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1. Introduction

Arakelov geometry, which is a mixture of algebraic geometry at finite primes (of a number
field) and real analysis at infinite primes, was invented by Arakelov [Ar] in 70s to ‘compact-
ify’ an arithmetic variety (see also [Fa2]). It has become a very important part of modern
number theory after Faltings’ proof of the Mordell conjecture (see for example [Fa1], [So])
and the celebrated Gross-Zagier formula and its vast generalization Gross-Zagier-Zhang
formula (see for example [GZ], [DZ], [YZZ2]). In the Gross-Zagier-Zhang type of formulas,
it is very important to have explicit construction of Green currents of the cycles involved
and to compute their period integrals.

Let (V,Q) be a quadratic space over Q of signature (n, 2), and let H = Gspin(V ) be
its general Spin group. Let D be the associated Hermitian symmetric domain, which we
identify as the set of oriented negative 2-planes in V (R) = V ⊗Q R. Then to any compact

open subgroup K ⊂ H(Q̂), one associates a Shimura variety XK canonically over Q such
that

XK(C) = H(Q)\D×H(Q̂)/K.

In this note, we often consider the pro-algebraic variety X = lim←−XK which makes some

statements simpler. Another feature of X is that H(Q̂) acts on X by right multiplication

and we can thus view X as a representation of H(Q̂).
For a positive definite subspace W of V of dimension r, its orthogonal complement

W⊥ is of signature (n − r, 2), and its associated Shimura variety is a subvariety of X of
codimension r and thus contribute to a cycle of codimension r in Zr(X) = lim−→Zr(XK). For

any totally positive rational matrix T of order r, and any Schwartz function ϕ ∈ S((V̂ )r),
using the above idea, Kudla builded up a cycle Z(T, ϕ) ∈ Zr(X)C = Zr(X) ⊗Z C of
codimension r (see Section 2 for detail). It is a very interesting and still open question
to construct the Green currents of these Kudla cycles in general. For r = 1, there are
two systematic constructions. Kudla gave a systematical construction in seminal work
[Ku1] (see also [Ku4]) based on his work with Millson [KM] together with solving some
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differential equation. This Green function is very handy in proving the so-called arithmetic
Siegel-Weil formulas (see for example, [Ku1], [KRY1], [KRY2], [KRY3] [Ho], [KY2]).

On the other hand, Bruinier and Funke gave another systematical construction using the
regularized theta lifting from harmonic weak Maass forms (see Section 3), pioneered by
Harvey and Moore [HM], and Borcherds [Bo1]. This green function turns out to be handy
in computing its period integral and is likely to reduce to the original Green function Gross-
Zagier constructed in their seminal paper [GZ] when the Shimura variety is a modular curve
(although we have not checked it carefully). The purpose of this note is to briefly review
this construction and its period integrals worked out in [BY1], [Zha], [BKY]. The new
result reveals a direct connection between the period integral and certain Rankin-Selberg
L-function. Indeed, Bruinier and the author used this direct connection to give a new proof
of the Gross-Zagier formula in [BY1], This direction connection also inspires a conjecture
relating the Faltings’ height with the central derivative of the Rankin-Selberg L-function
which was verified for n ≤ 2 in some special cases in [BY1]. Now we set up notation and
describe the work in a little more detail.

Let Γ′ be the ‘metaplectic’ double cover of SL2(Z) (the preimage of SL2(Z) ⊂ SL2(R)
in the metaplectic cover of SL2(R)). Associate to the quadratic space V is a ‘Weil’ repre-

sentation ρ̄ of Γ′ on the Schwartz space S(V̂ ), which is basically the Weil representation

ωV (see Section 3 for detail). Here V̂ = V ⊗Q Q̂. Let f : H → S(V̂ ) be a harmonic weak
Maass form of weight 1− n

2
with representation ρ̄ as defined in Definition 3.2, we can write

f(τ) = f+(τ) + f−(τ) =
∑
n≥n0

c+(n)qn +
∑
n<0

c−(n)Γ(
n

2
, 4π|n|v)qn, c±(n) ∈ S(V̂ ),

where Γ(k, t) is the partial Gamma function. Let

Z(f) =
∑
n>0

c+(−n)Z(n, c+(n)) ∈ Z1(X)

be the associated Kudla divisor, where Z(n, ϕ) is the Kudla divisor defined in Section 2

for any ϕ ∈ S(V̂ ). On the other hand, we can also write

f(τ) =
∑
j

fj(τ)ϕj

as a linear combination of some ϕj ∈ S(V̂ ) with coefficients fj being usual harmonic weak
Maass forms for some congruence subgroups. Bruinier and Funke [BF] define a function
Φ(z, h; f) on X by regularized theta lifting (Section 3):

Φ(z, h; , f) =

∫ reg

SL2(Z)\H

∑
j

fj(τ)θ(τ, z, h;ϕj)dµ(τ),

and proved that Φ(f) is a Green function of Z(f). Here θ is the Siegel theta function defined

in Section 3.1. So we have an arithmetic Chow cycle Ẑ(f) = (Z(f),Φ(f)) ∈ Ẑ1(X).
Now let W be a positive definite subspace of V of dimension r, then W⊥ is of signature

(n−r, 2) and gives rise to a sub-Shimura variety Z(W ) of X of codimension r as mentioned
before. Let Ψ be an automorphic form on SO(W )(A) which is trivial on SO(W )(R), which
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can also be viewed as an automorphic form on Gspin(W ) with trivial central character.
We are interested in computing the period integral

(1.1) I(W,Ψ; f) =
1

vol([SO(W )])

1

vol(Z(W ))

∫
[SO(W )]

Ψ(h1)dh1

∫
Z(W )

Φ(z, h1h2; f) dz dh2.

Zhao proved in his thesis [Zha] an explicit formula for the period integral in terms of the
central derivative of some Rankin-Selberg L-function and some arithmetic data, which we
state roughly as the following theorem(see Theorem 5.5 for precise statement).

Theorem 1.1. (Zhao) Let W be a positive definite subspace of V such that Z(W ) ∩ Z(f)
is empty. Let U = W⊥ be its orthogonal complement of W in V . Let Ψ be an automorphic
form on SO(W )(A) which is trivial on SO(W )(R), and let θW (Ψ) be the theta lifting, which
is an holomorphic modular form of weight r

2
. Then there is an ‘incoherent’ Eisenstein series

EU(τ, s;
n−r+2

2
) of weight n−r+2

2
such that

I(W,Ψ; f) = CT[⟨f+, θW (Ψ)EU(τ)⟩]− L′(ξ(f),Ψ, 0).

Here EU(τ) is the ‘holomorphic part’ of E ′
U(τ,

n−r
2
; n−r+2

2
), CT[⟨f+, θW (Ψ)E(τ)⟩] is the

constant term of

⟨f+, θW (Ψ)EU(τ)⟩ =
∑
j

f+
j (τ)θW (τ ; Ψ, ϕW,j)E(τ, ϕU,j)

if we write

f(τ) =
∑
j

fj(τ)ϕW,j ⊗ ϕU,j, ϕW,j ∈ S(Ŵ ), ϕU,j ∈ S(Û).

Finally ξ(f) = 2iv1−
n
2
∂f
∂τ̄
(τ) is a holomorphic cuspidal modular form of weight 1 + n

2
, and

L(ξ(f),Ψ, s) = ⟨θW (Ψ)EU(τ, s), f⟩Pet

=

∫
SL2(Z)\H

∑
j

ξ(fj)θW (Ψ, ϕW,j)E(τ, s;ϕU,j,
n− r + 2

2
)v1+

n
2 dµ(τ)

is a Rankin-Selberg L-function.

