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Abstract. In this note, we will characterize a weak version of the Brumer-Stark
conjecture in terms of existence of certain algebraic Hecke characters, which can
be viewed as a generalization of Weil’s well-known Jacobi characters. As an
application, we show that the Brumer-Stark conjecture in CM extensions implies
the Brumer-Stark conjecture in general.

Résumé: Dans cette note nous étudions l’équivalence d’une version affaib-
lie de la conjecture de Brumer-Stark et de l’existence de certains caractères
algèbriques de Hecke, qui peuvent être considérés comme une généralisation des
caractères de Jacobi bien connus. Comme application, nous montrons que la
conjecture de Brumer-Stark pour les extensions CM entraine la conjecture de
Brumer-Stark générale.

Abridged French version

Soit k un corps de nombres totalement réel, et soit K une extension abelienne
finie de k, totalement complexe et de groupe de Galois G = Gal(K/k). Soit S
un ensemble fini de nombres premiers contenant tous les premiers infinis et les
premiers ramifiés dans K. Let

θS,K/k =
∑

σ∈G

ζS,K/k(0, σ)σ−1

l’élément généralisé de Stickelberger associé à (K/k, S). Ici

ζS,K/k(s, σ) =
∑

(A,S)=1,σA=σ

(NA)−s

est le fonction zeta partielle associée à (K/k, σ, S). Il est bien connu que l’élément
dit de Brumer ωS,K/k = wKθS,K/k appartient à l’anneau de groupe Z[G], où
wK = #µ(K)est le nombre de racines de l’unité dans K, βθ ∈ Z[G] ([1] and [2]).
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Nous allons fixer un plongement réel de k, et exiger que tous les plongements
complexe de K fixent les éléments de k. Pour un tel plongement, la conjugai-
son complexe dans C induit un élément ρ ∈ G, que nous pouvons appeler une
conjugaison complexe de K fixant k. Nous sommes maintenant en mesure de
formuler la conjecture bien connue

Conjecture de Brumer Stark Pour tour ideal A de K, non réduit à 0, il
existe un élément ε(A) ∈ K∗ tel que

(BS1) Aω = ε(A)OK est principal. Ici ω = ωS,K/k est l’élément de the
Brumer.

(BS2) Pour toute conjugaison complexe ρ de K fixant k, ε(A)1+ρ = 1.

(BS3) L’extension de corps K(ε(A)
1

wK )/k est abelienne.

En général, un élément ω =
∑

σ∈G nσσ dans l’anneau de group Z[G] est dit de
type Brumer-Stark si il satisfait les deux premières conditions de la conjecture
de Brumer-Stark. Si la conjecture de Brumer-Stark est exacte, alors pour tout
élément dans β ∈ Z[G] qui annule le groupe µ(K), βθ est de type Brumer-Stark,
d’après [5, Proposition IV 1.2]. Dans cette note nous établisson s

Théorème 1. Soit ω =
∑

σ∈G nσσ ∈ Z[G] tel que nσ +nρσ = 0 pour tout σ ∈ G
et toute conjugaison complexe ρ de K fixant k. Alors ω est de type Brumer-Stark
si et seulement si il existe un caractère de Hecke algèbrique avec valeurs dans K
et de type infini ω.

Nous renvoyons au paragraphe 1 pour la définition des caractères de Hecke
algèbriques et de leur type infini. Comme application, nous prouvons le théorème
suivant dans le paragraphe 2.

Théorème 2. Soit k un corps de nombres totalement réel, et soit K une ex-
tension abelienne finie de k, totalement imaginaire et de groupe de Galois G.
Soit S un ensemble fini de premiers de k contenant tous les premiers infinis et
les premiers ramifiés dans K. Soit KCM le sous corps CM maximal de K. Si
la conjecture est vraie pour (KCM/k, S), alors elle est vraie pour (K/k, S).

English version

0. Introduction and notation.

In this note, we will characterize a weak version of the Brumer-Stark conjec-
ture in terms of existence of certain algebraic Hecke characters, which can be
viewed as a generalization of Weil’s well-known Jacobi characters. As an appli-
cation, we show that the Brumer-Stark conjecture in CM extensions implies the
Brumer-Stark conjecture in general.

Let k be a totally real number field, and let K be a totally complex finite
abelian extension of k with Galois group G = Gal(K/k). Let S be a finite set



EXISTENCE OF ALGEBRAIC HECKE CHARACTERS 3

of primes of k containing all infinite places and primes ramified in K. Let

(1) θS,K/k =
∑

σ∈G

ζS,K/k(0, σ)σ−1

be the generalized Stickelberger element associated to (K/k, S). Here

(2) ζS,K/k(s, σ) =
∑

(A,S)=1,σA=σ

(NA)−s

is the partial zeta-function associated to (σ, S, K/k), where A are integral ideals
of K and σA is the image of A in G under the Artin map via the class field
theory. Then one has the following remarkable theorem, due to independently
Deligne and Ribet ([2]), Barsky, and P. Cassou-Nogues ([1]).

