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WISCONSIN MATHEMATICS SCIENCE & ENGINEERING TALENT SEARCH

SOLUTIONS TO PROBLEM SET III (1998-99)

1. An operation� is defined on the set of positive integers, so that ifx andy are any two positive
integers, thenx � y is also a positive integer. Assuming that� satisfies the three conditions
listed below, for all positive integersx, y andz, compute 5� 9 and justify your answer.

x � (y+ z) = (x � y)(x � z)

(x + y) � 1= (x � 1)+ (y � 1)

(x + y) � 2= (x � 2)+ 4(xy� 1)+ (y � 2) .

SOLUTION. By the second equation above, we get 2� 1 = (1 � 1) + (1 � 1) = 2a where
a = 1 � 1. Similarly, 3� 1 = (1 � 1) + (2 � 1) = a+ 2a = 3a, and continuing like this, we
see thatn � 1= na for every positive integern. We can now use the first of the given equations to
show thatn � 2= (n � 1)(n � 1) = (na)2. Similarly, n � 3= (n � 1)(n � 2) = (na)(na)2 =
(na)3, and continuing like this, we deduce thatn � m = (na)m for all positive integersn andm.
In particular, 2� 2= 4a2.

We can also compute 2� 2 from the third of the given equations. Indeed, if we plug in
x = 1 = y, we get 2� 2 = (1 � 2) + 4(1 � 1) + (1 � 2) = a2 + 4a + a2. We now have
4a2 = 2� 2= 2a2+ 4a, so 2a2 = 4a. Sincea 6= 0, this yieldsa = 2, and thusm� n = (2n)m.
In particular, 5� 9= 109, or 1 billion.

2. In the figure, the line segmentsAB, C D andP Q are common tangents to two given circles,
where pointsA andC are on one of the circles,B andD are on the other circle and pointsP
andQ are onAB andC D, as shown. Prove thatP B= QC

SOLUTION. Let U andV denote the points of tangency ofP Q with
the two circles, as shown. Also, letP B = x, QC = y, AP = r and
DQ = s, as indicated in the figure. Note thatAB = C D, so that we
haver + x = s+ y. Also, PV = P B = x and PU = P A = r ,
and it follows thatU V = r − x. Similarly, QU = QC = y and
QV = QD = s, and this yieldsU V = s− y. We therefore have
r − x = s− y. If we subtract this from our earlier equation, which
wasr + x = s+ y, we get 2x = 2y, and thusx = y, as desired.

3. (New Year’s Problem) Ifn > 1 is an integer and if we write

Sn = 1√
1
+ 1√

2
+ 1√

3
+ · · · + 1√

n
,

show that 2
√

n+ 1− 2 < Sn < 2
√

n − 1. Deduce that the numberS1,000,000 lies between
1998 and 1999.

SOLUTION. First, we show that 2
√

n+ 1 − 2 < Sn for all integersn ≥ 1. This inequality
certainly holds whenn = 1 since 2

√
2− 2< 1. We will show that if the desired inequality holds

for some value ofn, then it automatically holds for the next value ofn. Since we know that it holds



for n = 1, it will follow that it holds for n = 2, and thus forn = 3, and so on, for all positive
integersn. (In other words, we are using the principle of mathematical induction.)

We assume, therefore, that 2
√

n+ 1− 2< Sn, and we add 1/
√

n+ 1 to both sides to get

2
√

n+ 1− 2+ 1√
n+ 1

< Sn + 1√
n+ 1

= Sn+1 .

Observe that(2
√

n+ 1+ 1/
√

n+ 1)2 > 4(n + 1) + 4 = (2√n+ 2)2. It therefore follows that
2
√

n+ 1+ 1/
√

n+ 1> 2
√

n+ 2, and consequently

Sn+1 > 2
√

n+ 1+ 1√
n+ 1

− 2> 2
√

n+ 2− 2 .

Similarly, we prove by induction thatSn < 2
√

n− 1 for every integern > 1. This certainly
holds whenn = 2, and we assume that it holds for some particular value ofn, so thatSn < 2

√
n−1.

Adding 1/
√

n+ 1 to both sides yields

Sn+1 < 2
√

n+ 1√
n+ 1

− 1 .

But (2
√

n+ 1− 1/
√

n+ 1)2 > 4(n+ 1) − 4 = (2√n)2, so 2
√

n+ 1− 1/
√

n+ 1 > 2
√

n, and
thus

Sn+1 < 2
√

n+ 1√
n+ 1

− 1< 2
√

n+ 1− 1 ,

as desired. Finally, we plug inn = 1,000,000 and obtain 1998< S1,000,000< 1999.

4. Let x, y andz be positive real numbers. Show that(x + y)(x + z)(y+ z) ≥ 8xyz.

SOLUTION. An easy computation shows that

(x + y)(x + z)(y+ z) = 2xyz+ x(y2+ z2)+ y(x2+ z2)+ z(x2+ y2) .

Now y2 + z2 − 2yz = (y − z)2 ≥ 0, and thusy2 + z2 ≥ 2yz. Sincex > 0, this yields
x(y2 + z2) ≥ 2xyz. Similarly, we gety(x2 + z2) ≥ 2xyzandz(x2 + y2) ≥ 2xyz. Combining
these inequalities, we get(x + y)(x + z)(y+ z) ≥ 8xyz, as desired.

5. We construct a sequence of numbersA1, A2, A3, . . . in such a way thatAn + An+1 = An+2

for all subscriptsn ≥ 1. Suppose thatA2 = 3 andA50 = 300. Compute the value of the sum
S= A1+ A2+ A3+ · · · + A48, and justify your answer.

SOLUTION. For all integersm ≤ 48, write Sm = Am + Am+1 + Am+2 + · · · + A48, so that
the quantityS to be evaluated is actuallyS1. Observe thatAm+1 + Sm = Am+1 + Am + Sm+1 =
Am+2+ Sm+1. In particular, takingm= 1, we haveA2+ S1 = A3+ S2. If we takem= 2, we get
A3+ S2 = A4+ S3. Continuing like this, we get

A2+ S1 = A3+ S2 = A4+ S3 = · · · = A49+ S48 .

But S48 = A48, so this yieldsA2 + S1 = A49+ A48 = A50 = 300. SinceA2 = 3, we conclude
thatS= S1 = 297.