Notice that CT[..] is of arithmetic nature and is often of the form
∑

p ap log p where ap
is in the field Q(f) generated by the values of ϕj.

When r = n and Ψ is the characteristic function of SO(W )(Q)K SO(W )(R) for some

compact open subgroup K of SO(W )(Q̂), this is the main general formula in [BY1] (see
also Theorem 5.1), which is in turn a generalization of [Scho, Theorem 1.1]. When r = 0
and f is ‘weakly holomorphic’ (i.e., ξ(f) = 0), this is the main result in [Ku3]. Zhao’s proof
combines the main result in [Ku3] with some contraction map he discovered. The basic
idea is switching the order of integration, Siegel-Weil formula, a precise relation between
a ‘coherent’ Eisenstein series and an incoherent Eisenstein series observed by Kudla [Ku3,
(2.17)] (see also Propostion 4.2), and Stokes’ theorem. We refer to the proof of Theorem
5.1 for a little more detail.

Cycles in X does not always comes from positive definite subspaces. In [BKY], Bruinier,
Kudla, and the author construct and study a family of ‘big” CM 0-cycles in X for some
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special V and computed the special values of Φ(f) on these CM cycles, and obtain similar
result as above. We review this work in Section 6.

In [Br], Bruinier extends the construction of Bruinier and Funke highly non-trivially to
get Green functions of Kudla cycles on Shimura varieties over a totally real number field
(of orthogonal type). In [BY2], Bruinier and the author computed the CM values of these
automorphic Green functions and again obtain a similar formula. We will not review these
results here and refer the reader to the original papers.

Acknowledgement. It is my great pleasure to dedicate this article to Professor Keqin
Feng on the occasion of his 70th birthday with admiration and gratitude. I thank Bruinier
and Kudla for very enjoyable collaboration and for allowing me to explaining our work in
this note. The idea to avoid choice of lattices in the vector valued modular forms came
originally from Kudla’s Atkin memorial talk at UIC in 2010. I thank Luanlei Zhao for
allowing his ongoing thesis project to be explained here.

1.1. Notation. Throughout this paper, A stands for adeles of Q and AF stands for adeles
of a number field F . We use F̂ to denote the finite adeles of F . For a vector space V
over F , we denote V̂ = V (F̂ ) = V ⊗F F̂ . For a vector space V over C, we denote V ∨ for
HomC(V,C). For an algebraic group G over Q, we denote [G] = G(Q)\G(A).

2. Shimura varieties of orthogonal type and their Kudla cycles

Let (V,Q) be a quadratic space over Q of signature (n, 2), and let H = Gspin(V ) be the
associated Gspin group. One has the exact sequence

1→ Gm → H → SO(V )→ 1.

Let D be the Hermitian domain of oriented negative 2-planes in V (R), and let

LD = {w ∈ V (C) : (w,w) = 0, (w, w̄) < 0} ∪ {0}.
Then LD is a line bundle over D via the map which sends w = u + iv ̸= 0 to the oriented
negative 2-plane Ru + R(−v). Finally, there is also a tube domain for D. Choose e, f ∈
V (R) such that (e, f) = 1 and (e, e) = (f, f) = 0, and let V0 = (Re+ Rf)⊥. Let

D = {z ∈ V0(C) : Q(Im(z)) < 0}.
Then

(2.1) w(z) = z + e−Q(z)f
gives an nowhere vanishing map from D to LD, which induces a bijection between D and
D. We will identify D with D via the above map. So ω is a nowhere vanishing section of
the line bundle LD. To a compact open subgroup K of H(Q̂), there associates a Shimura
variety XK over Q such that

XK(C) = H(Q)\D×H(Q̂)/K.

The line bundle LD induces a line bundle L on XK , which is given over C by

LK(C) = H(Q)\LD ×H(Q̂)/K.
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For a totally positive subspace W of V of dimension r and an element g ∈ H(Q̂), we
define a cycle Z(W, g) ∈ Zr(XK) over Q as follows. LetW⊥ be the orthogonal complement

of W in V , let HW = Gspin(W⊥) and KW,g = HW (Q̂)∩ gKg−1. Let DW be the Hermitian
symmetric domain associated to W⊥, which can be identified as oriented negative two
planes in D which is orthogonal to W . Over C, Z(W, g) is the direct image of the map

HW (Q)\DW ×HW (Q̂)/KW,g → XK , [z, h] 7→ [z, hg].

For a positive definite matrix T of order r, we define the Kudla cycle map

(2.2) Z(T )K : S(V̂ r)K → Zr(XK)C = Zr(XK)⊗Z C, ϕ 7→ Z(T, ϕ)

as follows, where S(V̂ r)K is the subspace of the Schwartz functions which are K-invariant.
If there are x = (x1, x2, · · · xr)t ∈ V (Q)r such that 1

2
(x, x) = T , then

Z(T, ϕ)K =
∑

h∈Hx(Q̂)\H(Q̂)/K

ϕ(h−1x)Z(Wx, h).

Here Wx is the subspace of V generated by coordinates xi of x, and Hx is the stabilizer of
Wx in H. Notice that this is a finite sum. When there are no x ∈ V r with 1

2
(x, x) = T ,

we define Z(T, ϕ) = 0. More generally, if T is semi-positive of rank r(T ) < r, the above
definition would give a cycle in Zr(T )(XK) since Wx is of dimension r(T ). In this case we
define Z(T, ϕ) to be the intersection of the cycle in above equation with Lr−r(T ). This way,
we extend Kulda cycle map (2.2) to semi-positive matrix T .

The Kudla cycles have a nice compatibility property as follows. For two compact open
subsets K1 ⊂ K2, let π1,2 be the projection from XK1 onto XK2 . Then Kudla proved

in [Ku2] that π∗
1,2Z(T )K2 = Z(T )K1 . In another word, for any ϕ ∈ S(V̂ r)K2 one has

π∗
1,2Z(T, ϕ)K2 = Z(T, ϕ)K1 .
Let X = lim←−XK be the pro-algebraic variety with respect to π1,2, and let Zr(X) =

lim−→Zr(XK) with respect to π∗
1,2. Then the compatibility implies that Z(T ) is a linear map

Z(T ) : S(V̂ r)→ Zr(X)C,

which is H(Q̂)-equivariant. We can and will view Z(T ) ∈ Zr(X)⊗Z S(V̂
r)∨.

Define

(2.3) Φ(τ) =
∑

T∈Symr(Q)≥0

Z(T )qT ∈ CHr(X)C[[q]], τ ∈ Hr

Wei Zhang [ZhW] has proved the following theorem which partially answered a conjecture
of Kudla [Ku2], based on Borcherds’ result [Bo2] for r = 1. The theorem was extended to
totally real number fields by Xinyi Yuan, Shou-Wu Zhang, and Wei Zhang [YZZ1].

Theorem 2.1. For any linear map l : CHr(X)C → C and ϕ ∈ S(V̂ r) such that

l(Φ(τ, ϕ) :=
∑
T

l(Z(T, ϕ))qT

is absolutely convergent, l(Φ(τ, ϕ)) is a Siegel modular form of weight ??.
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It is also conjectured by Kudla that l(Φ(τ, ϕ)) is always absolutely convergent and that

Φ(τ) is a Siegel modular form valued in Hom(S(V̂ r),CHr(X)C) = CHr(X)⊗Z S(V̂
r)∨.

