WISCONSIN MATHEMATICS SCIENCE & ENGINEERING TALENT SEARCH
SOLUTIONS TO PROBLEM SET Il (1995-96)

1. Sam and Pat keep giving money to each other. They start with a total of $64,000 between
them, and each gift is exactly enough to double the assets of the recipient. They find that
eventually Sam has possession of all the money. If each player started with a whole number
of dollars, show that each of these numbers must have been a multiple of 125.

SOLUTION. Atthe end of the game, Pat has $0 while Sam has $64,000, and we observe that each
of 0 and 64,000 is a multiple of 125. To prove that at the beginning it was also true that each player
held a multiple of 125 dollars, it suffices to show that if this condition holds at some stage of the
game, then it must also have held at the previous stage.

Suppose that at the previous stage, one playeattgdlars and the other hdudollars, where
a andb are integers and < b. Thena dollars changes hands and at the next stage, the players
assets are®dollars ando — a dollars. We are assuming that each of these is a multiple of 125.
In particular, 125 divides2and, since 125 is odd, we see that 125 divide$urthermore, 125
dividesa andb — a, so 125 also dividea + (b — a) = b. This completes the proof.

2. LetU andV be points on side&B and AC of AABC as shown. Suppose that the median
AM bisectaU V. Prove thatJV is parallel toBC.

SOLUTION. Suppose thatlV is not parallel toBC. LetUV

and AM meet atN, and draw line segmerR Q throughN par- A
allel to BC. HereP lies on AB and Q lies on AC, as shown.

SincePQ || BC, we know thatAAPN ~ AABM and also

that AANQ ~ AAMC. From these similarities we deduce

that PN/BM = AN/AM = QN/CM. Thus PN/QN = v
BM/CM = 1, soPN = QN andN is the midpoint of®° Q. We P 0
are given thaU N = V N and we knowthatUNP = /VNQ U N

since these are vertical angles. Thus SAS impliesAltaN P =

AV NQ, and hence2UPN = 2V QN. From the latter we de-

duce thatU P andV Q are parallel, a ridiculous statement since B M C

linesUP andV Q meet atA. Since this contradiction resulted
from our initial assumption that V is not parallel toBC, it
follows therefore that these lines must actually be parallel.

3. Find all pairs of positive integers andy such that? + y exceeds + y? by precisely 10.

SOLUTION. We want to solve the equatiaix? + y) — (x + y?) = 10 for positive integers
andy. Rewriting the left side of this equation @8> — y%) — (x — y), we see that it factors as
(X —y)(Xx +y —1). We must therefore solve the equatioci— y)(x +y — 1) = 10.

Sincex > 1 andy > 1, we see that + y — 1 is positive and thug —y = 10/(x +y — 1)
must also be positive. Alsa, — y < x + y — 1, and thus the equatiax — y)(x + y — 1) = 10
represents a factorization of 10 into two positive integers, of which the first is smaller than the
second. There are just two possibilities. Eithery = 1andx+y—1 = 10orelsex—y = 2and
X+Yy—1=>5. Inthe first case, we g&t= 6, y = 5 and in the second, we see that 4, y = 2.



4. Four towns are located at the verticédsaa! mile by 6 mile rectangle. By using three sides of
the rectangle, a road network of total length 14 miles can be constructed which connects all
four towns. Is there a shorter road network which connects the towns? Specifically, is there
a suitable network of length less than 13 miles?

SOLUTION. Consider the road network made of five line seg-
ments, as illustrated in the figure. TowAs B, C and D form
the vertices of a rectangle withB = 4 andAD = 6. We have A M B

created road junctionB andQ so thatAAPBandACQD are ~N S
isosceles wit AP B = 120° = ZC QD. In this situation,P Q : :
is parallel toAD and meet?AB andC D atM andN, as shown. . '

In the right triangleAAM P, we see tha APM = 60°,
and it follows thatAP = 2 M P. From this, we see thaaM =
V3MP. But AM = 1 AB = 2, so we conclude tha¥IP =

2/+/3 and AP = 4/+/3. The total length of the four diagonal

lines in the figure is thus 1/6/3. AlsoNQ = MP = 2/+/3 and .
MN = 6. It follows thatP Q = 6 — 4/+/3 and the total length /\
of our network is : : :

16/+/3+ (6 —4/v/3) =6+ 12/V/3
= 64 4v/3 ~ 12,928 miles.
This is less than 13 miles, as required.

5. Let f be arule which assigns a nonnegative integer cdllied to each positive integer. We
say thatf is a “product-sum rule”iff (xy) = f(x)+ f (y) for all positive integers andy. (a)
Find a product-sum rulé such thatf (x) is never zero wher > 1. (b) If f is a product-sum
rule, show that there exist distinct positive intege@ndy such thatf (x) = f(y).

SOLUTION. (a) An easy way to create a product-sum rule is tofl@t) be the total number of
prime factors on, counting repeats. For example, since#£2-2-2-3- 3, we setf (72) = 5.
Similarly, f(300) =5since300=2-2-3-5-5. We setf (1) = 0.

(b) Now let f be any product-sum rule and observe that) = f(1-1) = f(1) + f(1), so
f(1) = 0. Ifalso f (3) = 0, then we can take = 1 andy = 3, and thusf (x) = 0 = f(y), as
required. We can therefore assume théd) # 0.

In this case, lek = 2f® andy = 3f@. Sincef is a product-sum rule arxlis a product
of f(3) copies of 2, we see thdt(x) is the sum off (3) copies off (2). In other words,f (x) =
f(3) - f(2), and similarlyf(y) = f(2) - f(3). Thusf(x) = f(y) and what remains is to show
thatx # y. Butx = 27® and f (3) # 0, so we see that is an even integer. On the other hand,
y = 37@ is odd, and thug # y, as desired.



