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Abstract. In this paper we prove a nonvanishing theorem for central values of L–
functions associated to a large class of algebraic Hecke characters of CM number fields. A
key ingredient in the proof is an asymptotic formula for the average of these central val-
ues. We combine the nonvanishing theorem with work of Tian and Zhang [TZ] to deduce
that infinitely many of the CM abelian varieties associated to these Hecke characters have
Mordell-Weil rank zero. Included among these abelian varieties are higher dimensional
analogues of the elliptic Q-curves A(D) of B. Gross [Gr].

1. Introduction and statement of results

In [Gr], B. Gross constructed an infinite family of elliptic Q-curves with some remarkable
properties. To describe these curves, let E = Q(

√
−D) be an imaginary quadratic field of

discriminant −D with D > 3 and D ≡ 3 mod 4. Let OE be the ring of integers of E,
and let hE be the class number of E. A “canonical” Hecke character χ of E is a Hecke
character satisfying the condition χ(αOE) = ±α for principal ideals prime to the conductor
of χ. There are exactly hE canonical Hecke characters of E. Gross proved that the Hecke
character χH = χ ◦ NH/E of the Hilbert class field H of E is associated to an elliptic
Q-curve A(D) over H which is unique up to H-isogeny and whose L–function factors as

L(A(D)/H, s) =
∏
χ

L(χ, s)L(χ̄, s).

He then conjectured that the Mordell-Weil rank of A(D) over H is 0 if D ≡ 7 mod 8
and 2hE if D ≡ 3 mod 8. Gross proved the rank 0 case of his conjecture for prime
discriminants using descent theory. In a series important of papers, Rohrlich [R1, R2, R3]
and Montgomery and Rohrlich [MR] proved the rank 0 case for all discriminants by showing
that the central values L(χ, 1) are nonvanishing for all D ≡ 7 mod 8 and applying results
on the Birch and Swinnerton-Dyer conjecture (BSD) due to Rubin [Ru]. Similarly, Miller
and Yang [MY] proved the rank 2hE case by showing that the central derivatives L′(χ, 1)
are nonvanishing for all D ≡ 3 mod 8 and applying results of Kolyvagin and Logachev
[KL].

In 1982, Rohrlich [R4] proved that canonical Hecke characters χ exist for CM number
fields E, yet very little is known about the arithmetic of the associated CM abelian varieties
A(χ) over E. One of the main obstacles to progress has been the lack of a nonvanishing
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theorem for the central values L(χ, 1) in this case. In this paper we will prove a nonva-
nishing theorem for these central values. Our proof relies on an asymptotic formula for
the average of these central values which is of independent interest. We will then combine
our nonvanishing theorem with new work of Tian and Zhang [TZ] on BSD for CM abelian
varieties to deduce that infinitely many of the CM abelian varieties A(χ) have Mordell-Weil
rank 0 over E. Included among these abelian varieties are higher dimensional analogues of
Gross’s elliptic Q-curves A(D).

We now describe the results of this paper in more detail. For a summary of facts
concerning CM types, algebraic Hecke characters, CM abelian varieties, and reflex fields,
we refer the reader to Section 9.

Let E be a CM number field with maximal totally real subfield F and CM type Φ.

Definition 1.1. Let k ≥ 0 be an integer. A canonical Hecke character χ of E of type
(2k + 1)Φ is an algebraic Hecke character satisfying the following three conditions:

(1) χ(Ā) = χ(A) for an ideal A of E prime to the conductor of χ.

(2) χ(αOE) = ±
∏

σ∈Φ σ(α)2k+1 for principal ideals αOE prime to the conductor of χ.

(3) χ is unramified outside the relative differential ∂E/F .

Let X(k,E,Φ) denote the set of canonical Hecke characters χ of E of type (2k + 1)Φ.

The set X(k,E,Φ) was determined by Rohrlich [R4] when k = 0. The same argument
works for general k. In particular, when every prime of F above 2 is unramified in E and
F has narrow class number 1 (the case we study in this paper), the set X(k,E,Φ) contains
exactly hE = #CL(E) elements which differ from each other by ideal class characters of
E: given any such character χ, one has

X(k,E,Φ) = {χξ : ξ ∈ CL(E)∧}
where CL(E)∧ is the set of characters ξ : CL(E) → C∗ of the ideal class group CL(E) of
E.

Let µ be a fixed quadratic Hecke character of F . The quadratic twist of χ by µ is defined
by χµ = χ(µ ◦NE/F ), and the L–function of χµ is defined by

L(χµ, s) :=
∑

A⊂OE
A 6=0

χµ(A)NE/Q(A)−s, Re(s) > k +
3

2
.

It is known that L(χµ, s) has analytic continuation to C and satisfies a functional equation
under s 7→ 2(k + 1)− s with central value L(χµ, k + 1).

We will prove the following nonvanishing theorem for the central values L(χµ, k + 1).

Theorem 1.2. Let F be a totally real number field of narrow ideal class number 1, and
let µ be a fixed quadratic Hecke character of F of conductor f = fOF with f ∈ OF totally
positive and prime to 2. Let E be a totally imaginary quadratic extension of F with a CM
type Φ such that every prime factor of 2f is split in E and O∗E = O∗F . Let k ≥ 0 be an
integer with (−1)kµ∞(−1) = 1. Then there is an absolute constant δ > 0 such that

#{χ ∈ X(k,E,Φ) : L(χµ, k + 1) 6= 0} � dδE
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as the absolute discriminant dE →∞. The implied constant in � depends on F, k and δ,
and is ineffective.

By the theory of complex multiplication, a canonical Hecke character χ of type Φ is
associated to a CM abelian variety A(χ) over E with complex multiplication by the ring
of integers of the CM number field Q(χ) generated by all χ(A) for ideals A of E prime
to the conductor of χ. Let A(χ)µ = A(χµ) denote the quadratic twist of A(χ) by µ. By
combining Theorem 1.2 with new work of Tian and Zhang [TZ] on BSD for CM abelian
varieties, we will obtain the following result on ranks of the abelian varieties A(χ) and
their quadratic twists.

Theorem 1.3. Let F be a totally real number field of narrow ideal class number 1, and let µ
be a fixed quadratic Hecke character of F of conductor f = fOF with f ∈ OF totally positive
and prime to 2 and µ∞(−1) = 1. Let E be a totally imaginary quadratic extension of F
with a CM type Φ such that every prime factor of 2f is split in E and O∗E = O∗F . Then for
all sufficiently large discriminants dE there is a canonical Hecke character χ ∈ X(0, E,Φ)
such that the CM abelian variety A(χ)µ has Mordell-Weil rank 0 over E.

The L–function of the CM abelian variety A(χ) associated to χ ∈ X(0, E,Φ) factors as

L(A(χ), s) =
∏

σ:Q(χ)↪→C

L(χσ, s).

Because two abelian varieties over E are isogenous if and only if they have the same L–
function, it follows that the abelian varieties A(χσ) for σ : Q(χ) ↪→ C are isogenous. Define
the set

Sχ := {χσ : σ : Q(χ) ↪→ C, σ ◦ Φ = Φ} = {χσ : σ ∈ Gal(Q̄/E ′)}

where E ′ is the reflex field of E and we have fixed an embedding E ′ ↪→ Q̄ ↪→ C. Then
Sχ ⊂ X(0, E,Φ). If Sχ = X(0, E,Φ), the abelian varieties A(χ) for χ ∈ X(0, E,Φ) are
isogenous, and in this case we denote A(χ) by AE.

In the following proposition we identify a large class of CM quartic fields for which the
sets Sχ and X(0, E,Φ) are equal.

Proposition 1.4. Let F = Q(
√
p) be a real quadratic number field of narrow ideal class

number 1 where p ≡ 1 mod 4 is a fixed prime, and let E be a non-biquadratic, totally
imaginary quadratic extension of F with dE = p2q where q ≡ 1 mod 4 is a prime.

(1) We have Sχ = X(0, E,Φ) for any χ ∈ X(0, E,Φ). Moreover, the associated CM
abelian variety AE has dimension 2hE.

(2) There is a CM abelian surface AH over H associated to χH = χ ◦ NH/E which is
independent of the choice of χ ∈ X(0, E,Φ) and unique up to H-isogeny. Moreover,
AE = ResH/E AH .

By combining Theorem 1.2 and Proposition 1.4, we will obtain the following nonvanish-
ing theorem.
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Theorem 1.5. Let F = Q(
√
p) be a real quadratic number field of narrow ideal class

number 1 where p ≡ 1 mod 4 is a fixed prime, and let µ be a fixed quadratic Hecke
character of F of conductor f = fOF with f ∈ OF totally positive and prime to 2. Let E
be a non-biquadratic, totally imaginary quadratic extension of F with a CM type Φ such
that every prime factor of 2f is split in E, O∗E = O∗F , and dE = p2q where q ≡ 1 mod 4 is
a prime. Let k ≥ 0 be an integer with (−1)kµ∞(−1) = 1 and gcd(2k + 1, hE) = 1. Then
for all sufficiently large discriminants dE we have L(χµ, k + 1) 6= 0 for all χ ∈ X(k,E,Φ).

By combining Theorem 1.5 with [TZ], we will obtain the following result on ranks of the
abelian varieties AH and AE and their quadratic twists.

Theorem 1.6. Let F = Q(
√
p) be a real quadratic number field of narrow ideal class

number 1 where p ≡ 1 mod 4 is a fixed prime, and let µ be a fixed quadratic Hecke
character of F of conductor f = fOF with f ∈ OF totally positive and prime to 2 and
µ∞(−1) = 1. Let E be a non-biquadratic, totally imaginary quadratic extension of F with
a CM type Φ such that every prime factor of 2f is split in E, O∗E = O∗F , and dE = p2q
where q ≡ 1 mod 4 is a prime. Then for all sufficiently large discriminants dE the CM
abelian varieties AµH and AµE have Mordell-Weil rank 0 over H and E, respectively.

