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SOLUTIONSTO PROBLEM SET 1V (2000-2001)

1. Suppose % > § > g wherea, b, ¢, d, x and y are nonnegative integers. If ad — bc = 1,

showthatx >a+candy > b+ d.

SOLUTION. Notethat 0 < % — § = ayb—ybx’ so ay — bx =r isapositive integer. Similarly,
0< § — g = de—ycy so dx — cy = s is also a positive integer. We can now use the fact that
ad — bc = 1 to solve the simultaneous linear equations —bx +ay = r and dx — cy = sfor x and
y. Indeed, if we add c times the first equation to a times the second, we obtain x = as + cr, and
if we add d times the first equation to b times the second, weget y = bs+ dr. Sincer,s > 1, we

can then concludethat x =as+cr >a+candy =bs+dr > b+d.

2. In AABC, point X lieson side BC, one third of the way
from B to C. Similarly, Y is chosen on CA, one third of
the way from C to A, and Z lieson AB, one third of the
way from Ato B. If theareaof A ABC is1 unit, find the
areaof AXYZ.

SOLUTION. Draw the line CZ as indicated and note that
Area(ABXZ) = (1/3)Area(ABCZ) since these triangles B
have the same height to point Z and since their bases satisfy

BX = (1/3) BC. Furthermore, Area(ABCZ) = (2/3) Area(ABCA) since these triangles
have the same height to point C and since their bases satisfy ZB = (2/3) AB. Combining
this information, we see that Area(ABXZ) = (2/3)(1/3) Area(ABCA) = 2/9. Similarly
Area(ACY X) = 2/9 = Area(AAZY), and it followsthat Area(AXYZ) =1 — 3(2/9) = 1/3.

3. Let O be abinary operation defined on the set of nonnegative integers. (This means that if x
and y are any two nonnegative integers, then x 'y is a nonnegative integer determined by x
and y.) Now suppose that

@ x+1)o0=(0ox)+1,

(b) Oo(y+1) =(yoO +1,and

o x+DHoy+1)=xoy +1
are satisfied for al nonnegativeintegersx and y. If 110000450 = 2000, find 172303421 and
prove that your answer is correct.

SOLUTION. Write A = 000, so that A is a nonnegative integer. Our first goal is to show
that (x) xO0 = A+ x = 0O x for every nonnegative integer x. Observe that (x) is true when
x = 0 by the definition of A. Now suppose we already know that (x) holds for some number
X. By (@,wehave x+ 1) 00 = O0ox)+1=(A+x)+1= A+ (X+1). Also (b) yields
Oox+1) =xo0+1=(A+x)+1= A+ (X+ 1), and we see that (x) holdsfor x + 1.
Since we know that (x) isvalid for x = 0, it followsthat it istrue for x = 1. Since we know that
(x) isvalid for x = 1, it follows that it istrue for x = 2. Continuing in this manner, we see that
(x) holds for every nonnegative integer x.



Now we consider x 0y, where x and y are both greater than 0. Suppose first that y > x. If
we apply (c) atotal of x times, we get

xOy=1+XxX—-1)o(y—-1) =24+ X—-20(y—2)=---=x4+00(y—X)

and (x) yidldsxoy =x+ A+ (y—X) = A+ y. Smilarly, if x > y,thenxOy = A+ x. Thus
inal cases, xOy = A+ max{x, y}, where max{x, y} isthe larger of x and y. Finally, we are
given 2000 = 11000450 = A + max{1100, 450} = A 4 1100, so A = 900, and we deduce that
172303421 = A+ max{1723, 3421} = 900 + 3421 = 4321.

4. Sixteen numbers are put into the boxes of afour-by-four array so asto form a magic square.
This meansthat the four row sums, the four column sums and the two diagonal sums are each
egual to the same number s. Show that sis aso the sum of the four numbersin the corners of
the array. (Do not assume that the sixteen numbers are theintegers 1, 2, 3, ..., 16.)

SOLUTION. First observe that the sum of al 16 numbersisthe sum of the four rows, whichis4s.
The sum of the middle two rows, the middle two columns and the two diagonalsis 6s and this uses
all of the numbers once except for the middle four, each of which is used three times. If we write
m to denote the sum of the middle four numbers, we see that 6s is the sum of all the numbers plus
an extra 2m. This gives the equation 6s = 4s + 2m, from which we deduce that m = s. Finally
note that the sum of the two diagonalsis 2s, and thisis the sum of the four middle boxes plus the
sum of the four corners. Since the middle boxes sum to m = s, it follows that the corner boxes
also sum to s, as wanted.

5. Consider polynomial equations of theform x3+ax?+4bx+6 = 0, wherea and b areintegers.
Suppose that one of these equations has bothr and —r asroots, wherer isanonnegative real
number. Find all possibilitiesforr.

SOLUTION. Wearegivenr3+ar?+br +6 = 0and (—r)3+a(—r)?+b(—r) +6 = 0. Adding
these two equations yields 2ar? 4+ 12 = 0 and hence ar? + 6 = 0. Furthermore, by subtracting
the original two equations, we obtain 2r3 + 2br = 0, sor? + b = O sinceitisclear thatr # 0.
Thus 6 = a(—r?) = ab and, since a and b are integers, there are only a few possible choices for
these numbers. Infact, sincer isrea and b = —r?, we must have b < 0. Therefore we can have
onlyb=—1, -2, —30or —6 and hencer = v/=b =1, v/2, /3 or /6.

Conversely, if r is one of these values, we can defineb = —r2anda = 6/b. Thenaand b
are integers, and we observethat r> + b = Oandar?+ 6 = ar> + ab = a(r> + b) = 0. Since
x3 + ax? 4+ bx + 6 = x(x2 + b) + (ax® + 6), it followsthat if we plugin either x =r or x = —r
inthis polynomial, then we get the value 0. In other words, bothr and —r areroots of the equation
x3+ax?+bx+6=0.