Theorem 1. Let A ⊂ Z[G] be the annihilator of the Z[G]-module µ(K), where
µ(K) is the group of roots of unity in K. Then

AθS,K/k ⊂ Z[G].

In particular, the so-called Brumer element

(3) ωS,K/k = wKθS,K/k

belongs to Z[G], where wK = #µ(K).

We will fix a real embedding of k, and require all complex embeddings of K
to fix elements of k. For any such an embedding, the complex conjugation in C
induces an element ρ ∈ G, which we call a complex conjugation of K fixing k.
Now we can state the well-known

Brumer-Stark Conjecture For every nonzero ideal A of K, there is an
element ε(A) ∈ K∗ such that

(BS1) Aω = ε(A)OK is principal. Here ω = ωS,K/k is the Brumer element.

(BS2) For every complex conjugation ρ of K fixing k, ε(A)1+ρ = 1.

(BS3) The field extension K(ε(A)
1

wK )/k is abelian.

Notice that the conditions (BS1−2) determine ε(A) uniquely up to a root of
unity if it exists, and that multiplication by a root of unity does not affect the
condition (BS3).

In general, an element ω =
∑

σ∈G nσσ in the group ring Z[G] is called a Serre
type if

(4) wt(ω) = nσ + nρσ

is independent of the choice of σ or a complex conjugation ρ of K fixing k. In
such a case, we call wt(ω) the weight of ω. It is easy to check that every element
in AθS,K/k of Theorem 1 is a Serre type of weight 0.
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Definition 2. A Serre type ω is called a Brumer-Stark type if it satisfies the
first two conditions of the Brumer-Stark conjecture.

A Brumer-Stark type has to be of weight 0. The following proposition follows
from [5, Proposition IV 1.2] easily.

Proposition 3. If the Brumer-Stark conjecture is true, then every element in
AθS,K/k is a Brumer-Stark type, where A is the annihilator of µ(K) in Z[G].

The main result of this note is the following theorem, which will be proved in
the next section. We also refer to the next section for the definition of algebraic
Hecke characters and their infinite type.

Theorem 4. Let ω =
∑

σ∈G nσσ ∈ Z[G] be a Serre type of weight 0. Then ω
is a Brumer-Stark type if and only if there is an algebraic Hecke character of K
with values in K and of infinite type ω.

As an application, we will prove in section 2 the following theorem.

Theorem 5. Let k be a totally real number field, and let K be a totally imaginary
abelian finite extension of k with Galois group G. Let S be a finite set of primes
of k containing all infinite places and primes ramified in K. Let KCM be the
maximal CM subfield of K. If the Brumer-Stark conjecture holds for (KCM/k, S),
then it holds for (K/k, S).

1. Algebraic Hecke characters.

Let E be a number field. An algebraic Hecke character of K with values in E
is by definition a group homomorphism

(5) χ : I(f) −→ E∗

such that χ(αOK) = αω for every α ≡ 1 mod ∗f and some ω =
∑

σ:K↪→Ē nσσ
with nσ ∈ Z. Here f is some integral ideal of K (modulus of χ) and I(f) is the
group of fractional ideals of K prime to f. Furthermore α ≡ β mod ∗f means
that ordp(α−β) ≥ ordpf for every prime ideal p|f. The element ω is called the
infinite type of χ.

Proof of Theorem 4. First we assume that there is an algebraic Hecke character
of K with values in K and of infinite type ω. Let M be a modulus of χ. Let A
be an ideal of K prime to M. There is an integer n such that An = αOK with
α ≡ 1 mod ∗M. This implies

χ(A)n = χ(αOK) = αω.

In particular, we have

(χ(A)OK)n = (αωOK) = (Aω)n,
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and thus
Aω = χ(A)OK

is principal, and is generated by χ(A). Set for a complex conjugation ρ of K
fixing k

η = χ1+ρ.

Since ω is of weight 0, η is of infinite type 0 and is thus of finite order. On the
other hand, η(A) = χ(A)1+ρ is real and positive for some embedding of K. This
implies that η(A) = 1 is trivial. So we have proved that χ(A) satisfies (BS1−2)
for all ideals prime to M. In general, if A is an ideal of K, there is α ∈ K∗ such
that αA is prime to M. Apply what we have just proved to αA, we see that ω
is indeed a Brumer-Stark type.

Conversely, assume that ω is a Brumer-Stark type. Choose a prime ideal P

of K of degree one such that (NP−1
wK

, wK) = 1. Choose integers m and n such
that

(6) m
NP− 1

wK
+ nwK = 1.