Remark 1.7. When E is imaginary quadratic, one has Sχ = X(0, E,Φ) for any χ ∈
X(0, E,Φ), and AE = ResH/EA(D) where A(D) is Gross’s elliptic Q-curve. Hence The-
orem 1.6 can be viewed as a higher dimensional analogue of the rank 0 case of Gross’
conjecture on ranks of the elliptic curves A(D).

For imaginary quadratic fields E, the nonvanishing of the central values L(χµ, k + 1)
has been studied extensively using various methods (see e.g. [R1, R2, MR, RVY, Ya2,
MY, Ma1, Ma2, KMY]). In [KMY, Theorem 1.1], the authors and Kim established an
asymptotic formula for the average of the central values L(χµ, k + 1) using an explicit
formula for the central value due to the second author [Ya2], a spectral regularization, and
the equidistribution of Heegner points on modular curves (see also [T]). By combining the
asymptotic formula with a subconvexity bound for L(χµ, k + 1) due to Duke, Friedlander,
and Iwaniec, the authors and Kim obtained a quantitative nonvanishing theorem for the
central values (see [KMY, Theorem 1.4]).

In this paper we will use a similar method to study the nonvanishing problem over CM
number fields E. A key ingredient is an asymptotic formula for the average of the central
values L(χµ, k + 1) as χ varies over a certain subset of X(k,E,Φ). To state this, let E be
a totally imaginary quadratic extension of F with relative discriminant dE/F , and define
the quotient

CLra(E) := E∗\Ê∗/(Ô∗E
∏

v|dE/F
v prime

E∗v)

where Ê∗ denotes the finite ideles of E. For example, when E is imaginary quadratic we
have

CLra(E) = CL(E)/CL2(E) ∼= CL(E)2
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where CL2(E) is the 2-torsion subgroup of CL(E).
Given any fixed canonical Hecke character χ ∈ X(k,E,Φ), we will obtain the following

asymptotic formula for the average of L(χµξ, k + 1) as ξ varies over CLra(E)∧.

Theorem 1.8. Let F be a totally real number field of narrow ideal class number 1, and
let µ be a fixed quadratic Hecke character of F of conductor f = fOF with f ∈ OF totally
positive and prime to 2. Let E be a totally imaginary quadratic extension of F with a CM
type Φ such that every prime factor of 2f is split in E and O∗E = O∗F . Let k ≥ 0 be an
integer with (−1)kµ∞(−1) = 1, and suppose that either k is odd or µv(−1) = −1 for some
prime v|f. Then for any canonical Hecke character χ ∈ X(k,E,Φ), we have

1

#CLra(E)

∑
ξ∈CLra(E)∧

L(χµξ, k + 1) = c(k)L(εE/F , 1)〈θµ,k, θµ,k〉Pet + o(1)

as dE →∞. Here

c(k) :=
2(8π)kt

(k!)t

√
dF , t := [F : Q],

L(εE/F , s) is the L–function of the quadratic Hecke character εE/F of F associated to the
quadratic extension E/F , and

〈θµ,k, θµ,k〉Pet :=

∫
Γ0(4f2)\Ht

|θµ,k(z)|2Im(z)k+ 1
2dµ, z ∈ Ht

is the Peterson inner product of the real-analytic Hilbert modular theta function θµ,k of
weight k + 1

2
for Γ0(4f2) defined by (2.3).

Theorem 1.8 generalizes [KMY, Theorem 1.1] in many respects. We now briefly describe
the proof. First, we will establish an explicit formula for the central value L(χµ, k + 1)
(see Theorem 2.3). Using the central value formula, we will then relate the average of the
central values to a weight zero Hilbert modular function Fµ,k evaluated on a toric suborbit
of CM points on the Hilbert modular variety Γ0(4f2)\Ht (see Theorem 3.5 and Corollary
4.2). Finally, using a theorem of Michel and Venkatesh [MV1, MV2] which implies that
the toric suborbit is equidistributed as dE →∞, we will obtain the asymptotic formula.

The “test function” Fµ,k is constructed from the theta function θµ,k, which we assume to
be cuspidal so that Fµ,k is smooth and all of its derivatives have exponential decay in the
cusps of Γ0(4f2)\Ht. This allows us to apply the equidistribution theorem of Michel and
Venkatesh directly to Fµ,k. In Section 8 we use representation theory to give a criterion for
the cuspidality of θµ,k (see also [KMY, Proposition 4.3]). In order to remove the cuspidality
assumption, we would need to proceed as in the proof of [KMY, Theorem 1.1], where we
used a delicate spectral regularization to establish a version of equidistribution of Heegner
points on modular curves for test functions which grow moderately in the cusps (see also
[FM1, FM2]). We will return to this problem in a subsequent paper.

We do not proceed via the spectral decomposition of Fµ,k to prove Theorem 1.8, thus
the error term is not expressed in a quantitative form. However, by adapting an ergodic
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method of Venkatesh [V], we will obtain a quantitative version of Theorem 1.8 under an
assumption on enough small split primes in F . For a real number a > 0, define

wt(E, a) := #{q ⊂ OF prime and split in E : daE ≤ NF/Q(q) ≤ 2daE}.

Theorem 1.9. Let F be a totally real number field of narrow ideal class number 1, and
let µ be a fixed quadratic Hecke character of F of conductor f = fOF with f ∈ OF totally
positive and prime to 2. Let E be a totally imaginary quadratic extension of F with a CM
type Φ such that every prime factor of 2f is split in E and O∗E = O∗F . Let k ≥ 0 be an
integer with (−1)kµ∞(−1) = 1, and suppose that either k is odd or µv(−1) = −1 for some
prime v|f. Then there exist absolute constants δ1, δ2, δ3 > 0 such that for any canonical
Hecke character χ ∈ X(k,E,Φ), we have

1

#CLra(E)

∑
ξ∈CLra(E)∧

L(χµξ, k + 1) = c(k)L(εE/F , 1)〈θµ,k, θµ,k〉Pet

+ Oµ,k

(
d−δ1E

)
+ Oµ,k

(
[CL(E) : CL(E)2]

min{dδ2E ,wt(E, δ3)
1
2}

)
as dE →∞.

Organization. The paper is organized as follows. In Section 2 we establish an explicit
formula for the central value L(χµ, k + 1) which expresses it in terms of values of the
fixed Hilbert modular theta function θµ,k at CM points on the Hilbert modular variety
Γ0(4f2)\Ht. In Section 3 we use the central value formula to obtain an exact formula
for the average of L(χµξ, k + 1) as ξ varies over CLra(E)∧. In Section 4 we relate the
CM points appearing in the average formula to an adelic toric orbit of CM points. In
Sections 5, 6 and 7 we prove Theorems 1.8, 1.9 and 1.2, respectively. In Section 8 we use
representation theory to establish necessary and sufficient conditions for the cuspidality
of θµ,k. In Section 9 we summarize facts concerning algebraic Hecke characters and CM
abelian varieties. Finally, in Sections 10, 11, and 12, we prove Theorem 1.3, Proposition
1.4, and Theorems 1.5 and 1.6, respectively.

Acknowledgements. We would like to thank Solomon Friedberg, Stephen Kudla, and
Ken Ono for helpful discussions regarding this work. In addition, we thank the referee
for a very careful reading of the manuscript leading to corrections and a much improved
exposition.

2. A formula for the central value L(χµ, k + 1)

The following notation and assumptions will remain fixed throughout this paper. Assume
that F is a totally real number field of degree t with narrow class number 1. Let ψ be the
unramified additive character of Q\QA such that

ψ∞(x) = e(x) = e2πix.

Let ψ = ψF = ψQ ◦ trF/Q and ψE = ψF ◦ trE/F . Let µ =
∏
µv be a quadratic Hecke

character of F of conductor f = fOF for some totally positive number f ∈ OF prime to 2.
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It induces a quadratic character:

(2.1) µ′ : (OF/f)∗ → {±1}, µ′(a) =
∏
v|f

µv(a).

We also denote µ∞ =
∏

v|∞ µv.
Let E be a CM number field with maximal totally real subfield F , and let Φ be a

CM type for E. We aim to study the central values of L–functions associated to a fixed
quadratic twist of canonical Hecke characters of type (2k + 1)Φ as (E,Φ) varies and F
remains fixed (recall Definition 1.1). Note that if χ is a canonical Hecke character of type
(2k+ 1)Φ, so is χξ where ξ an ideal class character of E. Clearly, if χ is a canonical Hecke
character of CM type Φ, χ2k+1 is a canonical Hecke character of CM type (2k+1)Φ. When
the class number of CL(E) is prime to 2k + 1, the characters of the form χ2k+1 give all of
the canonical Hecke characters of type (2k + 1)Φ. In general, there are canonical Hecke
characters of CM type (2k + 1)Φ which are not of the form χ2k+1.

We will also view a canonical Hecke character χ as an idele class character, and let χun

be its associated unitary idele character. According to [R4, Proposition 1], the condition
(1) in Definition 1.1 is equivalent to χun|F ∗A = εE/F where ε = εE/F is the quadratic Hecke
character of F associated to the quadratic extension E/F .

Let E = F (
√

∆) be a totally imaginary quadratic extension of F such that every prime
factor of 2f is split in E and O∗E = O∗F . Since F has narrow class number one, we can and
will choose ∆ so that the relative discriminant dE/F = ∆OF . Let µ̃ = µ ◦ NE/F be the
quadratic Hecke character of E associated to µ.

Definition 2.1. Let X(µ, k, E,Φ) denote the set of Hecke characters χ of E such that
χµ = χµ̃ ∈ X(k,E,Φ).

If we fix a character χ in X(µ, k, E,Φ), then

X(µ, k, E,Φ) = {χξ : ξ ∈ CL(E)∧}.

Here G∧ denotes the set of characters of G for a finite abelian group G. Note that [RVY,
Lemma 2.1] yields the following lemma.