3. Harmonic Weak Maass forms, regularized theta lifting, and
automorphic Green functions

It is important to construct ‘nice’ Green currents in Arakelov geometry and arithmetic
intersections. Kudla constructed systematically Green functions for the Kudla divisors
Z(T, ϕ) in [Ku1] and [Ku4]. They are very useful for the arithmetic Siegel-Weil formula (see
for example, [Ku1], [KRY1], [KRY2], [KRY3] [Ho], [KY2]). On the other hand, Bruinier
and Funke [BF] constructed another family of Green functions for the Kudla divisors using
regularized theta lifting, which are convenient for computing period integrals. In this
section, we review Bruinier and Funke’s construction. Our presentation is slightly different
in the sense that we don’t choose a lattice in advance and we work on the pro-Shimura
variety.

3.1. Siegel’s theta functions. Let’s fix the unramified ‘canonical’ additive character
ψ =

∏
ψp of Q\A such that ψ∞(x) = e(x) for x ∈ R, where e(x) = e2πix. Let G = SL2

and let G′
A = Mp1,A be the metaplectic double coverof G(A). Associated to the quadratic

space (V,Q) is the reductive dual pair (O(V ), G), and the Weil representation ω = ωV,ψ of
G′

A = Mp1,A on S(V (A)). We frequently identify G′
R, the full inverse image in G′

A of G(R),
with the group of pairs

(g, φ(τ))

where g = ( a bc d ) ∈ SL2(R) and ϕ(τ) is a holomorphic function on the upper complex half
plane H such that φ(τ)2 = cτ + d. The multiplication is given by (g1, φ1(τ))(g2, φ2(τ)) =
(g1g2, φ1(g2τ)φ2(τ)).

Let K ′ be the full inverse image in G′
A of K = SL2(Ẑ) ⊂ G(Af ). Let K ′

∞ be the full
inverse image in G′

R of K∞ = SO(2,R) ⊂ G(R). We write G′
Q for the image in G′

A of G(Q)
under the canonical splitting. We have G′

A = G′
QG

′
RK

′ and

Γ := SL2(Z) ∼= G′
Q ∩G′

RK
′.

We write Γ′ = Mp1(Z) for the full inverse image of SL2(Z) in G′
R. Then for every γ′ ∈ Γ′

there are unique elements γ ∈ Γ and γ′′ ∈ K ′ such that

γ = γ′γ′′.(3.1)

The assignment γ′ 7→ γ′′ defines a homomorphism Γ′ → K ′. The groups G′
A and H(A) act

on the space S(V (A)) of Schwartz-Bruhat functions of V (A) via the Weil representation
ω = ωψ.

For any z ∈ D, we may decompose V = z⊕ z⊥ and consider the corresponding majorant

(x, x)z = (xz⊥ , xz⊥)− (xz, xz),

which is a positive definite quadratic form on the vector space V (R). The Gaussian

ϕ∞(x, z) = exp(−π(x, x)z)



HARMONIC WEAK MAASS FORMS, AUTOMORPHIC GREEN FUNCTIONS, AND PERIOD INTEGRALS7

belongs to S(V (R)). It has the invariance property ϕ∞(hx, hz) = ϕ∞(x, z) for any h ∈
H(R). Moreover, it has weight n/2−1 under the action of the maximal compact subgroup

K ′
∞ ⊂ G′

R. For any ϕ ∈ S(V̂ ), we define the Siegel theta function

θ(τ, z, h;ϕ) =
∑
x∈V

ω(g′τ )ϕ∞(x, z)ϕ(h−1x) = v
∑

x∈V (Q)

e
(
Q(xz⊥)τ +Q(xz)τ̄

)
⊗ ϕ(h−1x).

Here τ = u+ iv ∈ H, g′τ = (gτ , v
− 1

4 ) ∈ G′
R with

gτ =

(
1 u
0 1

)(
v1/2 0
0 v−1/2

)
,

and [z, h] ∈ X. The theta function θ(τ, z, h;ϕ) is a modular form of weight n
2
− 1 with

respect to τ and an automorphic function on X with respect to [z, h]. This way, we obtain
a linear functional

(3.2) θ ∈ (An
2
−1⊗̂A0(X))⊗ S(V̂ )∨ = Hom(S(V̂ ),An

2
−1⊗̂A0(X)), ϕ 7→ θ(τ, z, h;ϕ)

where An
2
−1 is space of modular forms (non-holomorphic) for some congruence subgroups

of weight n
2
− 1, and A0(X) is the space of automorphic functions on X.

Let V = W ⊕ W⊥ be an orthogonal decomposition of V with W of signature (r, 0).
Let ϕ∞,V and ϕ∞,W⊥ be the same function ϕ∞ defined above associated to V and W⊥

respectively, and let ϕ∞,W be the Gaussian e−π(x,x) for x ∈ W . Then one has

ϕ∞,V (x1 + x2, z) = ϕ∞,W (x1)ϕ∞,W⊥(x2, z), x1 ∈ W,x2 ∈ W⊥, z ∈ DW .

So for ϕ = ϕ1 ⊗ ϕ2 ∈ S(Ŵ )⊗ S(Ŵ⊥) = S(V̂ ), one has for τ ∈ H, h1 ∈ Gspin(W )(Q̂), and
[z, h2] ∈ Z(W )

θV (τ, z, h1h2;ϕ1 ⊗ ϕ2) = θW (τ, h1;ϕ1)θW⊥(τ, z, h2;ϕ2),

where θV , θW , and θW⊥ are the theta kernel functions associated to V , W , and W⊥

respectively. In another word, the Siegel theta functional θ has a nice decomposition

(3.3) θV = θW θW⊥ .

3.2. Harmonic weak harmonic forms. For an half integer k and a representation σ of
Γ′ on a complex vector space M , and a function f : H→M , we define the slash operator

f |k,σγ′(τ) = φ(cτ + d)−2kσ(γ′)f(γ(τ)

for γ′ = (γ, φ) ∈ Γ′ and γ =

(
a b
c d

)
. The function f is called continuous (smooth, etc) if

there are mi ∈M , 1 ≤ i ≤ n such that

f(τ) =
∑
i

fi(τ)mi

and each fi being continuous (smooth, etc). Let ρ̄ and ρ be the two Weil representations

of Γ′ on S(V̂ ) given by

ρ(γ′)ϕ = ω(γ′′)−1ϕ, ρ̄(γ′)ϕ = ω(γ′′)ϕ
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for γ′ ∈ Γ′, γ′′ ∈ H(Q̂), γ = γ′γ′′ ∈ Γ. The representation ρ is the Weil representation used
in [Bo1], see also [BKY]. The representations ρ and ρ̄ are dual each other if we identify

the representation space S(V̂ )∨ of ρ∨ with S(V̂ ) = S(V̂ ) via ϕ 7→ ϕ∨. Here

ϕ∨(ϕ1) = (ϕ1, ϕ) :=

∫
V̂

ϕ1(x)ϕ(x) dx.

Remark 3.1. It is more natural (to me ) to denote ρ̄ by ρ and ρ by ρ∨. The current notation
came from [Bo1] and has been used ever since. Changing now might cause more confusion.