Let M =
∏

σ∈G σ(P) and Define

(7) χ(A) =
(

ε(A)
P

)−m

wK

ε(A)

for every ideal A of K prime to M. Here ( )wK is the wK-th power residue
symbol. We first have to check that χ is independent of the choice of ε. Indeed,
if ε′(A) = ηε(A), then η ∈ µ(K) by (BS1-BS2). So

(
ε′(A)

P

)−m

wK

ε′(A) =
(

ηε(A)
P

)−m

wK

ηε(A)

= η
−m NP−1

wK η

(
ε(A)
P

)−m

wK

ε(A)

=
(

ε(A)
P

)−m

wK

ε(A)

by (6). Next we check that χ is multiplicative. For two ideals A and B, one has

ε(A)ε(B) = ηε(AB)

for some η ∈ µ(K). So

χ(A)χ(B)χ(AB)−1 = (
η

P
)−mη

= η
−m NP−1

wK
+1

= 1
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by (6). Choose an integer a ≥ 1 such that

(
α

P

)

wK

= 1 whenever α ≡ 1 mod ∗Ma,

and set ε(αOK) = αω. Then

χ(αOK) = αω

for every α ≡ 1 mod ∗Ma. This proves that χ is an algebraic Hecke character
of K of infinite type ω and with values in K.

When k = Q, and ω is an element in AθS,K/Q of Theorem 1, χ is just one of
Weil’s Jacobi characters, up to a Hecke character of finite order. We remark that
algebraic Hecke characters are closely related with CM motives, and the theorem
can be rephrased roughly as follows: A Serre type of weight zero ω is a Brumer-
Stark type if and only if there is a CM motive of rank one over K with coefficients
in K whose Hodge decomposition is predetermined by ω. Following Serre’s work
([4, Chapter 3]), the existence of algebraic Hecke characters with values in K is
also equivalent to that of certain l-adic representations with coefficients in K of
rank 1. We will pursue those leads in a separate work.

2. Proof of Theorem 5.

For each real place v of k, let Gv be the decomposition group of G =
Gal(K/k) at v, which is of order 2. Let ρv be the nontrivial element in this

decomposition group. It is a complex conjugation of K fixing k. The fixed
subfield K(v) of Gv has the property that all its places over v are real. Let G+

be the subgroup of G generated by ρv with v running over all real places of k.
Then the subfield K+ fixed by G+ is the maximal totally real subfield of K, and
KCM = K+(µ(K)) is the maximal CM subfield of K (because K+(µ(K)) is a
CM extension of K+ of degree bigger than 1 while the maximal CM subfield of
K is a CM quadratic extension of K+). The subgroup GCM of G+ fixing KCM
is of index 2 and consists of products of even number of complex conjugations
ρv. So all ρv restrict to the same complex conjugation of KCM. Notice that
µ(KCM) = µ(K). Let ωCM be the Brumer element of KCM.

If the Brumer-Stark conjecture holds for KCM, let χCM be an algebraic
Hecke character of KCM with values in KCM and of infinite type ωCM. Let
χ = χCM ◦NK/KCM

. Then χ is an algebraic Hecke character of K with values
in KCM ⊂ K and of infinite type

(8) ω′ = ωCM ◦NK/KCM
=

∑
nσσ−1
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with nσ = ζS,KCM/k(0, σ|KCM). We claim first that ω′ = ωS,K/k is the Brumer
element of K . To this end, for any σ′ ∈ Gal(KCM/k), let σ be a fixed preimage
of σ′ in G, then

ζS,KCM/k(0, σ′) =
1

#GCM

∑

τ∈GCM

ζS,K/k(0, στ).

So it suffices to show that

(9) ζS,K/k(0, στ) = ζS,K/k(0, σ)

for every τ ∈ GCM. Recall that

(10) ζS,K(0, σ) =
∑

η∈Ĝ

η(σ)LS(0, η).

Here LS(s, η) is the L-function of η with local L-factors at v ∈ S removed. So
(9) is equivalent to

(11)
∑

η(τ)=−1

η(σ)LS(0, η) = 0.

On the other hand, if η(τ) = −1, there is ρv such that η(ρv) = 1 since τ is the
product of even number of ρv. So η is in fact a character of Gal(K(v)/k). This
implies LS(0, η) = 0 since Kv has real places (v splits in K(v)). This proves (11).
So we obtained an algebraic Hecke character χ of K with values in KCM and of
infinite type ωS,K/k. Therefore, for any ideal A of K prime to the conductor of χ,
ε(A) = χ(A) satisfies (BS1−2) by Theorem 4. Since χ(A) = χCM (NK/KCM

(A)),

KCM (χ(A)
1

wK ) is abelian over k, and thus K(χ(A)
1

wK ) is abelian over k. This
proves (BS1-3) for all ideals of K prime to the conductor of χ. Since every ideal
of K is the product of a principal ideal and an ideal prime to the conductor of
χ, the theorem now follows from [5, Proposition IV 6.4].

This work was inspired by David Hayes’s work [3] and his series of lectures
on Stark’s conjectures at Harvard University in Fall of 1999. The author thanks
him for the inspiration. The author also thanks the mathematics department
at Harvard and an AMS Centennial Fellowship for providing him wonderful
working environment at Harvard during 1999-2000. He thanks J.-P. Serre and
the referee for their helpful comments.
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