Lemma 2.2. Let χ ∈ X(µ, k, E,Φ), and fix δ =
√

∆. Then the global root number of χ is
(−1)ktµ∞(−1). Locally, one has for every place v of F ,

∏
w|v

ε(
1

2
, χw,

1

2
ψEw)χunw (δ) =


1 if v is split in E,

sgn(σ(δ)) if v = σ ∈ Φ,

(−1)n(ψv) if v is inert in E,

ε(1
2
, εv, ψv)χ

un
v (δ) if v is ramified in E.

Here ε(1
2
, χw,

1
2
ψEw) is Tate’s local root number,

n(ψv) = max{m : ψv(π
m
v Ov) = 1}

is the conductor of ψv where πv is a uniformizer of F , and sgn(ix) = sgn(x) for x ∈ R.
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When χ is the (2k+1)-th power of a canonical Hecke character of E of type Φ with root
number 1, Rodriguez-Villegas and the second author [RVY, Theorem 2.5] gave an explicit
formula for the central value L(χ, k + 1). We now show that the same formula holds for
any χ ∈ X(µ, k, E,Φ). To state the formula, we need additional notation. Assume that
(−1)ktµ∞(−1) = 1. Choose α ∈ F ∗ such that

(2.2)
∏
w|v

ε(
1

2
, χunw ,

1

2
ψEw)χunw (δ) = εv(α)

for every place v of F , and

n(
α

4
ψv) ≤ 0

when v is split in E. Define for v -∞ (recall that δ =
√

∆)

nv :=

{
n(αψv) if v is split,
1
2
n( δα

4
ψEv) otherwise.

We remark that nv is always an integer. Define

l = f
∏

v ram
p
−[nv

2
]

v

∏
v unram

p−nvv = lOF

where pv is the ideal associated to v. Let r be a fixed square-root of ∆ mod 4f2
∏

v split p−nvv .

For each ideal class C ∈ CL(E), choose a primitive ideal A ∈ C−1 prime to 2∆fαOE, and
write

A2 = [a2,
b+ δ

2
], a, b ∈ OF

such that a = NE/FA is totally positive and

b2 ≡ ∆ mod a2,

b ≡ r mod 2f 2
∏

v split

p−nvv ,

bv ≡ 0 mod p
nv−2[nv

2
]

v if v|∆.
This is possible since F has narrow class number 1. In particular,

τA2 =
−∆α(b+ δ)

2(la)2

belongs to Ht via the CM type Φ, i.e., Φ(τA2) ∈ Ht.
Finally, define the theta function

(2.3) θµ,k(z) := Im(2z)−
k
2

∑
x∈OF ,(x,f)=1

µ′(x)Hk,F (x
√

Im(2z))e(x2z), z ∈ Ht,

where µ′ is given in (2.1) and Hk is the k-th normalized Hermite polynomial defined by

1

2k

(
x− 1

2π

d

dx

)k
e−πx

2

= Hk(x)e−πx
2

,(2.4)
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Hk,F (x) :=
∏
σ|∞

Hk(σ(x)),

and

Im(z) :=
t∏
i=1

Im(zi)

for z = (zi) ∈ Ht. Note that the theta function θµ,k is a real-analytic Hilbert modular form
of weight k + 1

2
for a certain subgroup of SL2(F ) (see Section 8).

Theorem 2.3. Let F be a totally real number field of narrow ideal class number 1 and
degree t over Q. Let µ be a fixed quadratic Hecke character of F of conductor fOF such
that (2, f) = 1. Let E = F (

√
∆) be a CM extension of F with a CM type Φ such that

every prime factor of 2fOF is split in E and O∗E = O∗F . Let k ≥ 0 be an integer with
(−1)ktµ∞(−1) = 1, and let χ ∈ X(µ, k, E,Φ). Then the central value

L(χ, k + 1) = κ

∣∣∣∣∣∣
∑

C∈CL(E)

θµ,k(τA2)

χ(Ā)

∣∣∣∣∣∣
2

where

κ =
2

1
2
tπt|NF/Q(∆3α2)| 2k+1

4

|NF/Q(∆)| 12NF/Q(l)2k+1

(
(4π)k

k!

)t
.

Proof. (sketch) Let η be the character of [E1] = E1\E1
A such that µ̃ = η̃, i.e., µ(zz̄) =

η(z/z̄) for every z ∈ E∗A. Let χ0 = χunµ̃. Then (χ0, η, α, δ =
√

∆, ψ) satisfies [RVY, (0.6)].
Now, the proof is the same as that of [RVY, Theorem 2.5], except for the following small
modification. Since we assume that F has narrow class number 1, we can choose a totally
positive generator a of NE/FA, and µ′(c) sgn(Nc)k = 1 for a totally positive unit c. So
θµ,k(A) does not depend on the choice of the totally positive generator a, and the extra
fudge factor in [RVY, Theorem 2.5] is not needed in this case. �

3. An exact formula for the average L-value

In this section we use Theorem 2.3 to derive an exact formula for the average of the
central values L(χξ, k + 1) as ξ varies over CLra(E)∧. Fix µ and k ≥ 0 such that

(−1)ktµ∞(−1) = 1.

We also assume that ∆ is squarefree and dE/F = ∆OF . This is not really a restriction
since we have assumed that F has (narrow) class number one and every prime factor of
2fOF is split in E.

Let

CLra(E) := E∗\Ê∗/(Ô∗E
∏
v|∆

E∗v)
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and

CLra(E) := E∗\(E∗Ô∗E
∏
v|∆

E∗v)/Ô∗E.

Then CLra(E) is a subgroup of CL(E) = E∗\Ê∗/Ô∗E, and we have the exact sequence

1→ CLra(E)→ CL(E)→ CLra(E)→ 1.

Lemma 3.1. The map z 7→ z
z̄

from Ê∗ to itself gives rise to a surjection from CLra(E) to
CL(E)2.

Proof. Since z
z̄

= z2

zz̄
, and F̂ ∗ = F ∗Ô∗F ⊂ E∗Ô∗E, we have a surjective group homomorphism

φ : Ê∗ → CL(E)2 = E∗\(E∗Ê∗,2Ô∗E)/Ô∗E, z 7→ [
z

z̄
] = [z2].

Recall that for v|∆, E∗v = ωZ
vO∗Ev for a uniformizer ωv of Ev such that ω̄v = −ωv. Thus

φ(ωv) = 1 in CL(E)2, and thus kerφ ⊃ CLra(E), so φ induces a surjection CLra(E) →
CL(E)2. �

Definition 3.2. For α ∈ F ∗, let X(µ, k, α, E,Φ) denote the set of Hecke characters χ ∈
X(µ, k, E,Φ) satisfying the condition (2.2).

Notice that if χ ∈ X(µ, k, α, E,Φ), then χ ∈ X(µ, k, αNE/F z, E,Φ) for any z ∈ E∗.

Lemma 3.3. Let α ∈ ∂−1
F with − ordv ∂F ≤ ordv α ≤ − ordv ∂F + 1.

(1) The set X(µ, k, α, E,Φ) is not empty if and only if the following two conditions
hold.

(a) Φ(αδ) ∈ Ht, i.e., σ(αδ) ∈ iR>0 for every σ ∈ Φ.
(b) ordv α = − ordv ∂F if v is inert in E.

(2) If χ ∈ X(µ, k, α, E,Φ), then

X(µ, k, α, E,Φ) = {χξ : ξ ∈ CLra(E)∧}.

Proof. Fix χ ∈ X(µ, k, E,Φ), and for every ξ ∈ CL(E)∧ and a place v of F define

φv(ξ) :=
1

εv(α)

∏
w|v

ε(
1

2
, χun

w ξw,
1

2
ψEv)χ

un
w ξw(δ).

Then Lemma 2.2 gives

φv(ξ) =



1 if v split in E,

sgn(σ(αδ)) if v = σ ∈ Φ,

(−1)n(ψv)−ordv α if v inert in E,
ε(1

2
, εv, ψv)χ

un
w (δ)

εv(α)
ξw(δ) if v|∆.



RANKS OF ABELIAN VARIETIES 11

By definition, χξ ∈ X(µ, k, α, E,Φ) if and only if φv(ξ) = 1 for every place v of F . Looking
at infinite places and inert primes, we see that (a) and (b) are necessary for X(µ, k, α, E,Φ)
to be non-empty. Assuming this, we have

φv(ξ) =

{
1 if v - ∆,

φv(1)ξw(δ) if v|∆.

Here w is the place of E above v. Define a group homomorphism

sgn : CL(E)∧ → S := {(dv)v|∆ : dv = ±1,
∏
v

dv = 1}, ξ 7→ sgn(ξ) = (ξw(δ)v|∆).

Since ξ2
w(δ) = ξw(δ2) = 1 (ξ|F̂ ∗ = 1), ξv(δ) = ±1, and sgn is well-defined. It is clearly a

group homomorphism. For v|∆, it is easy to see that ξv(δ) = 1 if and only if ξv = 1. So
ker(sgn) = CLra(E)∧, and sgn induces an injection, still denoted by sgn,

sgn : CL(E)∧/(CL(E)ra)∧ ↪→ S, ξ 7→ sgn(ξ) = (ξw(δ)v|∆).

On the other hand,

#CL(E)∧/(CL(E)ra)∧ = #CLra(E).

We claim that

#CLra(E) = #S.

So sgn is actually an isomorphism. Therefore, there is a unique family of ideal class
characters ξ ∈ CL(E)∧/(CL(E)ra)∧ such that sgn(ξ) = (φv(1))v|∆, i.e., φv(ξ) = 1 for every
v. When ∆ is a unit, the above claim is clear—both are 1. In general, s ≥ 1 be the number
of prime factors of ∆ so that #S = 2s−1. To see the above claim, one looks at the exact
sequence (recall F̂ ∗ = F ∗Ô∗F ⊂ E∗Ô∗E)

1→ (
∏
v|∆

F ∗vO∗Ev)\E
∗(
∏
v|∆

F ∗vO∗Ev)→
∏
v|∆

(F ∗vO∗Ev\E
∗
v) = {±1}s → CLra(E)→ 1,

and notices that the first quotient has order 2 and is generated by
√

∆ ∈ E∗. So one has
#CLra(E) = 2s−1 = #S as claimed. This proves the lemma. �

We now choose a generator α0 for ∂−1
F , i.e., ∂−1

F = α0OF , and fix β ∈ OF with ordv β ≤ 1.