Definition 3.2. A twice continuously differentiable function f : H → S(V̂ ) is called a
harmonic weak Maass form (of weight k with respect to Γ′ and ρ̄) if it satisfies:

(i) f |k,ρ̄ γ′ = f for all γ′ ∈ Γ′;

(ii) there is a S(V̂ )-valued Fourier polynomial

Pf (τ) =
∑
n≤0

c+(n)qn, c+(n) ∈ S(V̂ )

such that f(τ)− Pf (τ) = O(e−εv) as v →∞ for some ε > 0;
(iii) ∆kf = 0, where

∆k := −v2
(
∂2

∂u2
+

∂2

∂v2

)
+ ikv

(
∂

∂u
+ i

∂

∂v

)
is the usual weight k hyperbolic Laplace operator (see [BF]).

The Fourier polynomial Pf is called the principal part of f . We denote the vector space
of these harmonic weak Maass forms by Hk,ρ̄. The Fourier expansion of any f ∈ Hk,ρ̄ gives
a unique decomposition f = f+ + f−, where

f+(τ) =
∑
n∈Q

n≫−∞

c+(n)qn, c+(n) ∈ S(V̂ )(3.4a)

f−(τ) =
∑
n∈Q
n<0

c−(n)Γ(1− k, 4π|n|v)qn, c−(n) ∈ S(V̂ )(3.4b)

where

Γ(k, t) =

∫ ∞

t

e−txxk
dx

x

is the partial Gamma function. We refer to f+ as the holomorphic part and to f− as the
non-holomorphic part of f . A harmonic weak Maass form f is called weakly holomorphic
if f− = 0. A weakly holomorphic modular form f is cuspidal if a+(n) = 0 for all n ≤ 0.

We denote M !
k,ρ̄ for the space of weakly holomorphic forms valued in S(V̂ ). Similarly, we

define Sk,ρ to be the space of holomorphic cuspidal forms valued in S(V̂ ) of weight k and
representation ρ.

Recall that there is an antilinear differential operator ξ = ξk : Hk,ρ̄ → S2−k,ρ, defined by

(3.5) f(τ) 7→ ξ(f)(τ) := 2ivk
∂f

∂τ̄
(τ).
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Indeed, one checks if f =
∑
fiϕi with ϕi ∈ S(V̂ )

ξ(f)|2−k,ρ(γ′) = 2i(Im(γ(τ)))kφ(cτ + d)2(k−2)ω(γ′′)−1
∑
i

∂fi
∂τ̄

(γ(τ))ϕ̄i

= 2ivkφ(cτ + d)−4
∑
i

φ(cτ + d)−2k
∂fi
∂τ̄

(cτ + d)ρ̄(γ′)ϕi

= ξ(f |k,ρ̄(γ′))(τ).

The kernel of ξ is equal to M !
k,ρ̄. By [BF, Corollary 3.8], the sequence

0 // M !
k,ρ̄

// Hk,ρ̄
ξ // S2−k,ρ // 0(3.6)

is exact.
Let L be an even integral lattice in V , and let L′ ⊃ L be its dual lattice. Let

SL = ⊕µ∈L′/LCϕµ
be the space of locally constant functions on V̂ which are supported on L̂′ and is L̂-invariant.
Here ϕµ = char(µ+ L̂) is the characteristic function of µ+ L̂. Then the subspace

Hk,ρL = {f ∈ Hk,ρ : f(τ) ∈ SL}
is the space of Harmonic weak Maass forms associated to L defined in [BY1] (denoted by

H+
k,ρL

in [BF]). For any compact open K, S(V̂ )K is finite dimensional and is contained in
some SL, the following is obvious:

Lemma 3.3. One has
Hk,ρ =

∪
L

Hk,ρL .

In another word, for every f ∈ Hk,ρ, one has f ∈ Hk,ρL for some even integral lattice L in
V , in particular, one has

f(τ) =
∑

µ∈L′/L

fµ(τ)ϕµ

where fµ are harmonic weak Maass forms for some congruence subgroups.

3.3. The regularized theta lifting and automorphic Green function. For a har-
monic weak Maass modular form of weight 1− n

2
and representation ρ̄,

f(τ) =
∑

m≫−∞

c+(m)qm +
∑
m<0

c−(m)Γ(
n

2
, 4π|m|v)qm,

we define a Kudla cycle

(3.7) Z(f) =
∑
m>0

Z(m, c+(−m)) ∈ Z1(X)C,

and write

(3.8) ⟨f, θ⟩ =
∑
j

fj(τ)θ(τ, z, h;ϕj), if f(τ) =
∑
j

fj(τ)ϕj.
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Let the ‘regularized’ theta lifting

(3.9) Φ(z, h; f) =

∫ reg

SL2(Z)\H
θ(τ, z, h; f(τ))dµ(τ),

be the constant term in the Laurent expansion at s = 0 of the function defined, for Re(s)
sufficiently large, by the integral

lim
T→∞

∫
FT

⟨f, θ⟩v−sdµ(τ).

Here FT be the truncated domain for any T ≥ 1

FT = {τ = u+ iv ∈ H : |u| ≤ 1

2
, |τ | ≥ 1, 0 < v ≤ T}.

When c+(0, 0) := c+(0)(0) = 0, the regularized integral simply equals∫ reg

SL2(Z)\H
⟨f, θ⟩dµ(τ) = lim

T→∞

∫
FT

⟨f, θ⟩dµ(τ).

Bruinier and Funke proved in [BF] the following theorem.

Theorem 3.4. Let f ∈ H1−n
2
,ρ̄.

(1) Φ(z, h; f) has a logarithmical singularity along the divisor Z(f) and is a Green
function for Z(f): dzd

c
zΦ is a smooth (1, 1)-form on X and one has the following

current equation
dzd

c
zΦ + δZ(f) = [dzd

c
zΦ].

(2) Moreover, one has ∆zΦ = n
4
c+(0, 0)Φ, where ∆ is the usual Laplacian on X. In

particular, when c+(0, 0) = 0, Φ is harmonic.
(3) When f is weakly holomorphic, i.e, f− = 0, and c+(n) are integral valued functions

for n ≥ 0, there is a memorphic automorphic form Ψ(f) on X of weight |c+(0, 0)|
such that

− log ∥Ψ(z, h; f)∥2Pet = Φ(z, h; f).

Here ∥ ∥Pet is suitably normalized Petersson norm.

By the theorem, we have constructed an Arakelov divisor Ẑ(f) = (Z(f),Φ(f)) ∈ Ẑ1(X)
for every f ∈ Hk,ρ̄. Denote H0

k,ρ̄ be the subspace of f ∈ Hk,ρ̄ with c+(0, 0) = 0. Assume

that H0
1−n

2
,ρ̄ → S1+n

2
,ρ is surjective, which is often the case. Then one has the following

communicative diagram:

0 // M !,0
1−n

2
,ρ̄

//

��

H0
1−n

2
,ρ̄

ξ //

f 7→Ẑ(f)

��

S1+n
2
,ρ //

��

0

0 // B̂1(X)C // Ẑ1(X)C // ĈH
1
(X)C

// 0

In particular, one has a map

S1+n
2
,ρ → ĈH

1
(X), g 7→ Ẑ(g) = (Z(f),Φ(f)),
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where f ∈ H0
1−n

2
,ρ̄ with ξ(f) = g.

