOFs that are rep-
resentative of cloud variability. It would be interesting
in the future to further investigate and refine this type
of weighted norm and its applicability to observational
and computational datasets.
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APPENDIX A

Reformulation of Moist Boussinesq Equations in
Terms of Unsaturated and Saturated Buoyancies and
Extension to the Kessler Scheme

We derive (8a)—(8d). Our starting point is the system
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Dq, dq
+ Ty =
Dr dzw 0, (Alc)
V-ou=0 (A1d)

where p’ is the pressure, pg is a constant background
density, ¢ = p'Ipo, u(x, £) is the velocity vector, 6, is the
equivalent potential temperature anomaly, and g, is
the anomalous total water mixing ratio. The buoyancy,
b, can be written in terms of 6,, q;, and z, and will be
described below. We assume that all thermodynamic
variables have been decomposed into background func-
tions of height and anomalous parts, so that, for example,
0" = 0,(2) + 0.(x, 7).

The total water g, is the sum of water vapor ¢, and
liquid water g; and can be written as

q,=4q,%4q, (A2)
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To obtain equations for g, and g, we adopt a prescribed
saturation mixing ratio ¢'°'(z) that depends on height
alone, in part because it allows explicit expressions to be
derived in what follows. In making this approximation, we
have assumed that 7' and p'** are close to the background
states p and T, so that ¢(T", p') ~ ¢ [T(z), p(2)].
We then have

q,=min[q,,q,(z)], (A3a)

q, = max[0,q, — q,(z)]. (A3b)
The equivalent potential temperature is defined as

— LU
96—6+c—qv,
P

(A4)

where 6 is the potential temperature, the latent heat
factor is L, ~ 2.5 X 10°Jkg ', and specific heat is cp ~
10°Jkg 'K~ '; this definition of 6, is a linearization of
usual definitions (e.g., Emanuel 1994; Stevens 2005), and
this linearized version is helpful for the exposition here.
Using the equations above, we can obtain an expression
for the potential temperature:

L .
-, it ¢,<q,)
o= . ! (A5)
6, — c—”qw(Z) it g,=q,(2).
p
The buoyancy b is defined as
0
b=gl g+ Rud,~ ) (A6)
0

where 6, =~ 300K is a constant background potential
temperature, g ~ 9.8ms™ 2 is the acceleration due to
gravity and R,; = (R,/R;) — 1~ 0.61, where R, is the gas
constant for dry air and R, is the gas constant for water
vapor. The buoyancy changes form based on phase, so
that we can write

b=b H +bH, (A7)
where b, and by are defined to be the buoyancies in un-
saturated and saturated regions, respectively. The functions
H,, and H, are Heaviside functions that indicate unsaturated
and saturated phases, respectively, and are defined as

{1 if q,<q,(2)

H = .
0 if ¢q,=q,(2),

u

(A8)

and H; = 1 — H,. Using the equations above, we can
show that b, and b, are defined as
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(A9a)

— 08 Lv
bu_g 0_0+ Rud_ceo ql ’
p

06 Lv
bs:g 67—"_ Rvd_ce
0 p 0

+ 1> q,(z)— qt} ,  (A9b)

Differentiating (A9a) and (A9b), and using (Alb) and
(Alc) results in

Db

Dtu + N*w=0, (A10a)
Db

S+ N’w=0 A10b
Dt SW k4 ( )

where the buoyancy frequencies N2 and N? are

N2=g£ i+ i q

u dZ 90 vd cpeo t|?
d|e L

N=g—|¢—[R ——2+1 -g|. (Allb

s gdz[ﬂo (,,d 0, )qm(Z) Q,} ( )

Note that an advantage of formulating the equations in
terms of b, and b, is that it leads to a particularly simple
phase interface condition; b,, = b,. This can be seen by
observing that when g, = q,, (A9a) and (A9b) are equal.