Corollary 3.4. Write ∂−1
F = α0OF , and fix β ∈ OF with ordv β ≤ 1. Then for χ ∈

X(µ, k, α0β,E,Φ), we have

L(χ, k + 1) = κ

∣∣∣∣∣∣
∑

C∈CL(E)

θµ,k(τA2,β)

χ(A)

∣∣∣∣∣∣
2

where

κ := 2−
1
2
tπtNF/Q(

α0

βf 2
)

2k+1
2 |NF/Q(∆)|

2k−1
4

(
πk

k!

)t
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and τA2,β is given as follows. Fix a square root r of ∆ mod 16βf 2, and for a primitive
integral ideal A ∈ C−1, write

A2 = [a2,
b+ δ

2
], a, b ∈ OF

with a totally positive and b satisfying

b2 ≡ ∆ mod 16βf 2a2, b ≡ r mod 8βf 2.

Then

τA2,β =
bα0 + δα0

8βf 2a2
.

Proof. Let α = 4α0β
−∆

. Then χ ∈ X(µ, k, α, E,Φ), and (µ, k, α, E,Φ) satisfies all of the con-
ditions of Theorem 2.3. The corollary now follows from Theorem 2.3. Indeed, a straight-
forward calculation gives

nv =

{
− ordv 4β if v is split ,

− ordv β if v is non-split.

For example, when v|∆, n( δα
4
ψEv) = n(α0β

−δ ψEv) is the smallest integer m such that

ψEv(δ
mα0β

δ
OE0) = 1,

i.e.,
δm ∈ δ(α0β)−1∂−1

Ev
= δ(α0β)−1∂−1

Ev/Fv
∂−1
FV

= β−1OEv ,
and so m ≥ −2 ordv β. Thus nv = − ordv β = 0 or 1. When v is inert, a similar calculation
gives nv = 0 = − ordv β. So l = 4βf , and

τA2 =
−∆α(b+ δ)

2l2a2
=
α0(b+ δ)

8βf 2a2

as expected. A straightforward calculation also gives κ as stated in the corollary. �

For an integral ideal N of F , define

Γ0(N, ∂F ) := {γ =

(
a b
c d

)
∈ SL2(F ) : a, d ∈ OF , b ∈ ∂−1

F , c ∈ N∂F}.

The group Γ0(N, ∂F ) acts on Ht via the t real embeddings of F , andX0(N, ∂F ) = Γ0(N, ∂F )\Ht

is an open Hilbert modular variety. Fix a square root r of ∆ mod 4N , and for a primitive
integral ideal A ∈ C−1, write

A = [a,
b+ δ

2
], a, b ∈ OF

with a totally positive and b satisfying

b2 ≡ ∆ mod 4Na, b ≡ r mod 2N.

Then

τA,r =
bα0 + δα0

2Na
∈ X0(N, ∂F )
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depends only on the ideal class C, and we will denote it from here forward by τC . It is a
CM point on X0(N, ∂F ).

Theorem 3.5. For a Hecke character χ ∈ X(µ, k, E,Φ) we have

1

#CLra(E)

∑
ξ∈CLra(E)∧

L(χξ, k + 1)

L(εE/F , 1)
= c(k)

1

#CL(E)2

∑
C∈CL(E)2

Fµ,k(τC)

where

Fµ,k(z) := Im(z)k+ 1
2 |θµ,k(z)|2

is a real-analytic function defined on X0(4f 2, ∂F ), τC is a CM point on X0(4f 2, ∂F ), and

c(k) :=
2(8π)kt

(k!)t

√
dF .

Proof. Since χ ∈ X(µ, k, E,Φ), there is an α ∈ F ∗ such that χ ∈ X(µ, k, α, E,Φ). Fur-
thermore, we can choose α = 4α0β

−∆
as in Corollary 3.4. The CM points τC in the theorem

can be chosen to be τA2,β for some A2 ∈ C−1. By Lemma 3.3, one has

{χξ : ξ ∈ CLra(E)∧} = X(µ, k, α, E,Φ).

In particular, the constant κ = κ(χξ) in Theorem 2.3 (also Corollary 3.4) does not depend
on ξ ∈ CLra(E)∧.

By definition of the canonical Hecke characters, one has χ(A) = χ(A) and

χ(AA) = NE/Q(A)2k+1.

Using the formula for the central value L(χξ, k + 1) in Theorem 2.3 (or equivalently, the
formula in Corollary 3.4) and summing over CLra(E)∧ yields∑

ξ∈CLra
(E)∧

L(χξ, k + 1) = κ
∑

ξ∈CLra
(E)∧

∑
C1,C2∈CL(E)

θµ,k(τA2
1
)θµ,k(τA2

2
)

χ(A1A2)ξ(A1A2)

= κ
∑

C1,C2∈CL(E)

θµ,k(τA2
1
)θµ,k(τA2

2
)

χ(A1A2)

∑
ξ∈CLra

(E)∧

1

ξ(A1A2)

= κ#CLra(E)
∑

C∈CL(E)

|θµ,k(τA2)|2

NE/Q(A)2k+1
,

where we used ∑
ξ∈CLra

(E)∧

1

ξ(A1A2)
=

{
#CLra(E) if C1C

−1
2 ∈ CLra(E),

0 if C1C
−1
2 /∈ CLra(E).

Since θµ,k is a real-analytic Hilbert modular form of weight k + 1
2

for Γ0(4f 2, ∂F ), a
straightforward calculation shows that Fµ,k is a real-analytic function of weight zero for
Γ0(4f 2, ∂F ). Hence Fµ,k is defined on X0(4f 2, ∂F ).
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Recall that

τA2 = −∆α(b+ δ)

2l2a2

where

δ ∈ E× and ∆ = δ2, α, b, l, a ∈ F×.

Fix a CM type Φ = {σ1, . . . , σt} of E (here t = [F : Q]). Write

τA2 = −∆αb

2l2a2
− ∆αδ

2l2a2
.

Since ∆αb/2l2a2 ∈ F× and the restriction of σi to F is real, we have

Im(σi(τA2)) = Im(σi(−
∆αδ

2l2a2
)) =

Im(σi(−∆αδ))

2σi(l)2σi(a)2
,

and since α is totally positive we have

Im(σi(−∆αδ)) = −σi(δ3α) = |σi(δ3α)| = |σi(∆3α2)|1/2.

It follows that

Im(τA2)k+ 1
2 =

{
t∏
i=1

Im(σi(τA2))

}k+ 1
2

=
|NF/Q(∆3α2)| 2k+1

4

2t(k+ 1
2

)NF/Q(l)2k+1NF/Q(a)2k+1
.

Now, aOF = NE/F (A), thus

NF/Q(a) = NF/QNE/F (A) = NE/Q(A).

By combining the preceding facts we obtain

|θµ,k(τA2)|2

NE/Q(A)2k+1
=

2t(k+ 1
2

)NF/Q(l)2k+1

|NF/Q(∆3α2)| 2k+1
4

Fµ,k(τA2).

Recall that

κ =
2t/2πt|NF/Q(∆3α2)| 2k+1

4

|NF/Q(∆)| 12NF/Q(l)2k+1

(
(4π)k

k!

)t
.

Then substituting in the average formula and simplifying yields

1

#CLra(E)

∑
ξ∈CLra

(E)∧

L(χξ, k + 1) =
2t/22t(k+ 1

2
)πt
(

(4π)k

k!

)t
|NF/Q(∆)| 12

∑
C∈CL(E)

Fµ,k(τA2).

By Lemma 3.6 and our assumption that F has narrow class number one (thus class
number one)

L(εE/F , 1) =
2t−1πt#CL(E)

|NF/Q(∆)| 12
√
dF
.



RANKS OF ABELIAN VARIETIES 15

Hence we get

1

#CLra(E)

∑
ξ∈CLra

(E)∧

L(χξ, k + 1)

L(εE/F , 1)
= c(k)

1

#CL(E)

∑
C∈CL(E)

Fµ,k(τA2)

where

c(k) =
2t/22t(k+ 1

2
)πt
(

(4π)k

k!

)t
2t−1πt

√
dF =

2(8π)kt

(k!)t

√
dF .

Finally, using the isomorphism CL(E)/CL2(E) ∼= CL(E)2 we obtain

1

#CL(E)

∑
C∈CL(E)

Fµ,k(τA2) =
1

#CL(E)2

∑
C∈CL(E)2

Fµ,k(τC).

�

Lemma 3.6. One has

L(εE/F , 1) =
2t−1πt#CL(E)

|NF/Q(∆)| 12 #CL(F )
√
dF
.

Proof. For a number field L, let ζL(s) denote its Dedekind zeta function, and let κL denote
the residue of ζL(s) at s = 1. It is well-known that

ζE(s) = L(εE/F , s)ζF (s).

Thus L(εE/F , 1) = κE/κF . By Dirichlet’s analytic class number formula,

κE =
(2π)t#CL(E)RE

wE
√
dE

where RE is the regulator, wE is the number of roots of unity, and dE is the absolute
discriminant. Similarly,

κF =
2t#CL(F )RF

wF
√
dF

.

Since we chose ∆ so that dE/F = ∆OF , we have

dE = d2
FNF/QdE/F = d2

F |NF/Q(∆)|
and by [Was, Proposition 4.16],

RE

RF

=
2t−1

[O×E : UEO×F ]
= 2t−1

since O∗E = O∗F by assumption. Hence

κE
κF

=
2t−1πt#CL(E)

|NF/Q(∆)| 12 #CL(F )
√
dF
.

