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Definitions

Definition
For a a finite ordinal, A% ; = A9(0().
For a an infinite ordinal, A2 = A9(0(®)).

Definition
For a linear order L, the condensation of L is the quotient order
obtained by identifying elements which have only finitely many

elements between them.
The «-condensation of L is the ath iterate of the condensation

operation.

Note that if L is computable, the a-condensation is Aga_H.
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Definition
For a linear order L, let S, (L) be the set of pairs (a, b) such that
([a], [b]) form a successivity in the a-condensation of L.

Definition
For a linear order L, let I,(L) be the set of pairs (a, b) such that
[a] # [b] in the a-condensation of L.

If L is computable, Io(L) is A3, 1, and Sa(L) is A3, ,,.
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Theorem (Downey-Moses)

There exists a computable linear order A such that So(A) is

intrinsically Ag—Turing complete, i.e. for any computable linear
order B>~ A, So(B) >7 0.

Since So(B) is A9, we can replace So(B) >7 0’ with Sp(B) =7 0'.
2
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Theorem (Downey-Moses)

There exists a computable linear order A such that So(A) is

intrinsically Ag—Turing complete, i.e. for any computable linear
order B= A, So(B) >1 0.

Since So(B) is A9, we can replace So(B) > 0’ with So(B) =7 0.

Question

Are there similar results for A% ?

Daniel Turetsky Intrinsically Complete Relations on Linear Orders



Definitions Motivation The Result A First Attempt The Basic Proof Conclusion References

Theorem (Turetsky)

For any computable ordinal o, there exists a computable linear
order A on which the relation |, is intrinsically Aga 41~ Turing
complete and the relation S, is intrinsically Aga 1o~ Turing
complete.
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The observation that the a-condensation of L is A3 . ; has a
converse:

Theorem (Ash)

If a is a computable ordinal and L is a linear order with a A,
presentation, then w® - L possesses a computable presentation.

Note that Sp(L) in some sense equals S, (w® - L).

So we might relativize the Downey-Moses result, then use the Ash
result to obtain a computable linear order.
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A First Attempt

The Downey-Moses result relativized to 0(%):

Theorem

There exists a 009 -computable linear order Ag, such that for any
0% -computable linear order B = Ag, So(B) @ 08 ¢ g(B+1),

Letting 6 = 2a + 1 and combining with Ash:

Theorem

For any computable ordinal «, there exists a computable linear
order A such that for any computable linear order B = A,
SQ(B) D 0(2a+1) = 0(2a+2)‘

(For finite v, replace 2+ 1 and 2« + 2 with 2« and 2a + 1.)
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A First Attempt

Theorem

For any computable ordinal «, there exists a computable linear

order A such that for any computable linear order B = A,
So(B) & 0(Ra+1) £ (2a+2)

The ®0(22+1) js an artifact of the relativization. Proving the result
directly gets:
Theorem

For any computable ordinal «, there exists a computable linear
order A on which the relation S,, is intrinsically Aga Lo~ Turing
complete.
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We want relations R, which will be intrinsically AgaH—Turing
complete.

Consider the base case of & = 1. Then we're looking for
AY-relations on a linear order. A natural choice is “infinite”.
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We want relations R, which will be intrinsically AgaH—Turing
complete.

Consider the base case of & = 1. Then we're looking for
AY-relations on a linear order. A natural choice is “infinite”.

Note that “[a] and [b] are infinitely far apart in the
a-condensation” is equal to “a and b are not identified in the
(v + 1)-condensation”.

Definition

For a linear order L, let I,(L) be the set of pairs (a, b) such that
[a] # [b] in the a-condensation of L.
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Parallel to the Downey-Moses result, we have:

Theorem (Turetsky)

There exists a computable linear order A such that for any
computable linear order B = A, h(B) is Turing complete for AS.

Daniel Turetsky Intrinsically Complete Relations on Linear Orders



A First Attempt

Parallel to the Downey-Moses result, we have:

Theorem (Turetsky)

There exists a computable linear order A such that for any
computable linear order B = A, Ii(B) is Turing complete for AS.