In the Kessler scheme, the diagnostic equations for
water vapor ¢, and cloud water g, are

(Alla)

q,—q, it q,—q,=q,(2)
= . Al2
v { q,(z2) it q,—q,>q,(2) (AL2)
and
9.=49,—49,—4q,- (A13)

The buoyancy now includes additional moisture terms
and takes the form

0
b= g(e—o +R,q,—q,— qc> . (A14)
In saturated regions, g, — ¢, = ¢q., and in un-
saturated regions, g, — g, < q.s, and it follows that
the buoyancy in the unsaturated and saturated regions,
are, respectively,

bo=g|le+ (R, ~Lo)g ~ (R, - Lo s1
u_g 00 vd Cpeo qt vd Cpeo qr

(A15)

and
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0 L
b=g|-t+|R ——~+1]q —q|, (A16)
K 00 vd Cpo() us t

where the saturation condition in terms of b,, and by is
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sections 2d and 2e. First, we integrate the term
—(b'°' — N2z')H,. After an integration by parts, noting
that, formally,

still conveniently expressed as b, = b;. d_zH [ — bl — (N* — N?)z]
= —(N2 — ND3[b" — b = (N2 = N2z,
APPENDIX B
we have
Integrating II for the Boussinesq Equations
In this section, we provide the details of how to
perform the integration of the potential energy II in
(btot NZ ! :
[ (btot sz/)Hu dZ’ — 2N2 H[blot b;ot _ (Ni _ NS2)Z/]
(bt()t /)
+L—§f—mzwmw7wafMMwh (B1)
The first term on the right hand side of (B1) is straight-
forward to evaluate:
z
blOt NI.ZZ/ (o} O A b}'{Ot B Nﬁz ’ O (o}
(B2~ N2 g — o — vz — N2z = DD gy — 2 — )
(B = Nea)’ o o
- TH[HMl = b — (N, — N2)a]
b b+ Niz—a) 2\
=_4_ —zuw ur 70 — + — _
2N5 u ZNI% H{bu bs [Nu Ns (Z a)]} > (Bz)
where we have used the fact that b = b, — N>z and [a, z], which is H(z’ — a) — H(z' — z), and inte-

H, = H(b, - by).

Now we focus on the second term on the right hand
side of (B1). To integrate this term, we multiply the
integrand by the characteristic function of the interval

“(b — Naz)’ oo
JaT(NL% - N3)5[b;t - bi - (szt
(b~ N3z)”

=J:[H(z/ —a)— H(Z —2)] SN

blol blol b}tol — bzol
- () (-

(N = N[ —

grate over the entire real line. Doing this ensures
that the zero of the delta function’s argument,
7= (b — b°*Y)/(N2 — N?), is actually within the re-
gion of integration. Therefore,

- N»)Z'd7

bt = (N2 = N2)z')d

2
1 [ e (B =B
e (5|

thl —

1 thl
={wa“—ﬁm—(Ni—A@MI—Hﬂﬁ“—@“—(Ni—A@kHQNZ%ﬁt (ﬁ;:x;)}, (B3)
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where we have used the fact that . < M ) Z) e (N2
bl — bt TR Ni—N; v u
" (W ) a) ~ b= b (N Nal Therefore,
and
[ - w2z, az = ;;VH _ W},{b b NN

1 tot 2 blum_ s
N2 [”u N\ Nz

2N2

o blot
|:bl t__ ( NZ

2
tot
- )} HIbL' = b = (N2 = N2)2)

blol

2
s )} HIbY" = b = (N2 = N2)al,
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—N})z].

(B4)

which provides an explicit expression for the integralin (B1). o

Similar to the integral of (b'°* — N2z')H,, from (B1),

the potential energy Il also includes an integral that
: b? 1
_ tot _ aAj2/ I s +
L(bS N;z')H_dz onaths 2N2[b

[b,+ N2(z — a)]’

t (b

N2z - a)]

— N?z)H;. To evaluate this latter integral,
a procedure analogous to the one just carried shows

P H{b, = b+ [N2 = N2z — )]}
2
tot __ b bl bm[ tot tot 2 2
2N2 by N2 N? H[b = b = (N, — N;)z]
2
tot __ btot tht tot tot 2 2
2N2 b N2 N2 H[bu - bs - (Nu - Ns )a] (BS)
Adding (B4) and (B5) and a great deal of simplifying yields
b? b? N2N? )
u S +
= 2N2H ZNZH 2(N2 - N2)M H,
1
2N2[b + N (z— a)]
2N2[b + N2z =)' H[b, — b, + (N2 = N?)(z — a)]
2N2[b + N (z— a)’ H[b, —b + (N2 = N>)(z — a)]
N2N?
- WMZHUJ = b, +(N; = N))(z — a)]. (B6)

Notice that, on the right-hand side, the first three terms

are components of the piecewise quadratic energy, andthe M, b,

tot —

=b, + N?z,and b*' =

rest of the terms are functions of three material invariants:
bs + N?z. To conclude this
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appendix, we point out that choosing a = z, would result
in E; = E,, where E; is given by (21) and E, by (26).
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