4. Eisenstein Series associated to coherent and incoherent quadratic
spaces

Let χ =
∏
χp be a quadratic idele character of Q×\A×, and let G′

A be the metaplectic
cover of G(A) = SL2(A). There are two induced representation of G′

A associated to χ, both
denoted by I(s, χ) = ⊗pI(s, χp), one genuine (called odd case) and one from the induced
representation of G(A) (called even case). In the even case, it consists simply of smooth
functions Φ : G(A)→ C such that

Φ(n(b)m(a)g, s) = χ(a)|a|s+1Φ(g, s)

for b ∈ A, a ∈ A× and g ∈ G(A), where

n(b) = ( 1 b
0 1 ) , m(a) =

(
a 0
0 a−1

)
.

We just extend it to G′
A via Φ(g′, s) = Φ(g, s) where g is the image of g′ in G(A). The odd

case is similar but with slight complication of co-cycles. We refer to [Ku3, Section 4] and
[KY1] for precise definition. A section Φ ∈ I(s, χ) in the even case is standard if Φ(k, s)

is independent of s when k ∈ K = SL2(Ẑ) SO2(R)—the maximal compact subgroup of
G(A), and similarly in the odd case. It is factorizable if Φ =

∏
pΦp. For an half integer l

satisfying the parity condition{
(−1)l = χ∞(−1) in the even case,

l ≡ 1
2
χ∞(−1) mod 2 in the odd case,

we denote Φl
∞ ∈ I(s, χ∞) for the (unique) weight l eigenfunction of K ′

∞ (the preimage of
K∞ = SO2(R) ) such that

Φl
∞(1, s) = 1, Φl

∞(g′k′, s) = χl(k
′)Φ(g′, s)

where χl is the eigencharacter of K ′
∞ of ‘weight l’. Notice that Φl

∞, l ∈ l0 + 2Z generate
I(s, χ∞). The following is well-known.

Lemma 4.1. Let (V∞, Q) be a quadratic space over R of signature (p, q), and let V∞ =
V+ ⊕ V− be any orthogonal decomposition such that V± is positive (negative) definite, and
define

ϕ∞(x) = e−2πQ(x+)+2πQ(x−)

where x± is the projection of x in V±. Then

λ∞(ϕ∞) = Φ
p−q
2∞ .

In particular, λ∞(ϕ∞) does not depend on the choice of the decomposition of V∞.

For a standard section Φ ∈ ⊗p≤∞I(s, χp), the Eisenstein series

E(g′, s,Φ) =
∑

γ∈PQ\GQ

Φ(γg′, s)
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is absolutely convergent when Re(s) is big enough and has analytic continuation to the
whole s-plane (with finite many poles) and a functional equation.

PQ = NM = {n(b)m(a) : b ∈ Q, a ∈ Q×},
and

g′τ = (n(u), 1)(m(
√
v), v−

1
4 ) ∈ G′

∞.

When Φ = ΦfΦ
l
∞ is of ‘weight’ l, we denote

(4.1) E(τ, s,Φf ; l) = E(g′τ , s,Φ)

which is a (non-holomorphic) modular form of weigh l.
Let (V = ⊗Vp, QA =

∏
Qp) be a quadratic space over A of dimension m with quadratic

character

χV :=
∏
p

χVp = ((−1)
m(m−1

2 detV, )A = χ.

That is, V is a free A-module of rank m together with a quadratic form QA : V→ A such
that for each prime p ≤ ∞, one has χVp = χp. The quadratic space V is called coherent
(incoherent) if its Hasse invariant

ϵ(V) :=
∏
p

ϵ(Vp) = 1 (resp.− 1).

It is coherent if and only if there is a global quadratic space (V,Q) over Q such that
(V, QA) ∼= (V (A), Q).

Now let (V,Q) be a quadratic space over Q of signature (n, 2) as before, and let (C =
⊗Cp, QA) be the incoherent quadratic space over A such that C∞ is of signature (n+ 2, 0),

and Cp = Vp for all p < ∞. So for any ϕ ∈ S(V̂ ) = S(Ĉ), one has two Eisentein series, a
‘coherent’ Eisenstein series of weight n

2
− 1

(4.2) EV (τ, s, ϕ;
n

2
− 1) = E(τ, s;λV (ϕ),

n

2
− 1) = E(g′τ , s, λV (ϕϕV,∞)),

and an ‘incoherent’ Eisenstein series of weight n
2
+ 1:

(4.3) EV (τ, s;ϕ,
n

2
+ 1) = E(τ, s;λC(ϕ),

n

2
+ 1) = E(g′τ , s, λC(ϕϕC,∞)).

Here ϕV,∞ and ϕC,∞ are the function ϕ∞ in Lemma 4.1 associated to V∞ and C∞ respectively.
Kudla discovered the following relation between the two Eisenstein series in [Ku3, (2.17)].

Proposition 4.2. (Kudla) Let the notation be as above. Then

−2∂̄(E ′
V (τ,

n

2
;ϕ,

n

2
+ 1)dτ) = EV (τ,

n

2
;ϕ,

n

2
− 1)dµ(τ).

Here E ′ is the derivative of E with respect to s, and dµ(τ) = − 1
2i
dτ∧dτ̄
v2

= dudv
v2

.

Remark 4.3. When n = 0, i.e., dimV = 2, the incoherent Eisenstein series E(τ, s, ϕ; 1) is
automatically zero at s = 0, a key observation of Kudla in starting the so-called Kudla
program [Ku1], [Ku4]. When n > 1, however, the incoherent Eisenstein series E(τ, s;ϕ, n

2
+

1) is non-zero in general at s = n
2
.
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Finally, we recall the following version of the Siegel-Weil formula ([Ku3, Theorem 4.1]).

Theorem 4.4. (Siegel-Weil formula) Let (V,Q) be a quadratic space space over Q of
dimension m > 1 such that V is anisotropic or m− r(V ) > 2 where r(V ) is the Witt index
of V . Let ϕ ∈ S(V (A)). Then the theta integral

I(g′, ϕ) =

∫
[SO(V )]

θ(g′, h, ϕ)dh

is absolutely convergent, and

E(g′,
m− 2

2
;λ(ϕ)) =

κ

vol([SO(V )])
I(g′, ϕ).

Here κ = 2 or 1 depending on whether m = 2 or bigger than 2.

5. Period integrals of the automorphic Green function Φ(z, h; f)

In Arakelov geometry, it is often important to compute the period integral of a Green
function on a cycle. In the rest of the paper, we discuss three cases of the period integrals of
the automorphic Green functions and their relations with certain Rankin Selberg integrals.
Let (V,Q) be a quadratic space over Q of signature (n, 2) as in Section 2, H = Gspin(V ),
and let X = lim←−XK the associated (pro-)Shimura variety. Let f ∈ H1−n

2
,ρ̄ be a harmonic

weak Maass form of weight 1 − n
2
and representation ρ̄ as in Section 3, and let Φ(z, h; f)

be the associated Green function of the divisor Z(f)

5.1. Small CM values of an automorphic Green functions. In this subsection, we
discuss briefly the work of Bruinier and the author [BY1] on the small CM values of Φ(f)
and its relation with certain Rankin-Selberg L-function.

Let U ⊂ V be a subspace of signature (0, 2), and let W = U⊥. Let k = Q(
√
− detU) be

the imaginary quadratic field associated to the quadratic character χU . Then Gspin(U) =
Resk/QGm. Denote z±U for the two points in D associated to two orientation of U . Then
the zero cycle Z(W ) in XK defined in Section 2, which we now denote by Z(U), is just

Z(U) = {z±U } × (k×\k̂×).

