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WISCONSIN MATHEMATICS SCIENCE & ENGINEERING TALENT SEARCH

SOLUTIONS TO PROBLEM SET IV (1995-96)

1. Consider the following sequence of numbers: 4, 12, 32, 80, 192, . . ., where the formula
for thenth number is(n + 1) 2n. Find a formula for the average of the firstn numbers in the
sequence.

SOLUTION. The answer is 2n+1. It is easy to check this for the first several values ofn. To prove
the formula in general, we can use mathematical induction.

Assuming that we have already established that the average of the firstn − 1 numbers is 2n,
we want to deduce that the average of the firstn numbers is 2n+1. If we write S to denote the sum
of the firstn numbers in the list, then the sum of the firstn − 1 is S− (n + 1) 2n, so the average of
the firstn − 1 is (S− (n + 1) 2n)/(n − 1). Since we know (by assumption) that this average is 2n,
we have [S− (n + 1) 2n]/(n − 1) = 2n and thusS = (n − 1) 2n + (n + 1) 2n = (2n) 2n = n 2n+1.
The average of the firstn numbers is therefore equal toS/n = 2n+1, as required.

2. In the figure, a circle of radius 1 is tangent to two perpendicular lines. A second smaller
circle is drawn tangent to the first circle and to the two lines, and a third circle is tangent to
the second and the two lines. Imagine continuing this process until a total of ten circles have
been drawn. Find the radius of the tenth circle.

SOLUTION. Suppose that two consecutive circles obtained in
this process are centered atA andB, respectively. Assume that
the larger circle has radiusr and that the smaller one has radius
s. If we drop perpendicularsAY and B X to the base lineXY,
thenAY is a radius of the larger circle, soAY = r , and similarly
B X = s. Furthermore, if we drawBC perpendicular toAY, as
indicated, thenCY = B X = s, so AC = AY − CY = r − s.
Note also that the lineAB joining the two centers passes through
the point of tangencyZ and henceAB = AZ + BZ = r + s.
Finally, since∠ABC is clearly equal to 45◦, we haveBC = AC
and therefore

(r + s)2 = AB2 = AC2 + BC2 = 2(r − s)2.

Consequently,r + s = √
2(r − s) and we deduce thats = r (

√
2 − 1)/(

√
2 + 1). In other words,

at each step of this process, the radius gets smaller by a factor of(
√

2 − 1)/(
√

2 + 1) ≈ .1716.
Since we start with a circle of radius 1 and since the 10th circle is obtained in 9 steps, it follows
that the radius of the 10th circle is equal to [(

√
2 − 1)/(

√
2 + 1)]9 ≈ 1.288× 10−7.

3. Given a positive integerB 6= 6, show that it is possible to find a prime numberp so that
9p2 + Bp+ 1 is not a perfect square.

SOLUTION. We will show that if p is a prime number and if 9p2 + Bp+ 1 is a perfect square,
then p ≤ (B + 8)/7. In particular, ifp is any prime larger than(B + 8)/7, then 9p2 + Bp + 1
cannot be a square.



            

Suppose now that 9p2+ Bp+1 = m2, wherem is a nonnegative integer. Note thatm2 > 9p2,
so m > 3p. Furthermore,m 6= 3p + 1 sinceB 6= 6, som > 3p + 1. Next we see that
9p2 + Bp = m2 − 1 = (m − 1)(m + 1), so p divides the product(m − 1)(m + 1). Hence, since
p is prime, p must dividem − 1 or m + 1. This shows thatm = kp ± 1 for some integerk and,
sincem > 3p + 1, we conclude thatm ≥ 4p − 1. Thus

9p2 + Bp+ 1 = m2 ≥ (4p − 1)2 = 16p2 − 8p + 1,

so B ≥ 7p − 8 and(B + 8)/7 ≥ p.

4. Recall that ifn is a positive integer, thenn! is the product of all the integers from 1 ton,
inclusive. Show that(210)! > 2213

.

SOLUTION. Note that 210 = 1024. Group the numbers 1, 2, 3, . . . , 1023 as follows. The first
group consists of just the number 1; the second group consists of 2 and 3; the third group consists
of 4, 5, 6 and 7; and in general, thekth group consists of all the numbers from 2k−1 to 2k − 1,
inclusive. Observe that there are ten groups in total and that thekth group contains exactly 2k−1

numbers, each of which is≥ 2k−1. Writing Pk to denote the product of the numbers in thekth
group, we see that

Pk ≥ (2k−1)2k−1 = 2(k−1) 2k−1
.

Finally, observe that

1023!= P1P2P3 · · · P10 ≥ 20·1 21·2 22·4 23·8 24·16 · · · 29·512 = 2m

wherem = 1 · 2 + 2 · 4 + 3 · 8 + 4 · 16+ · · · + 9 · 512. Using a calculator, or some facts from
Problem 1, we compute thatm = 8194= 213 + 2. Thus(210)! > 1023!≥ 2m > 2213

, as required.

5. For each integern ≥ 0, we have a rule which gives a new integer, denoted byn∗. Suppose
that

(n + 1)∗ + (n − 1)∗

2
= n∗ + 1

for all n ≥ 1. If 0∗ = 0 and 100∗ = 20,000, find 200∗.

SOLUTION. Since(n + 1)∗ = 2[n∗ + 1] − (n − 1)∗, we can determine(n + 1)∗ from n∗ and
(n−1)∗. In particular, if we set 1∗ = 1+a, then using 0∗ = 0, we obtain 0∗ = 0+0a, 1∗ = 1+1a,
2∗ = 4 + 2a, 3∗ = 9 + 3a, and it appears thatn∗ = n2 + na for all n ≥ 0. Indeed, we can verify
this formula forn∗ by mathematical induction. Assuming that we have already established the
formula forn − 1 andn, we need to show that it also holds forn + 1. But this follows, since

(n + 1)∗ = 2[n∗ + 1] − (n − 1)∗

= 2[n2 + na + 1] − [(n − 1)2 + (n − 1)a]

= [2n2 + 2 − n2 + 2n − 1] + [2n − n + 1]a

= (n + 1)2 + (n + 1)a.

Finally, by hypothesis, 20,000= 100∗ = (100)2 + (100)a, soa = 100 and

200∗ = (200)2 + (200)a = 40,000+ 20,000= 60,000.