�
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Remark 3.7. It is interesting to note that Fµ,k does not depend on χ, ∆, or the CM type

Φ of E = F (
√

∆). Moreover, the average formula in Theorem 3.5 does not depend on the
choice of Hecke character χ ∈ X(µ, k, E,Φ).

4. Toric orbits of CM points

In this section we give the explicit relation between the classical and adelic representa-
tions of the CM points which appear in the average formula in Theorem 3.5. We then use
this to express the average formula in terms of an adelic toric integral.

Recall that for an integral ideal N of F ,

Γ0(N, ∂F ) = {γ =

(
a b
c d

)
∈ SL2(F ) : a, d ∈ OF , b ∈ ∂−1

F , c ∈ N∂F},

and define

K0(N, ∂F ) := {g =

(
a b
c d

)
∈ GL2(F̂ ∗) : a, d ∈ ÔF , b ∈ ∂̂−1

F = ∂−1
F ⊗ ÔF , c ∈ N̂∂F}.

Then
K0(N, ∂F ) ∩GL+(F ) = O∗FΓ0(N, ∂F ).

Since F has narrow class number one,

GL2(F̂ ) = F̂ ∗GL+
2 (F )K0(N, ∂F ).

Therefore the Hilbert modular variety associated to K0(N, ∂F ) is

X0(N, ∂F ) = PGL2(F )\(H±)t×PGL2(F̂ )/F̂ ∗K0(N, ∂F ) ∼= Γ0(N, ∂F )\Ht, [z, grka] 7→ [g−1
r z]

for z ∈ Ht, gr ∈ GL+
2 (F ), k ∈ K0(N, ∂F ), and a ∈ F̂ ∗.

Now let N = 4βf 2OF be as above, and recall that α0OF = ∂−1
F . Let M ∈ OF be totally

positive such that every prime factor of M is split in E, and choose b ≡ r mod 8βf 2 as
before, and

b2 ≡ ∆ mod 4NM.

Write

τ0 =
α0(b+ δ)

2N
∈ X0(N, ∂F )

via the CM type Φ. Then E = Fτ0 + F and OE = OF +OF τ0
N
α0

. Using the basis {τ0, 1},
one obtains an injection

j : E∗ ↪→ GL2(F ), j(x+ y
b+ δ

2
) =

(
x+by

(∆−b2)α0
4N

y N
α0

x

)
.

Notice that j(z) ∈ K0(N, ∂F ) if z ∈ Ô∗E. It is straightforward to check that τ0 is a fixed
point of the torus j(E∗). So the associated toric orbit is

{[τ0, j(z)] : z ∈ E∗\Ê∗/Ô∗E = CL(E)}.
For each ideal class C ∈ CL(E), choose a split prime ideal p of E representing C−1, i.e.,
[p] = C−1, so pp̄ = pOF for a totally positive (prime) element p. Let M be the square of
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the product of hE such primes p (one for each ideal class). Then classically the CM points
which appear in Theorem 3.5 are given by

τp =
(b+ δ)α0

2Np
=

1

p
τ0, τp2 =

(b+ δ)α0

2Np2
=

1

p2
τ0.

For each prime p|M , p is split in E, and so ∆ ∈ Fp has two square roots in Fp. If we denote
one of them by δ, then the other one is −δ. We fix an isomorphism Ep

∼= Fp so that δ 7→ δ.
So in the isomorphism Ep̄

∼= Fp, δ 7→ −δ.

Proposition 4.1. Let πp = (1, p) ∈ E∗p = E∗p ⊕ E∗p̄ . Then

[τp] = [τ0, j(πp)], [τp2 ] = [τ0, j(π
2
p)]

in X0(4βf 2, ∂F ), and thus in X0(4f 2, ∂F ). In particular, {τa : [a] ∈ CL(E)} is a toric
orbit of E∗ in X0(4f 2, ∂F ), and {τa2 : [a2] ∈ CL(E)2} is the toric suborbit associated to

CL(E)2 = E∗\E∗Ê∗,2Ô∗E/Ô∗E.

Proof. Write

πp = (x+ y
b+ δ

2
, x− y b− δ

2
), x, y ∈ Fp.

Then

y =
1− p
δ
∈ Op, x =

p(b+ δ)

2δ
+
δ − b

2δ
∈ Op,

and so

x+ by =
p(b+ δ)

2δ
− pb

δ
− b+ δ

2δ
∈ pOp.

Here we used that
δ + b

2
∈ p = [p,

b+ δ

2
] ⊂ pOp = pOp.

This implies that

kp =

(
x+by
p

(∆−b2)α0
4Np

y

y N
α0

x

)
∈ K0(N, ∂F ),

and j(πp) = grk with gr = diag(p, 1) ∈ GL2(F ), and k = g−1
r (gr)pkp ∈ K0(N, ∂F ). Here

(gr)p is the p-component in GL2(Fp) of gr. So

[τ0, j(πp)] = [τ0, grk] = [g−1
r τ0, 1] = [τp].

The argument gives [τ0, j(πp)
2] = [τp2 ]. �

As a consequence of Proposition 4.1 we obtain the following corollary of Theorem 3.5.

Corollary 4.2. Let T ′ = E∗\E∗Ê∗,2Ô∗E/Ô∗E be the suborbit of T = F̂ ∗E∗\Ê∗/Ô∗E asso-
ciated to CL(E)2 in the Hilbert modular variety X0(4f 2, ∂F ). Then for a Hecke character
χ ∈ X(µ, k, E,Φ) we have

1

#CLra(E)

∑
ξ∈CLra(E)∧

L(χξ, k + 1)

L(εE/F , 1)
= c(k)

1

vol(T ′)

∫
T ′
Fµ,k([τ0, j(t)]) dt.
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5. Proof of Theorem 1.8

First, recall that we have chosen ∆ so that the relative discriminant dE/F = ∆OF and
thus

dE = d2
FNF/QdE/F = d2

F |NF/Q(∆)|.
In particular, dE and |NF/Q(∆)| are of the “same size” as dE →∞.

Clozel and Ullmo [CU], Cohen [C], and Zhang [Zh] independently proved that toric orbits
of CM points on Hilbert modular varieties become equidistributed as |NF/Q(∆)| → ∞.
Their proofs were conditional on a subconvexity bound which was eventually established
by Venkatesh in [V]. As described in [MV1, Section 5.2], the subconvexity bound in [MV1,
Theorem 6, (3.4)] implies the equidistribution of big enough toric suborbits of the toric
orbit. This subconvexity bound was established by Michel and Venkatesh in [MV2], and
the resulting equidistribution of toric suborbits is stated in [MV1, Theorem 9]. In our
setting, the theorem implies that there exists an absolute constant 0 < η < 1 such that if
#T ′ ≥ (#T )η, then T ′ is equidistributed on X0(4f 2, ∂F ) as |NF/Q(∆)| → ∞.

Since #T = #CL(E), and #T ′ = #CL(E)/#CL2(E) via the isomorphism CL(E)2 ∼=
CL(E)/CL2(E), to establish equidistribution of the toric suborbit T ′ it suffices to show
that

(#CL(E))1−η ≥ #CL2(E).(5.1)

By Lemma 5.1, for all ε > 0 we have

(#CL(E))1−η ≥ c1(ε)|NF/Q(∆)|(1−η)( 1
2
−ε)

where the constant c1(ε) > 0 is ineffective. Furthermore, one has the following estimate
(see [Zh, Corollary 6.4])

#CL2(E) ≤ c2(ε)|NF/Q(∆)|ε

for some constant c2(ε) > 0. Thus inequality (5.1) is implied by

|NF/Q(∆)|
1
2

(1−η)−(2−η)ε ≥ c2(ε)/c1(ε).(5.2)

Clearly, for any ε < (1−η)/2(2−η), inequality (5.2) holds for all sufficiently large |NF/Q(∆)|.
Now, by Proposition 8.1 the conditions k ≥ 0 is odd or µv(−1) = −1 for some prime v|f

are necessary and sufficient for θµ,k to be cuspidal. Therefore, Fµ,k is smooth and all of its
derivatives have exponential decay in the cusps of X0(4f 2, ∂F ). Then as a consequence of
Corollary 4.2 and the equidistribution of T ′ we conclude that

1

vol(T ′)

∫
T ′
Fµ,k([τ0, j(t)]) dt =

∫
X0(4f2,∂F )

Fµ,k(z)dµX + o(1)

as |NF/Q(∆)| → ∞. �

Lemma 5.1. For all ε > 0, one has

#CL(E) ≥ c(ε)
d1−2ε
F

(2π)t2t−1RF

|NF/Q(∆)|
1
2
−ε

where the constant c(ε) > 0 is ineffective.
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Proof. By Siegel’s lower bound for the residue of ζE(s) at s = 1 (see e.g. [St]), for all ε > 0,

κE ≥ c(ε)d−εE

where the constant c(ε) > 0 is ineffective. Using the formulas for κE, dE and RE/RF in
the proof of Lemma 3.6, we obtain

#CL(E) ≥ c(ε)
wE

(2π)tRE

d
1
2
−ε

E ≥ c(ε)
d1−2ε
F

(2π)t2t−1RF

|NF/Q(∆)|
1
2
−ε.

�

6. Proof of Theorem 1.9

Recall again that we have chosen ∆ so that dE/F = ∆OF and thus dE = d2
F |NF/Q(∆)|.

Let φ ∈ C∞(X0(4f 2, ∂F ), dµX) be a smooth function whose derivatives have exponential
decay in the cusps of X0(4f 2, ∂F ). Define the measure

µT
′

E (φ) :=
1

vol(T ′)

∫
T ′
φ([τ0, j(t)])dt

where dt is the Haar measure on T . We will show that

µT
′

E → µX

in the weak-∗ topology as |NF/Q(∆)| → ∞ with a quantitative bound on the rate of
convergence.