On a finite level K ⊂ H(Q̂), it is

Z(U)K = {z±U } × (k×\k̂×/(K ∩ k̂×)).

We define the ‘normalized’ CM values

Φ(Z(U)K ; f) =
1

degZ(U)K

∑
(z,h)∈Z(U)K

Φ(z, h; f),(5.1)

Φ(Z(U); f) =
1

vol(Z(U))

∫
Z(U)

Φ(z, h; f)dz dh =
1

vol([k×])

∫
[k×]

Φ(z+U , h; f)dh.
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Here degZ(U)K denotes the degree of the 0-cycle Z(U)K in XK , and we take dh to be any
product Haar measure on k×A and the quotient measure on [k×] = k×\k×A . We also define

for h = ĥh∞ ∈ k×A = k̂×k×∞

Φ(z, h; f) = Φ(z, ĥ; f).

for convenience. The normalization has the following compatibility property: if f(τ) ∈
S(V̂ )K for a compact open subgroup K of H(Q̂), then

Φ(Z(U); f) = Φ(Z(U)K ; f).

We denote for every ϕU ∈ S(Û)

EU(τ, ϕU) = E ′
U(τ, 0;ϕU , 1).

Then one has by calculation (see for example [Ya], [BY2, Section 4], or [KY1]),

EU(τ, ϕU) = E+U (τ, ϕU) + a(ϕU)ϕU(0) log v + E−U (τ, ϕU).

where

E+U (τ, ϕU) =
∑
n≥0

a+U(n, ϕU)q
n, a+U(0, ϕU) = aU(0)ϕU(0),

E−U (τ, ϕU) =
∑
n<0

a−U(n, ϕU)Γ(0, 4π|n|v)q
n

for some aU(0) independent of ϕU , and a
+
U(n, ϕU) has the following ‘arithmetic’ form

a+U(n, ϕU) =
∑
p

ap log p,

where ap are in the field generated by ϕU(x), x ∈ Û .
For f(τ) ∈ H1−n

2
,ρ̄, we can write

f(τ) =
∑
j

fj(τ)ϕW,j ⊗ ϕU,j, ϕW,j ∈ S(Ŵ ), ϕU,j ∈ S(Û)

where fj(τ) are scalar harmonic weak Maass forms. Since θV = θW θU , we have

⟨f, θV ⟩ =
∑
j

fjθV (τ, z, h;ϕW,j ⊗ ΦU,j) =
∑
j

fjθW (τ,ΦW,j)θU(τ, z, h;ϕU,j) = ⟨f, θW θU⟩.

Define the Rankin-Selberg function

L(ξ(f), U, s) = ⟨θWEU(s; 1), ξ(f)⟩Pet(5.2)

:=

∫
SL2(Z)\H

∑
j

ξ(fj)θW (τ, ϕWj
)EU(τ, s;ϕU,j, 1)v

n
2
+1dµ(τ).

The following is a reformulation of [BY1, Theroem 1.3].
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Theorem 5.1. Let f = f+ + f− ∈ H1−n
2
,ρ̄ and let V =W ⊕U be an orthogonal decompo-

sition with U of signature (0, 2). Then

Φ(Z(U); f) = CT[⟨f+, θWE+U ⟩]− L
′(ξ(f), U, 0).

Here CT[⟨f+, θWE+U ⟩] is the constant term of

⟨f+, θWE+U ⟩ =
∑
j

f+
j (τ)θW (τ, ϕW,j)E+U (τ, ϕU,j).

Proof. Since the proof is quite structural and short, we sketch it here. Notice that Φ(z, h; f)
depends only on the image of h ∈ Gspin(U)(A) in SO(U)(A), and that the map

[Gspin(U)] = [k×]→ [SO(U)] = [k1]

is surjective with finite kernel Ker. Write

f(τ) =
∑
j

fj(τ)ϕW,j ⊗ ϕU,j.

Then one has

Φ(Z(U); f) =
#Ker

vol([k×])

∫
[SO(V )]

∫ reg

SL2(Z)\H

∑
j

fj(τ)θW (τ, ϕW,j)θU(τ, z
+
U , h;ϕU,j)dµ(τ) dh

=
#Ker

vol([k×])

∫ reg

SL2(Z)\H

∑
j

fj(τ)θW (τ, ϕW,j)dµ(τ)

∫
[SO(V )]

θU(τ, z
+
U , h;ϕU,j)dh

=
1

2

∫ reg

SL2(Z)\H

∑
j

fj(τ)θW (τ, ϕW,j)EU(τ, 0;ϕU,j,−1)dµ(τ) (Theroem 4.4)

= −
∫ reg

SL2(Z)\H

∑
j

fj(τ)θW (τ, ϕW,j)∂̄(E
′
U(τ, 0;ϕU,j, 1)dτ) (Proposition 4.2)

= −
∫ reg

SL2(Z)\H
∂̄(
∑
j

fj(τ)θW (τ, ϕW,j)E
′
U(τ, 0;ϕU,j, 1)dτ)

+

∫ reg

SL2(Z)\H

∑
j

∂̄fj(τ)θW (τ, ϕW,j)E
′
U(τ, 0;ϕU,j, 1)dτ (Stokes’s theorem)

= I1 + I2. (Notation)

Here I1 and I2 are the two integrals in the last formula. It is easy to check by definition
that

∂̄fj(τ)dτ = −v
n
2
+1ξ(fj)(τ)dµ(τ).

So the second integral I2 actually converges and

I2 = −
∫
SL2(Z)\H

∑
j

ξ(fj)(τ)θW (τ, ϕW,j)E
′
U(τ, 0;ϕU,j, 1)v

n
2
+1dµ(τ) = L′(ξ(f), U, 0).
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For the first integral, there is some constant a(f) to be determined later such that

I1 = − lim
T→∞

[∫
∂FT

∑
j

fj(τ)θW (τ, ϕW,j)E
′
U(τ, 0;ϕU,j, 1)dx− a(f) log T

]

= lim
T→∞

[∫ 1
2

− 1
2

∑
j

fj(x+ iT )θW (x+ iT, ϕW,j)E
′
U(x+ iT, 0;ϕU,j, 1)dτ − a(f) log T

]

= CT[⟨f+, θWE+U ⟩]− lim
T→∞

[∑
j

a+fj(0)ϕW,j(0)ϕU,j(0)a
+
U(0) log T − a(f) log T

]
+ lim

T→∞
(other terms) ( Fourier expansion and multiplying out)

= CT[⟨f+, θWE+U ⟩],
since the other terms in the last sum are of exponential decay when T → ∞. One knows
by explicit computation a(f) = a+f (0, 0)a

+
U(0), so a(f) = 0 when a+f (0, 0) = 0. This proves

the theorem. �
Remark 5.2. The two terms in the formula for the CM value Φ(Z(U); f) are of different
features. The term CT[⟨f+, θWE+⟩] is of arithmetic nature and is of the form

∑
ap log p

with ap algebraic if c+f (n) are ‘algebraic’ for n < 0. The term L′(ξ(f), U, 0) is of tran-
scendental nature as a derivative. This leads to a conjecture in [BY1] that the Faltings’

height of Z(U) with respect to Ẑ(f) (after proper integral extension if possible) is equal
to L′(ξ(f), U, 0). It was proved in some cases for n ≤ 2 in [BY1, Sections 6-8]. Using
Theorem 5.1 and Borcherds’ modularity theorem (Theorem 2.1), we gave a new proof of
the Gross-Zagier formula in [BY1, Section 7].

