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1. If x andy are any two real numbers, show that

(X% + yH? > xy(x + y)?.

SOLUTION. We prove the inequality by showing that the left side minus the right side is always
greater than or equal to zero. We compute

(X2 + Y22 — xy(x + y)? = x* 4+ 2x2y? 4+ y* — x3y — 2x%y? — xy?
=x' =Xy +yt—xy’
=x3(X —y) + Y3y — X)
=X =y =y).

Finally, it is easy to see thak — y)(x3 — y3) > 0 since either both factors are positive or both
factors are negative or both factors are zero.

2. In the diagramAP is an altitude ofA ABC, and pointQ A
is chosen on sidBC so that/ BAQ = /C AP. Show that
line AQ goes through the circumcenter 64/ABC.

SOLUTION. Draw the circumcircle and extendlQ to meet
the circle atR. Then draw chor® R, as shown. We must show
that AR is a diameter of the circle, and for this it suffices t
show that/ ABR= 90°. ComparingAAPCandAABR we B F->I C
see thay BAR= /P ACby hypothesis, and ACP = /ARB Q

because these angles subtend the same arc on the circle. |
follows that the third angles of the two triangles are equal, and
we have/ ABR= /APC = 90, as desired.

3. Observe that

R

212 =12+1

222=3-1

252 =7°+1
212 =17 - 1.

Show that there are actually infinitely many positive integer solutions to each of the equations
2x? =y?+1and X% = y> — 1.

SOLUTION. Note the pattern here. It appears that if we haa® 2 b® + e on one line, where
eithere = 1 ore = —1, then the left side of the next line i+ b)? and the right side of the next
line is (2a + b)? — e. If this pattern continues, we would expect that the line following the last
printed equation would read29)? = 412 + 1, and sure enough, this is true.



If we can show that @ + b)? = (2a + b)? — ewhenever 22 = b? + e, then this will show
that the pattern continues indefinitely, and there really are infinitely many solutions to each of the
two equations 22 = y2 + 1 and X% = y? — 1.
Thus suppose thag2 = b? + e. Then
2(a+0b)? — ((2a+ b)? — e) = 2a% + 4ab + 2b? — (4a® + 4ab+ b* — e)
=b?’-2a’+e=0 '

and 2a + b)?2 = (2a + b)?2 — e, as we wanted.

4. Suppose that every point in the plane is colored either red or blue. Prove that there exists an
iIsosceles right triangle all of whose vertices have the same color.

SOLUTION. Let A andB be two points of the same color, say red. Dravb

the squareABC D as indicated and leD be its center. If poinC is red, 7¢
thenAABC is an isosceles right triangle with all vertices red, and we are .

done. We can thus assume tl@ts colored blue, and similarly, we can ,:’1\
assume thab is blue. Finally, ifO is red, therA AO Bis an isosceles right O .
triangle with all vertices red, and © is blue, thenrACOD is an isosceles A _ Y B

right triangle with all vertices blue. This completes the proof.
5. Prove that no power of 2 can be written as a sum of two or more consecutive positive integers.

SOLUTION. The sum of then consecutive integers starting withis
m+MmM+1H+---+M+n—-1) =nm+nn—-1)/2

and if this is equal to2 we haven(2m+n — 1) = 28*1, If this equation holds witm > 1, we see
thatn must be even because it is a divisor 8f2 Butthen 2n+n— 1 is an odd positive divisor of
2¢+1 and it follows that 1+ n — 1 = 1. This yieldsm = (2 —n)/2, and since > 2, we see that
m < 0 and thus not all of our consecutive integers are positive. This is the required contradiction.