Let χ be a character of T which is trivial on T ′. Define the measure

µT ,χE (φ) :=
1

vol(T )

∫
T
χ(t)φ([τ0, j(t)])dt.

By Fourier analysis one has the decomposition

µT
′

E (φ) =
∑
χ∈bT
χ|T ′≡1

µT ,χE (φ).(6.1)

Let 1 denote the trivial character on T . By [V, Theorem 7.1], there exists a δ > 0 and
constants d, β such that

µT ,1E (φ) =

∫
X0(4f2,∂F )

φ(z)dµX +O(|NF/Q(∆)|−δS∗∞,d,β(φ))

as |NF/Q(∆)| → ∞. Here S∗∞,d,β(φ) is the Sobolev norm defined in [V, Section 2.10].

Let δ1 > 0 be arbitrary. By [V, (7.6)], for each nontrivial character χ ∈ T̂ which is
trivial on T ′ one has the estimate

µT ,χE (φ)� (|NF/Q(∆)|3δ1β−δ/2 + |NF/Q(∆)|δ1(α−1/2) + wt(E, δ1)−1/2)S∗∞,d,β(φ)
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where α > 0 is the constant in the bound towards the Ramanujan conjecture given in [V,
eq. (7.5)]. It follows that∑
χ∈bT\{1}
χ|T ′≡1

µT ,χE (φ)� mE(|NF/Q(∆)|3δ1β−δ/2 + |NF/Q(∆)|δ1(α−1/2) + wt(E, δ1)−1/2)S∗∞,d,β(φ)

where

mE := [T : T ′] = [CL(E) : CL(E)2].

From the decomposition (6.1), we conclude that

µT
′

E (φ) =

∫
X0(4f2,∂F )

φ(z)dµX +O(|NF/Q(∆)|−δS∗∞,d,β(φ))

+O(mE(|NF/Q(∆)|3δ1β−δ/2 + |NF/Q(∆)|δ1(α−1/2) + wt(E, δ1)−1/2)S∗∞,d,β(φ))

as |NF/Q(∆)| → ∞.
By Corollary 4.2 we have

1

#CLra(E)

∑
ξ∈CLra(E)∧

L(χξ, k + 1)

L(εE/F , 1)
= c(k)µT

′

E (Fµ,k).

Because Fµ,k is smooth and its derivatives have exponential decay in the cusps ofX0(4f 2, ∂F ),
it follows from the preceding analysis with φ = Fµ,k that

1

#CLra(E)

∑
ξ∈CLra(E)∧

L(χξ, k + 1)

L(εE/F , 1)
= c(k)

∫
X0(4f2,∂F )

Fµ,k(z)dµX

+Ok(|NF/Q(∆)|−δS∗∞,d,β(Fµ,k))

+Ok(mE(|NF/Q(∆)|3δ1β−δ/2 + |NF/Q(∆)|δ1(α−1/2) + wt(E, δ1)−1/2)S∗∞,d,β(Fµ,k))

as |NF/Q(∆)| → ∞. By choosing δ1 to be sufficiently small, we conclude that the error
term has the desired form.

�

7. Proof of Theorem 1.2

Fix a Hecke character χ ∈ X(µ, k, E,Φ). Then by Corollary 4.2 and Lemma 3.6 we have∑
ξ∈CLra(E)∧

L(χξ, k + 1) = c̃(k)#CLra(E)
#CL(E)

|NF/Q(∆)| 12
1

vol(T ′)

∫
T ′
Fµ,k([τ0, j(t)])dt,

where

c̃(k) := c(k)
2t−1πt√
dF

.

Let φ : X0(4f 2, ∂F )→ [0, 1] be a smooth, compactly supported function such that

µX(supp(Fµ,k) ∩ supp(φ)) > 0.
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Define Gµ,k := Fµ,kφ. Then Gµ,k ∈ C∞c (X0(4f 2, ∂F ), dµX), and since Fµ,k ≥ 0,

Fµ,k ≥ Gµ,k ≥ 0.

By Lemma 3.1 there is a surjection

CLra(E) � CL(E)2 ∼= CL(E)/CL2(E).

Thus

#CLra(E) ≥ #CL(E)/#CL2(E).

Combining these estimates yields∑
ξ∈CLra(E)∧

L(χξ, k + 1) ≥ c̃(k)
(#CL(E))2

#CL2(E)|NF/Q(∆)| 12
1

vol(T ′)

∫
T ′
Gµ,k([τ0, j(t)]) dt.

Because the toric suborbit T ′ is equidistributed (see Section 5) we have

1

vol(T ′)

∫
T ′
Gµ,k([τ0, j(t)]) dt =

∫
X0(4f2,∂F )

Gµ,k(z)dµX + o(1)

as |NF/Q(∆)| → ∞. Thus∑
ξ∈CLra(E)∧

L(χξ, k + 1) ≥ c̃(k)
(#CL(E))2

#CL2(E)|NF/Q(∆)| 12

(∫
X0(4f2,∂F )

Gµ,k(z)dµX + o(1)

)
as |NF/Q(∆)| → ∞. By combining the estimates

#CL(E)�ε |NF/Q(∆)|
1
2
−ε

and

#CL2(E)�ε |NF/Q(∆)|ε,
we find that ∑

ξ∈CLra(E)∧

L(χξ, k + 1)�ε |NF/Q(∆)|
1
2
−ε

as |NF/Q(∆)| → ∞. In particular, this proves that for |NF/Q(∆)| sufficiently large, there
exists at least one ξ ∈ CLra(E)∧ such that L(χξ, k + 1) 6= 0.

Recall that χun is the unitary idele character associated to χ. Then

L(χξ, k + 1) = L(χunξ,
1

2
).

The conductor of χun is f
√

∆OE. By Hypothesis A.2 in [ELMV], one has the subconvexity
bound

L(χunξ,
1

2
)�t C∞(χunξ,

1

2
)N(dENE/Q(f

√
∆OE))

1
4
−δ(7.1)

for some absolute constants N, δ > 0. Here C∞(χunξ, 1
2
) is the archimedian part of the

analytic conductor of χunξ (see e.g. [ELMV, p. 54, eq. (83)]), which depends on k since
χunξ does. As remarked in the second case following Hypothesis A.2 at the bottom of
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[ELMV, p. 55], that the bound (7.1) holds for the (varying quadratic) CM extensions
E/F follows (by quadratic base change) from the works [BHM], [DFI], and [MV2].

Now, we have dE = d2
F |NF/Q(∆)|, and

NE/Q(f
√

∆OE) = NF/QNE/F (f
√

∆OE)

= NF/Q(f2∆OF )

= NF/Q(f)2|NF/Q(∆)|.
Substituting these calculations in the subconvexity bound yields

L(χξ, k + 1)�k |NF/Q(∆)|
1
2
−2δ,

and thus∑
ξ∈CLra(E)∧

L(χξ, k + 1)�k #{ξ ∈ CLra(E)∧ : L(χξ, k + 1) 6= 0}|NF/Q(∆)|
1
2
−2δ.

Finally, by combining the upper and lower bounds for the sum of the central values, we
see that there exists an absolute constant δ1 > 0 such that

#{ξ ∈ CLra(E)∧ : L(χξ, k + 1) 6= 0} �δ1,k |NF/Q(∆)|δ1

as |NF/Q(∆)| → ∞. �

8. The theta function θµ,k

In this section we study the Hilbert modular theta function θµ,k using representation
theory. In particular, we establish necessary and sufficient conditions for the cuspidality
of theta function θµ,k defined in (2.3). For an algebraic group H over F , we denote [H] =
H(F )\H(A) where A = FA is the adeles of F . Let ψQ =

∏
p ψQp be the ‘canonical’

unramified additive character of Q\QA such that ψQ∞(x) = e(x), and let ψ = ψQ ◦ trF/Q
be the additive character of [F ].

Proposition 8.1. Let F be a totally real number field of degree t. Let k ≥ 0 be an integer
and let µ be a fixed quadratic Hecke character of F of conductor f such that (−1)ktµ∞(−1) =
1. Then the theta function

θµ,k(z) = Im(2z)−
k
2

∑
n∈OF ,(n,f)=1

µ′(n)Hk,F (n
√

Im(2z))e(n2z)

is a real-analytic Hilbert modular form for Γ0(4f 2, ∂F ) of weight k+ 1
2

(with respect to some
multiplier system). It is cuspidal if and only if k is odd or µv(−1) = −1 for some prime
v|f.

Proof. Let V = F be the quadratic space with quadratic form (x, y) = 2xy (so Q(x) = x2),
and let G(V ) = O(1) be its isometry group, as an algebraic group over F (notice that
G(V )(F ) = {±1}). Let W = F 2 with the standard symplectic form with isometry group
Sp(W ) = SL2. Then we have a dual reductive pair (O(1), SL2) in Sp(V ⊗ W ) = SL2.
This introduces a Weil representation ωψ = ωV,ψ of O(1)(A) ×Mp1,A on the space S(A)
of Schwartz functions on A (see for example [KRY, Chapter 8] and [Ge]), where Mp1,A
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is the metaplectic C1-cover of SL2(A), where C1 is the unit circle in the complex plane.
Explicitly, we use the normalized cocycles g′ = [g, t] as in [KRY, Section 8.5] to identify
Mp1,A with SL2(A)× C1. One has for φ =

∏
φv ∈ S(A)

ωψ(h)φ(x) = φ(h−1x), h ∈ O(1)(A),

ωψ([n(b), 1])φ(x) = ψ(bx2)φ(x), b ∈ A, n(b) = ( 1 b
0 1 ) ,(8.1)

ωψ([m(a), 1])φ(x) = (2, a)A|a|
1
2
Aφ(ax), a ∈ A×,m(a) = diag(a, a−1),

ωψ([wv, 1])φ(x) = γv
∏
v′ 6=v

φv′(x)

∫
Fv

φv(y)ψv(−2xy)dy.

