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1. Given two real numbera andb, suppose that the average of their fourth powers is equal to
the fourth power of their average. Show that the two numbers must be equal.

SOLUTION. We are given thata* + b*)/2 = [(a + b)/2]*, and multiplication by 16 yields
8(a* + b* = (a + b)% If both a andb are zero, there is nothing to prove, so we can assume
thata # 0 and we writex = b/a. Substitution ofb = ax into the above equation yields
8a*(1+ x*) = a*(1+ x)*, and thus 8L + x*) = (1 + x)*. Our goal is to show that = 1 is the
only real solution for this equation.

Subtracting 182 from both sides, we obtain(8 — 2x? + x*) = (1+ x)* — 16x2. Both sides
can now be factored, and we have8- 1)%(x + 1)? = [(1 + x)? — 4x][ (1 + x)? + 4x]. Observe
that the first factor on the right equals— 1)2. Since we are seeking solutions (if any) with 1,
we can assume thaéx — 1)? # 0, and we can then divide both sides by this quantity. We obtain
8(x 4+ 1)? = (14 x)? + 4x, and simplification of this equation now yields?+ 10x + 7 = 0. This
quadratic equation has no real solutions since its “discriminant”3s-197-7, which is negative.
The original equation thus has no real solution different from 1.

2. Let | be the center of the inscribed circle 6fABC. Show
that the center of the circumscribed circleoB | C lies on the A
circumscribed circle o\ ABC.

SOLUTION. Draw line Al and extend it to meet the circumcircle

of AABC at point P, as shown in the diagram. We will show

that P is the center of the circumcircle &fBIC by proving that

PB=PI =PC. B C

To prove thatPB = P, it suffices to show thatPBI =
/P1B, and so we compute these two angles. Fitt] B is the
exterior angle at pointof AABI, and hence itis equal to the sum of P
the interior angles at the other two points of this triangle. Therefore
[P1B = /I AB + /I BA. Recall, however, that the “incentel’lies on the angle bisectors of the
three angles of the original triangle, and thUsAB = /A and/IBA = 1/B. Consequently,
[PIB=31/A+3/B.

Next, observe thatPBl = /PBC+/CBIl = /PBC+ %z B. ButZP BCisinscribed in the
circumcircle ofA ABC, and it subtends the same arc as the inscribed arigyC. It follows that
/PBC=(PAC= 3/A Thus/PIB = 1/A+ /B = /PBI, and it follows thatP B = P1I,
as desired. A similar argument shows tRa€ = P | and the proof is complete.

3. Recall that a rational number is one that can be written in the faym, wherem andn are
integers. Suppose that b andc are positive rational numbers and thga + /b + /C is
also rational. Show thay/a, /b and./c are each rational.

SOLUTION. Note that the set of rational numbers is closed under addition, subtraction, multipli-
cation and division (except that we cannot divide by 0, of course). Wfde+ vb+ /C =,
wherer is rational, and note that > 0. Then,/a + +vb = r — /¢, and by squaring both



sides we geti + 2/avb+ b = r? — 2r/c + c. We can thus write/ab = s — r./c, where

s = (r2+c—a— b)/2, and we observe that 0 since the positive numberab is definitely

not equal to the negative number ./c. Also, s is rational because of the closure properties of the
rational numbers. (We are using the fact that eadh bf c andr is rational.) Squaring both sides
of the equatiorn/ab = s—r ,/c, we getab = s?—2rs/c+r?c, and thus/c = (s®+r2c—ab)/2rs

Is rational because of the closure properties of the rationals. (Note that it is legal to divide by 2
since we know thas # 0 andr # 0.) We have shown thayc is rational, and similar arguments
show that,/a and+/b are also rational.

4. Suppose that all the integans> 1000 are divided into two se#s andB. Show that at least
one of these sets contains two different numbeasndy such thak + y is also in that set.

SOLUTION. At least one ofA or B must be an infinite set, and so we can assumeAlsinfinite.
Choose two different members 8§ sayu andv. SinceA is infinite, we can then choosein A
so large that thab > 2u + v + 1000. If eitherv +u orv + wisin A, we are done, and so we can
assume that both of these numbers lidin

Consider the numbev — u. Becauseav > 2u + v + 1000, we know thatv — u > 1000 and
also thatw —u > uandw —u > u+v. Noww — u must lie in one of the two sets, and we suppose
first thatw — uisin A. Thenw — u andu are two different members &, and(w — u) +u = w,
which is also inA, and so we are done in this case. On the other hand-i is in B, thenw —u
andu + v are different members @& and(w — u) + (u + v) = w + v, which also lies inB. We
are thus done in this case too.

5. Recall that the Fibonacci numbers arel12, 3,5, 8, ..., where after the first two, each is
the sum of the preceding two numbers. Wikgto denote thenth Fibonnaci number and
letr denote the numbdil + \/5)/2. Prove that the ratié 190/ Fog IS SO close to that the
difference satisfiefF10o/ Fog — I'| < 10720,

SOLUTION. First, note that the numberis a solution of the quadratic equatigh— x — 1 = 0,
and thug? =r + 1. Now write D,, = F,/Fn_1 — I, S0 our task is to show th&Dqo| < 1072°.
We investigate what happens to the quaniitywhen we increase by 1. We have

I:n-i-l I:n + I:n—l l:n—l
Dhiq = N =———r=1-7r =1-r .
TR Fn T, T T
Simplifying this by elementary algebra, and using the facttfat r + 1, we deduce that

1-r
Dh+r

Dn+1 = n-

Next, we observe thdd, +r = F,/F,_1 > 1 since the Fibonacci numbers form an increasing
sequence. ltfollows thatl —r)/(Dn+r)| < |1—r], and therefor¢D,,1| < |1—r||Dy|. Since

D, = 1 —r, this yields|D,| < |1 —r|" ! forn > 2, and in particular|D1igg| < |1 —r[%°. A
calculator computation shows that— r |*® is about 204 x 1072, and this is less than 1&°.