Remark 5.3. It is a very interesting question to understand the Rankin-Selberg integral
L(ξ(f), U, s) appeared in Theorem 5.1. In case that n = 1 and V is split, it is discovered in
[BY1, Section 7] that L(ξ(f), U, s) is essentially L(G, s+1) where G is the ‘Shimura’ lifting
of ξ(f). In the case that n = 2, and that V = B is an indefinite quaternion algebra with
reduced norm as the quadratic form, the L-series is closely related to the Rankin-Selberg
L-function in the classical Gross-Zagier formula [Zha].

Remark 5.4. When f is weakly holomorphic, ξ(f) = 0, Theorem 5.1 is a main result of
Schofar’s University of Maryland thesis [Scho]. Our idea is the same as his and our work
is inspired by his. His work was modeled on Kudla’s work on the volume integral [Ku3],
which is also inspiration of the following work of Luanlei Zhao [Zha]

5.2. Period integrals. In this subsection, we briefly describe a main result of Zhao’s work
on period integral which is generalization of [Ku3] and Theorem 5.1. Let V = W ⊕ U be
an orthogonal decomposition of V such that W is positive definite of dimension r and U is
of signature (n− r, 2). Letd HU = Gspin(U). Notice that SO(W )(R) is compact and thus

SO(W )(Q)\ SO(W )(A) is compact. For any compact open subgroupKW of SO(W )(Q̂), the
double coset SO(W )(Q)\ SO(W )(A)/KW SO(W )(R) is finite. An algebraic automorphic
form on HW is an continuous function on SO(W )(A) which is left SO(W )(Q)-invariant,
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and right KW SO(W )(R)-invariant for some compact open subgroup KW of SO(W )(Q̂).
Let f ∈ H1−n

2
,ρ̄, and let Ψ be an algebraic automorphic form on SO(W ). We are interested

in compute the period integral

(5.3) I(W,Ψ; f) =
1

vol([SO(W )])

1

vol(Z(W ))

∫
[SO(W )]

Ψ(h1)dh1

∫
Z(W )

Φ(z, h1h2; f) dz dh2.

Recall the usual theta lifting for ϕW ∈ S(Ŵ ) and an automorphic form Ψ on [SO(W )]

(5.4) θ(τ ;ϕW ,Ψ) =
1

vol([SO(W )])

∫
[SO(W )]

θW (τ, h;ϕW )Ψ(h) dh,

which is a holomorphic modular form of weight r
2
for some congruence subgroup. We also

write θ(τ ; Ψ) for theta lifting map ϕW 7→ θ(τ ;ϕW ,Ψ). Following Kudla [Ku3], we also

define a map E+U (τ) from S(Û) to functions on H by

(5.5) E+U (τ, ϕU) =
∑
m≥0

κ(m,ϕU)q
m,

where

κ(m,ϕU) =

{
limv→∞E ′

U,m(τ,
n−r
2
;ϕU ,

n−r+2
2

)q−m ifm > 0,

limv→∞
[
E ′
U,0(τ,

n−r
2
;ϕU ,

n−r+2
2

)− ϕU(0) log v
]

ifm = 0.

Here EU,m(· · · )q−m is the m-th Fourier coefficient of EU(· · · ).
Zhao [Zha] proved in his upcoming thesis the following theorem, which is the main result

[Ku3] when r = 0 and a generalization of Theorem 5.1 when r = n.

Theorem 5.5. Let the notation be as above and assume that U is anisotropic or n− r +
2− r(U) > 2. Then

I(W ; Ψ, f) = 2κ(U) CT[⟨f+, θW (τ ; Ψ)E+U (τ)⟩]− κ(U)L
′(ξ(f),Ψ,

n− r
2

).

Here κ(U) = 1 or 2 depending on whether n− r = 0 or not, CT[...] is the constant term of

⟨f+, θW (τ ; Ψ)EU(τ)⟩ =
∑
j

f+
j (τ)θW (τ ;ϕW,j,Ψ)E+U (τ ;ϕU,j),

and

L(ξ(f),Ψ, s) = ⟨θW (Ψ)EU( ;
n− r + 2

2
)), ξ(f)⟩Pet∫

SL2(Z)\H

∑
j

ξ(fj)(τ)θW (τ ;ϕW,j,Ψ)EU(τ, s;ϕU,j,
n− r + 2

2
)v

n
2
+1dµ(τ),

is again a Rankin-Selberg L-function if we write

f(τ) =
∑
j

fj(τ)ϕW,j ⊗ ϕU,j.
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The basic idea of the proof is the same as that of Theorem 5.1, switching order of
the integrals, using Siegel-Weil formula, Kudla’s relation between coherent and incoherent
Eisenstein series (Proposition 4.2), and Stokes’ theorem. A main complication is that
switching order between over Z(W ) and SL2(Z)\H is NOT automorphic since neither is
compact. When r = 0, it was proved by Kudla in [Ku3] by careful analysis. In the general
case, Zhao discovered a very nice ‘contraction’ map and reduced the general case to Kudla’s
special case. It is also worthy remarking that the special value L(ξ(f),Ψ, n−r

2
) ̸= 0 in

general except for the special case n − r = 0 considered in the previous subsection. It is
again very interesting to understand the L-function involved. Zhao works out some special
cases in [Zha].

6. Big CM values of automorphic Green functions

In the previous sections, we have discussed natural cycles on the Shimura variety X
coming from rational positive definite subspaces of (V,Q). There are also other natural
cycles not coming this way sometimes. In this section, we discuss one of them—big CM
cycles, which consists of CM points whose associated torus are maximal torus in H =
Gspin(V ). We also give the CM values of the automorphic Green functions on these big
CM cycles, and refer to [BKY] for detail.

Let F be a totally real number field of degree d + 1 over Q with embeddings {σj}dj=0

into R. Let (W,QW ) be a quadratic space over F of dimension 2 with signature

Sig(W ) = ((0, 2), (2, 0), . . . , (2, 0)).

Let V = ResF/QW be the underlying rational vector space with bilinear form QV (x) =
trF/QQW (x). There is an orthogonal direct sum

(6.1) V ⊗Q R = ⊕jWσj

of real quadratic spaces where Wσj = W ⊗F,σj R, and Sig(V ) = (2d, 2). Let H = Gspin(V )
as in the previous sections and let X be the associated (pro)-Shimura variety.

Let E = F (
√
− detW ), which a CM quadratic field extension of F . Then Gspin(W ) =

ResE/F Gm as algebraic group. Let T be the preimage of ResF/Q SO(W ) ⊂ SO(V ) in
H = Gspin(V ). Then one can prove [BKY, Lemma 2.1] that T is a maximal torus of H
and T (Q) = E×/F 1, where F 1 is the group of norm one elements in F . There is also a
canonical map from ResF/QGspin(W ) to H, whose image is T .