Relativizing and combining with Ash, we again have:

Theorem

For any computable successor ordinal o, there exists a computable
linear order A such that for any computable linear order B = A,
In(B) ® 0a—1) g ga+1),
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A First Attempt

Theorem
For any computable successor ordinal c, there exists a computable
linear order A such that for any computable linear order B = A,
Io(B) ® 022—1) ¢ gat1),
Still two problems with this:

e Has an extra &0(o—1),

e Only works for successor ordinals.

Both artifacts of the relativization. Proving directly gets:

Theorem

For any computable ordinal «, there exists a computable linear
order A on which the relation |, is intrinsically Aga 41~ Turing
complete.
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Want to construct an A with So(A) intrinsically A9-Turing
complete.

Fix X a X9-complete set.

For computable linear order L;, we want to ensure that if L; = A,
then So(L;) computes X.

For each L;, we will build an A; to handle L;.

For the corresponding /1 result, use Y a Zg—complete set in place
of X.
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Definition
7 is the order-type of Q.
A=Ay +3+A +4+A +...
A; will have type (n+ 2+ n) - 7 for some 7.
7 will have type n+ w*, w + n or w + w*.

Note that n+ w*, w4+ n and w + w each have the property that no
element has infinitely many points to its left and to its right.

For the corresponding ; result, A; will have type (n+ ¢ +1n)- 7.
(¢ the order-type of Z).
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We will build I'; a Turing functional and endeavor to make
r:SO(Lf) — X
, .

Begin building A; so 7 has type w.

Enumerate a computation into I'; for our guess of X(n) with use
our guess of the first n 4+ 1 adjacencies.
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We will build I'; a Turing functional and endeavor to make
r.SO(Lf) — X
, .

Begin building A; so 7 has type w.

Enumerate a computation into I'; for our guess of X(n) with use
our guess of the first n 4+ 1 adjacencies.

When our guess of X(n) changes, we need to change our
computation. So we need to change the use of the old
computation, but we don't directly control L;. So instead we
attack the isomorphism.
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Consider the arrangement of the first n + 1 adjacencies in L;. Kill
all later adjacencies in A;, then put the new n+ 1 adjacency in the
same relative position as the first in L;.

L is:

R N P N NN N PR S S
Our behavior on A:

-ao.--al-.-35--.36-..37-.-38.--34.-.a3-.-a2.-.
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Consider the arrangement of the first n + 1 adjacencies in L;. Kill
all later adjacencies in A;, then put the new n+ 1 adjacency in the
same relative position as the first in L;.

L is:

R N P N NN N PR S S
Our behavior on A:

-ao.--al-.-35--.36-..37-.-38.--34.-.a3-.-a2.-.

'a()"'a]_'"35"'36"'37""'""34"'33"'32"‘

Daniel Turetsky Intrinsically Complete Relations on Linear Orders



Definitions Motivation The Result A First Attempt The Basic Proof Conclusion References

Consider the arrangement of the first n + 1 adjacencies in L;. Kill
all later adjacencies in A;, then put the new n+ 1 adjacency in the
same relative position as the first in L;.

L is:

R N P N NN N PR S S
Our behavior on A:

-ao.--al-.-35--.36-..37-.-38.--34.-.a3-.-a2.-.
'a()"'a]_'"35"'36"'37""'""34"'33"'32"‘

'a()"'a]_'"35"'28"'36"'37""""'34"'33"‘32"'
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If the use of the old computation never changes, then {5 cannot
correspond to a; for any j < n.

If this occurs for infinitely many n, then there can be no
isomorphism between L; and A;.

If this occurs for only finitely many n, then ['; correctly computes
X except for finitely many elements.

The actual reduction cannot be found uniformly.
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Putting it all together, we have the following:
Theorem (Turetsky)

For any computable ordinal o, there exists a computable linear
order A on which the relation |, is intrinsically Aga 41~ Turing
complete and the relation S, is intrinsically A3, ,-Turing
complete.
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Conclusion

Putting it all together, we have the following:
Theorem (Turetsky)

For any computable ordinal o, there exists a computable linear
order A on which the relation |, is intrinsically Aga 41~ Turing
complete and the relation S, is intrinsically A3, ,-Turing
complete.

Question

For a computable limit ordinal «, is there a relation R, which is
intrinsically A-Turing complete?
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