Infinite Sequences and Series

Section 11.1



Example 11.1.1
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Example 11.1.2

1,v2,y/2V2, \/2\/2\6, \/2\/2\/2\6, .

a1 =1, apy1=+vV22an, forn=>1

Clearly a1 < 2. Assuming that a; < 2 it follows

that Ap41 = \/Qak < Vv2-2 = 2. By induction
it follows that for all n € N, a, < 2.

Since the function = — +/x is increasing we see
that

2 implies
V2, so that
Vany/an

V2 an

QCLn

IA A

Q
S
Il IA

an41, Or finally

S
3
VA

Cl,n_|_1 .



By Theorem 6

Hence
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exists with (1 < L <?2).
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Since 1 < L <2 it follows that




Example 11.1.3
a1=\/§, ap+1 =V2+an, Jforn=>1

V2, /2 + V2, \/2+\/2+\f2,...

{an}is increasing since x — /xis increasing.

Clearly a1 < 3. Assuming that v/2 < a; < 3 it
follows that
\/§<ak+1=m<\/ﬁ=\/§<3.
Induction then shows that the sequence {an}
is bounded with v2 < an < 3



By Theorem 6 limp—ccan = L exists with
V2 < L<3.
Hence
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Since v/2 < L < 3 it follows that




Example 11.1.4 Given:
f, a continuous function
a, a constant

define the sequence {an} by
a1 =a, apy1 = f(an)

L=7(L)

Illustration:
f(x) =cosz, a=1

a; =1, a,41 = cos(an)
{1, cos(1), cos(cos(1)), cos(cos(cos(1))), ...}

L = cos(L) has the solution L ~ 0.7390851332




Example 11.1.5 A continued fraction.

Define a1 = 1, apqq = 1+ﬁ, n>1
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Since anp, > 1 imgj :>an_|_1§§

so that the sequence is bounded.



| RE= ,
Since the derivative —g = 34+2a >0
IS positive, it follows that

An+2 > an | .

Hence any progression in steps of length two
IS increasing.

By Theorem 6 limp—oo aoy, = Leyen > 0 eXists.

By Theorem 6 limp—ocany41 = Logq > 0 also
exists.

Both limits satisfy the equation
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Since this equation only has the solutions
++/2 it follows that

L = Leven — LOdd — Ilmn—>oo an — \/§ .