1 −→ Gm −→ T −→ ResF/Q SO(W ) −→ 1
∥ ↓ ↓

1 −→ Gm −→ H −→ SO(V ) −→ 1

Notice that Wσ0 = W ⊗F,σ0 R is a negative 2-plane in V (R) and thus gives two points
z±0 (two orientations) in the symmetric domain D. An orientation, say z+0 , gives a map
h+0 : ResC/RGm → Gspin(Wσ0), and thus a 0-dimension Shimura variety Z(T, z+0 ) over
σ0(E), whose complex point under the embedding σ0(E) ⊂ C is

Z(T, z+0 )(C) = {z+0 } × (T (Q)\T (Q̂)),
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which can be viewed as a 0-cycle in X. At a finite level (K is a compact open subgroup of

H(Q̂))

Z(T, z+0 )K(C) = {z+0 }×(T (Q)\T (Q̂)/KT )→ XK(C) = H(Q)\D×H(Q̂)/K, [z+0 , t] 7→ [z+0 , t].

One might ask naturally what is the Galois conjugates of Z(T, z+0 ), i.e., how to describe
τ(Z(T, z+0 ) for τ ∈ Aut(C/Q)? Following [BKY, section 2], let W (j) be an F -quadratic

space such that µj : W (j)⊗ F̂ ∼= W ⊗ F̂ , and that W (j) has signature

(6.2) Sig(W (j)) = ((2, 0), . . . , (2, 0), (0, 2)
j

, (2, 0) . . . , (2, 0)).

In particular, W (0) = W . Let V (j) = ResF/QW (j), then V (j) and V are isomorphic
by Hasse principle, and we will identify V (j) with V from now on (via some specific
isomorphism). Let T (j) be the maximal torus of H = Gspin(V ) = Gspin(V (j)) (via the
identification) associated to W (j), i.e., the preimage of SO(W (j)) in H. Notice that there

are canonical isomorphisms between W (j)(F̂ ) = W (j) ⊗F F̂ and V (j)(Q̂) = V (Q̂). So

there is some gj ∈ H(Q̂) (modify µj a little if needed) such that the following diagram
commutes:

(6.3)

W (j)(F̂ )
µj−→ W (F̂ )

|| ||

V (Q̂)
g−1
j−→ V (Q̂)

For any element hj ∈ H(Q̂) with image gj in SO(V )(Q̂), the finite adele points of the tori

T (j) and T are related, as subgroups of G(Q̂), by

(6.4) T (j)(Q̂) = hjT (Q̂)h−1
j .

Consider the twisted big CM cycle Z(T (j), z+j , hj), which is the direct image of the map

Z(T (j), z+j )→ X, [z+j , t] 7→ [z+j , thj].

Here z±j are the points in D associated to the negative 2-plane W (j)⊗F,σj R ⊂ V (j)(R) =
V (R). The following is [BKY, Lemma 2.2].

Lemma 6.1. Let the notation be as above and let τ ∈ Aut(C/Q).

(1) If τ = σj ◦ σ−1
0 on σ0(E), then there is a preimage hj of gj, unique up to an element

of Q× and a choice of z+j , such that

τ(Z(T, z+0 )) = Z(T (j), z+j , hj).

(2) If τ = ρ is complex conjugation, then

τ(Z(T, z+0 )) = Z(T, z−0 ).

By the lemma, one sees that the CM cycle in X

(6.5) Z(W ) =
d∑
j=0

Z(T (j), z±j , hj)
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is defined over Q. We are now interested in a formula for the CM value Φ(Z(W ), f) for
f ∈ H1−d,ρ̄.

Notice that S(V̂ ) ∼= S(W (F̂ )) canonically. For ϕ ∈ S(V̂ ), we write ϕF ∈ S(W (F̂ ) for its
image. Let

E(τ⃗ , s;ϕ,1) = (N(v⃗))−
1
2E(gτ⃗ , s;λ(ϕF )Φ

1
F,∞)

be the Hilbert Eisenstein series of weight 1 = (1, · · · , 1). Here τ⃗ = (τ0, · · · , τd) ∈ Hd+1,
N(v⃗) =

∏
j vj, and Φ1

F,∞ =
∏

v|∞∞Φ1
Fv

with Φ1
Fv

= Φ1
∞ be the eigenfunction of weight one

defined in Section 4, and

gτ⃗ = (n(uj)m(
√
vj))j=0,··· ,d.

The Eisenstein series is an incoherent in the sense it comes from the incoherent quadratic
space C = ⊗Cv where Cv = Wv for v ̸= σ0 and Cσ0 is of signature (2, 0). In particular,
E(τ⃗ , 0, ϕ,1) = 0 automatically. Direct computation using local results in [Ya] gives the
following result ([BKY, Proposition 4.6]).

Proposition 6.2. Let ϕ ∈ S(V (Q̂)) = S(W (F̂ )). For a totally positive element t ∈ F×
+ ,

let a(t, ϕ) be the t-th Fourier coefficient of E ′(τ⃗ , 0, ϕ,1). This coefficient is independent of
v⃗. The constant term of E∗,′(τ⃗ , 0;ϕ,1) has the form

ϕ(0)
(
Λ(0, χ) log N(v⃗) + a0(ϕ)

)
,

for a constant a0(ϕ) depending only on ϕ. Let

E+(τ, ϕ) = ϕ(0) a0(ϕ) +
∑
n∈Q>0

an(ϕ) q
n

where

an(ϕ) =
∑

t∈F×
+ , trF/Q t=n

a(t, ϕ).

Then, writing τ∆ for the diagonal image of τ ∈ H in Hd+1,

E ′(τ∆, 0;ϕ,1)− E+(τ, ϕ)− ϕ(0) Λ(0, χ) (d+ 1) log v

is of exponential decay as v goes to infinity. Moreover, for n > 0

an(ϕ) =
∑
p

an,p(ϕ) log p

with an,p(ϕ) ∈ Q(ϕ), the subfield of C generated by the values ϕ(x), x ∈ V (Q̂).

We also define the ‘Rankin-Selberg’ integral

(6.6) L(ξ(f), s) = ⟨E(τ∆, s;1), ξ(f)⟩Pet =
∫
SL2(Z)\H

∑
j

ξ(fj)(τ)E(τ
∆, s;ϕj,1)v

d+1dµ(τ).

Here we view E(τ⃗ , s;1) as a linear functional on S(W (F̂ )), and write

f(τ) =
∑
j

fj(τ)ϕj, ϕj ∈ S(V (Q̂)) = S(W (F̂ )).
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We remark that the integral is not typical Rankin-Selberg integral and is really pull-back
of an Eisenstein series over a totally real number field. The following is [BKY, Theorem
1.1], the main general formula in [BKY].

Theorem 6.3. Let the notation be as above and f ∈ H1−d,ρ̄. Let

Φ(Z(W ); f) =
1

vol [Z(W )]

∫
Z(W )

Φ(z, h; f)dz dh

be the ‘big CM’ value of Φ(f) at the CM cycle Z(W ). Then

Φ(Z(W ); f) = CT[⟨f+, E+(τ)⟩]− L′(ξ(f), 0).

Here CT[⟨f+, E(τ)⟩] is again the constant term of

⟨f+, E+(τ)⟩ =
∑
j

f+
j (τ)E+(τ, ϕj)

if f =
∑

j fjϕj.

It is interesting to note a special case d = 1, where F is a real quadratic field, and E is
a non-biquadratic CM extension of F . Let Σ be a CM type of E, and let (E#,Σ#) be its
reflex field with reflex CM type. and let F# be the real quadratic subfield of E#. It turns
out that the Shimura variety X in this case is a Hilbert modular surface over F# (not over
F ), and Z(W ) is the moduli space of CM abelian surfaces by OE# . This identification is
quite subtle. We refer to [BKY, Section 6] for detail.
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