Here wv is ( 0 −1
1 0 ) in the v-component and the identity in all other components, and γv is

a root of unity (which is not important to us) such that∏
v

γv = 1.

For every Schwartz function φ ∈ S(A), the theta kernel function

θφ(g′, h) =
∑
x∈F

ωψ(g′)φ(h−1x)

is an automorphic form of two variables on (SL2(F )\Mp1,A)× [O(1)]. For a character ξ of
[O(1)], one produces an automorphic form on SL2(F )\Mp1,A (the global theta lifting of ξ)
by integration against the theta kernel:

θφ(ξ)(g′) =

∫
[O(1)]

θφ(g′, h)ξ(h)dh.

Here we assign on O(1)(Fv) = {±1} and O(1)(F ) = {±1} the probability measure as its
Haar measure, and assign on O(1)(A) the product measure, and on [O(1)] the quotient
measure, with total mass 1.

It is natural to ask whether this lifting is nonvanishing (not identically zero) and cuspidal.
In general these questions are very interesting and challenging. Our case is well-known, yet
it is difficult to find a precise reference so we provide the details. Choose φ = ⊗φv ∈ S(A)
as follows:

φv(x) =


Hk(
√

2x)e−2πx2
if v|∞,

µv(x)char(O∗v) if v|f,
char(Ov) if v - f∞.

Here Hk is the Hermite function defined in (2.4). Let ξ =
∏

v ξv be a character of O(1)(A)
given by

ξv(−1) =


(−1)k if v|∞,
µv(−1) if v|f,
1 otherwise.
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Then ξ defines a character of [O(1)] if and only if

ξ(−1) =
∏
v

ξv(−1) = (−1)kt
∏
v|f

µv(−1) = (−1)ktµ∞(−1)

is equal to 1, which is precisely our assumption in this proposition. By the strong approx-
imation theorem, we only need to compute for g′ = g′z = [n(uj)m(

√
vj), 1] ∈ Mp1,F∞ =∏t

j=1 Mp1,R where z = (z1, · · · , zt) ∈ Ht and zj = uj + ivj. Notice that n(uj)m(
√
vj)(i) =

uj + ivj = zj. A straightforward calculation gives

θφ(ξ)(g′z) =
∑
n∈F

ωψ(g′z)φ(n) = Im(z)
1
4

∑
n∈OF ,(n,f)=1

µ′(n)Hk,F (n
√

Im(2z))e(n2z).

So

θµ,k(z) = 2
1
4 Im(2z)−

2k+1
4 θφ(ξ)(g′z) 6= 0.

By the well-known relationship between classical modular forms and automorphic forms
in the adelic language (see [KRY, Proposition 8.5.20]), θµ,k is a Hilbert modular form of

weight k + 1
2

if and only if φv is an eigenfunction of K̃v with eigencharacter ‘eπi(k+ 1
2

)x’ for

every v|∞ , where K̃v is the preimage of Kv = SO2(R) ⊂ SL2(Fv) = SL2(R) in Mp1,Fv .
This is true by [Wal, Section 5.6]. Here is the rough idea for the convenience of the reader.
Write

K̃v := {[kθ, t] : kθ =

(
cos θ sin θ
− sin θ cos θ

)
,−π < θ ≤ π, t ∈ C1}.

Then

χk+ 1
2

: K̃v → C1, [kθ, t] 7→ tei(k+ 1
2

)θ

is a character of K̃v of weight k+ 1
2
. First, one checks by direct computation that φ0

v = e−2πx2

is an eigenfunction of K̃v with character χ 1
2

(the shift from e−
1
2
x2

in [Wal] to our e−2πx2

is due to the different choice of ψv in the Weil representation and the quadratic space
we used). Next, using the weight raising operator A+ in [Wal, Section 5.6] (with minor
modification), one shows that

φv = φ(k)
v = Hk(

√
2x)e−2πx2

= (A+)kφ0
v

(up to a constant multiple) is an eigenfunction of K̃v of weight k + 1
2

(our Hk is basically
hk in [Wal, Section 5.6]).

Next, we claim that θµ,k is cuspidal if and only if ξ is non-trivial, i.e., either k is odd or
µv(−1) = −1 for some finite prime v|f. This is a very special case of the first occurrence
theorem of Rallis [Ra] (although he only proved this when the dimension of the quadratic
space is even, the proof goes through for odd dimension without trouble). Since our case
is simple, we give a direct proof rather than appealing to [Ra]. Whether θµ,k is cuspidal is
the same as whether the following integral (the constant term of θφ(ξ))∫

[F ]

θφ(ξ)([n(b), 1]g′)db
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is zero (different choices of g′ correspond to different cusps). A simple calculation gives∫
[F ]

θφ(ξ)([n(b), 1]g′)db =

∫
[O(1)]

ξ(h)dh
∑
x∈F

ωψ(g′)φ(h−1x)

∫
[F ]

ψ(bx2)db

= ωψ(g′)φ(0)

∫
[O(1)]

ξ(h)dh

=

{
ωψ(g′)φ(0) if ξ = 1,

0 if ξ 6= 1.

Furthermore, when ξ = 1, k is even, Hk(0) 6= 0, and so

ωψ(1)φ(0) = φ(0) = Hk(0)[F :Q] 6= 0.

This proves the claim.
Finally, to determine the level, it is enough to check that φ is K0(4f 2, ∂F )-invariant up

to some multiplier system, which comes from the splitting of K0(4, ∂F ) to Mp1,F̂ . Here

K0(4f 2, ∂F ) = {g =

(
a b
c d

)
∈ SL2(F̂ ) : a, d ∈ ÔF , c ∈ 4f 2∂F ÔF , b ∈ ∂−1

F ÔF}.

Let

K0(4, ∂F )→ Mp1,F̂ , g 7→ [g, λ(g)], λ(g) =
∏
v-∞

λv(g)

be the splitting as in [KRY, Section 8.5]. For almost all v, λv(g) = 1. Since we are not
concerned with the multiplier system, we can ignore λv(g).

We now check that under the splitting, φ̂ =
∏

v-∞ φv is an eigenfunction of K0(4f 2, ∂F ).

First, we assume v - 2f . For m(a) = diag(a, a−1) with a ∈ O∗v,

ωV,ψv(m(a))φv(x) = (2, a)vφv(ax) = φv(x).

For n(b) = ( 1 b
0 1 ) with b ∈ (∂F )−1

v = π
n(ψv)
v , where πv is a uniformizer of Fv, we have

ωV,ψv(n(b))φv(x) = ψv(bQ(x))φv(x) = φv(x).

Finally for n−(c) = ( 1 0
c 1 ) with c ∈ 4(∂F )v, we have

n−(c) = w−1n(−c)w, w = ( 0 −1
1 0 ) .

Then

ωV,ψv(w)φv(x) = γv

∫
Fv

φv(y)ψv(−(x, y))dy

= γv

∫
Ov
ψv(−2xy)dy

= γvchar(
1

2
πn(ψv)
v Ov)(x)vol(

1

2
πn(ψv)
v Ov).
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So

ωV,ψv(n(−c)w)φv(x) = γvvol(
1

2
πn(ψv)
v Ov)ψv(−cx2)char(

1

2
πn(ψv)
v Ov)(x)

= ωV,ψv(w)φv(x)

since ψv(−cx2) = 1 under our assumption c ∈ 4π
−n(ψv)
v Ov. So

ωV,ψv(n−(c))φv(x) = φv(x).

(Here we ignore the interference of λv and cocycles, so the above calculation is only true
up to a function of g ∈ K0(4f 2, ∂F ), which does not affect our conclusion below). Since
K0(4f 2, ∂F ) is generated by m(a), n(b), and n−(c), we have verified that φv is an eigen-
function of K0(4f 2, ∂F )v.

For v|f , the proof is similar for m(a) and n(b), and

ωV,ψv(m(a))φv(x) = µv(a)φv(x).

For n−(c) = w−1n(−c)w, we have

ωV,ψv(w)φv(x) = γv

∫
O∗v
µv(y)ψv(−2xy)dy = 0

unless n(ψv)− ordv(2x) = ordv f , i.e., ordv x = n(ψv)− ordv(2f). So

ωV,ψv(n(−c)w)φv(x) = ψv(−cx2)ωV,ψv(w)φv(x) = ωV,ψv(w)φv(x)

since ordv cx
2 ≥ n(ψv) under the above condition on x. So we have again

ωV,ψv(n−(c))φv(x) = φv(x)

and φv is an eigenfunction of K0(4f 2, ∂F )v. The case v|2 is similar and is left to the reader.
This completes the proof.

�

9. Algebraic Hecke characters and CM abelian varieties

In this section we summarize some facts which we will need concerning CM types, al-
gebraic Hecke characters and their associated CM abelian varieties, and reflex fields. We
refer the reader to [Sch] for basic facts about algebraic Hecke characters and to [Sh1] for
CM abelian varieties. Let E be a totally imaginary number field. Then a type of E is a
formal sum

Φ =
∑

σ:E↪→C

nσσ

with nσ ∈ Z. If L is a finite extension of E, one can extend Φ to a type ΦL of L by

ΦL =
∑

σ:L↪→C

nσσ, nσ = nσ|E .
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A type Φ is called simple if it cannot be extended from a proper subfield. When E is
Galois over Q, the embeddings of E into C are elements of the Galois group Gal(E/Q). In
this case, one defines its reflex type by

Φ′ =
∑

σ:E↪→C

nσσ
−1.

In general, given a type (E,Φ), its reflex type (E ′,Φ′) is defined as follows. First, the
reflex field E ′ of E is the subfield of C generated by all

NΦ(α) =
∏

σ(α)nσ , α ∈ E∗.

Second, let L be a finite Galois extension of Q containing both E and E ′, and extend Φ
to ΦL. Then it is a standard fact [Sh1, Chapter II, Proposition 28] that there is a unique
type Φ′ of E ′ such that its extension to L is

(Φ′)L = (ΦL)′.

This Φ′ is independent of the choice of L and is called the reflex type of Φ. Note that the
type norm NΦ induces a group homomorphism

NΦ : CL(E)→ CL(E ′), a 7→
∏
σ∈Φ

σ(a)nσOL ∩ E ′.

An algebraic Hecke character of E of infinity type Φ and modulus f (an integral ideal of
E) is a group homomorphism

χ : I(f) −→ C∗

such that

χ(αOE) = NΦ(α) for α ≡ 1 mod f.

Here I(f) denotes the group of fractional ideals of E prime to f. The Dirichlet unit theorem
implies that there is an algebraic Hecke character of E of type Φ if and only if w(Φ) =
nσ + nσρ is independent of the choice of σ. Here ρ is complex conjugation of C. In such a
case, Φ is called a Serre type of weight w(Φ). Notice that the subfield Q(χ) of C generated
by χ(a) for a ∈ I(f) is a number field containing the reflex field E ′ of (E,Φ). We say that
χ has values in T if Q(χ) ⊂ T .

When E is a CM number field, i.e., a totally imaginary quadratic extension of a totally
real number field, a type Φ of E is a CM type if nσ ≥ 0 and nσ + nσρ = 1 for every
complex embedding σ of E. In this case, Φ is often identified with the set of embeddings
{σ : nσ = 1}. In general, any extension of a CM type is also called a CM type.

An abelian variety A defined over a subfield L of C is said to be a CM abelian variety
over L if there is a number field T of degree [T : Q] = 2 dimA = 2d together with an
embedding

i : T ↪→ End0
LA = EndLA⊗Q.

In this case, T acts on the differentials ΩA/C diagonally via the d embeddings Φ =
{φ1, · · · , φd}. That is, there is a basis ωj for ΩA/C such that for every α ∈ i−1(EndLA),

i(α)∗(ωj) = φj(α)ωj.
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We will identify Φ with the formal sum
∑

φ∈Φ φ. We usually say (A, i) is of CM type (T,Φ).

It is a fact that the two seemingly different definitions of CM types are the same (see [Sh1,
Theorem 1, p. 40]).

The following theorem ([Ya3, Theorem 1.1]) summarizes the basic relationship between
algebraic Hecke characters and CM abelian varieties. Parts (1) and (2) are due to Shimura
and Taniyama, and Casselman, respectively ([Sh1, Theorems 19.8 and 19.11], [Sh1, Theo-
rem 21.4]).

Theorem 9.1. Let E ⊂ C be a number field. Let (T,Φ) be a CM type, and let (T ′,Φ′) be
its reflex type. Assume that T ′ ⊂ E.

(1) If (A, i) is a CM abelian variety over E of CM type (T,Φ), then there is a unique
algebraic Hecke character χ of E of infinity type Φ′E with values in T such that
i(χ(p)) reduces to the Frobenius endomorphism of A modulo p for every prime ideal
p where A has good reduction. In particular,

L(A/E, s) =
∏

σ:T ↪→C

L(χσ, s).

Here χσ = σ ◦ χ. We call χ the (algebraic) Hecke character associated to (A, i).

(2) Conversely, if χ is an (algebraic) Hecke character of E of infinity type Φ′E with
values in T , then there is a CM abelian variety (A, i) over E of CM type (T,Φ),
unique up to isogeny, such that the algebraic Hecke character associated to (A, i) is
χ. We call (A, i) the abelian variety associated to χ, and denote it by A(χ).

(3) Let (A, i) be a CM abelian variety over E of CM type (T,Φ), and let χ be the Hecke
character of E associated to (A, i). Then the following are equivalent:

(a) The CM abelian variety (A, i) is simple over E.
(b) T = Q(χ).

10. Proof of Theorem 1.3

By Theorem 1.2, for all sufficiently large discriminants dE there exists a χ ∈ X(0, E,Φ)
such that L(χµ, 1) 6= 0. Now, the L–function of A(χ)µ factors as

L(A(χ)µ, 1) =
∏

σ:Q(χµ)↪→C

L(χσµ, 1).

A well-known theorem of Shimura [Sh2] implies that

L(χµ, 1) 6= 0 if and only if L(χσµ, 1) 6= 0.

Thus L(A(χ)µ, 1) 6= 0, and it follows from Tian and Zhang [TZ] that RankA(χ)µ(E) =
0. �

11. Proof of Proposition 1.4

Let χ be a Hecke character of E of CM type Φ. By Theorem 9.1, there is a (simple) CM
abelian variety A(χ) over E associated to χ of CM type (T,Φ′T ) with T = Q(χ).
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Let A be an algebraic variety over a number field H, and let E be a subfield of H. Then
the scalar restriction ResH/E A is an algebraic variety over E such that for any E-algebra
R, one has

ResH/E A(R) = A(R⊗E H).

It is clear that L(A, s) = L(ResH/E A, s) when A is an abelian variety over H.

Lemma 11.1. Let E be a totally imaginary number field with a CM type Φ, let χ be an
algebraic Hecke character of E of type Φ, and let A(χ) be the CM abelian variety over E
associated to χ. Let H be a finite abelian extension of E with Galois group G, and let
A(χH) be the CM abelian variety over H associated to χH = χ ◦NH/E. Then the following
are equivalent:

(1) ResH/E A(χH) = A(χ) (isogenous over E).

(2) One has
{χσ : σ ∈ Gal(Q̄/Q(χH))} = {χφ : φ ∈ G∧}.

(3) [Q(χ) : Q(χH)] = [H : E].

(4) [H : E] dimA(χH) = dimA(χ).

Proof. Recall that two abelian varieties over a number field are isogenous if and only
if they have the same L-function. By class field theory, we can identify characters of
G = Gal(H/E) with Hecke characters of E of finite order. With this identification, we
have

L(χH , s) =
∏
φ∈G∧

L(χφ, s),

and thus
L(A(χH), s) =

∏
σ:Q(χH)↪→C

∏
φ∈G∧

L(χτφ, s)

where τ is a complex embedding of Q(χ) which equals σ when restricted to Q(χH). So
L(A(χH), s) = L(A(χ), s) if and only if∏

φ∈G∧
L(χφ, s) =

∏
τ :Q(χ)↪→C,τ |Q(χH )=1

L(χτ , s).

When τ = 1 on Q(χH), φ = χτ−1 has the property

φ(NH/E(a)) = 1

for every ideal of H prime to the conductor of χH . Thus φ ∈ G∧ by class field theory, and
we have proved that

{χτ : τ ∈ Gal(Q̄/Q(χH))} ⊂ {χφ : φ ∈ G∧}.
So L(A(χH), s) = L(A(χ), s) if and only if this inclusion is actually an equality. Since

#{χτ : τ ∈ Gal(Q̄/Q(χH))} = [Q(χ) : Q(χH)],

we obtain the lemma. �
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Remark 11.2. It is easy to see from the proof that in general, dim ResH/E A(χH) ≥
dimA(χ).

Corollary 11.3. Let notation be as in Lemma 11.1. Let H = H(Φ) be the CM class
field of E associated to ker NΦ, and assume that χ(a) ∈ E ′ when [a] ∈ ker NΦ. Then
ResH/E A(χH) = A(χ) and

dimA(χH) =
1

2
[E ′ : Q], dimA(χ) =

1

2
[E ′ : Q][CL(E) : ker NΦ].

Proof. This follows from Lemma 11.1 and [R3, Theorem 1]. �

Remark 11.4. When a Hecke character of E satisfying the conditions of Corollary 11.3
exists, A(χ) should have the smallest dimension 1

2
[E ′ : Q][CL(E) : ker NΦ] among all CM

abelian varieties defined over E whose associated Hecke characters have CM type Φ. A
very interesting question is the following: does such a Hecke character always exists, and if
not, what is the minimal dimension among all CM abelian varieties defined over E whose
associated Hecke characters have CM type Φ?

Proof of Proposition 1.4: (a) Under our assumptions on E and F , it follows from [BY,
Lemma 5.3] that the type norm NΦ induces an isomorphism between CL(E) and CL(E ′).
If χ is any fixed canonical Hecke character of E of CM type Φ, we see that χ(αOE) ∈ E ′
by definition. Therefore by [R3, Theorem 1] we have

{χσ : σ ∈ Gal(Q̄/E ′)} = {χξ : ξ ∈ CL(E)∧}.(11.1)

By Corollary 11.3, dimAE = 2hE since ker NΦ = {1}.
(b) Since ker NΦ = {1}, H = H(Φ) is the Hilbert class field of E. The equality (11.1)

implies that χH = χ ◦NH/E is independent of the choice of χ. Therefore the CM abelian
variety AH = A(χH) associated to χH is unique up to H-isogeny. Finally, Corollary 11.3
implies that dimAH = 2 and AE = ResH/E AH . �

12. Proof of Theorems 1.5 and 1.6

Let χ be a fixed canonical Hecke character of E of CM type (2k+1)Φ. Arguing as in the
proof of Proposition 1.4, where we now use the condition (2k+ 1, hE) = 1 in [R3, Theorem
1], we find that

{χσ : σ ∈ Gal(Q̄/E ′)} = {χξ : ξ ∈ CL(E)∧}.
By Theorem 1.2, for all sufficiently large discriminants dE there exists a χ ∈ X(k,E,Φ)
such that L(χµ, k + 1) 6= 0. Then using the results of Shimura [Sh2] and Tian and Zhang
[TZ] as in the proof of Theorem 1.3, we find that L(χµ, k + 1) 6= 0 for all χ ∈ X(k,E,Φ)
and RankAµH(H) = RankAµE(E) = 0. �

Remark 12.1. We remark that when E is a CM number field with maximal totally real
number field F , the type norm NΦ becomes the norm NF/Q when restricting to F , so we
have

CL(F ) ⊂ ker NΦ

where CL(F ) stands for the natural image of the class group CL(F ) in CL(E).
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