Section 7.4

Integration of Rational
Functions by Partial
Fractions

Part 1



Algebra Review 1

A real polynomial of degree n is an expression
of the form:

n
P(z) = ) ag- 2k
k=0

= anx" + an_lazn_l + -+ a1x+ ag

where the a; are real numbers and a, #= 0O

A real rational function is an expression of

the form:f(x) = P(m), where P(xz), Q(xz) #= 0
Q(x)

are real polynomials.

f(x) is proper if deg(P(x)) < deg(Q(x)).

f(x) is improper if deg(P(x)) > deg(Q(x)).



Algebra Review 2

Given a rational function f(z) = gg%,

there are unique polynomials R(x), S(x)
such that

fa) = s<x>+g§3 and deg(R(z)) < deg(Q()).

Note: deg(R(x)) = —oo if R(x) = 0.

If the given rational function is improper, do

a long division to decompose it as the sum of

the polynomial S(x) and the proper rational
: R(x) ¢

function o(z) first.

The integral of S(z) is easy to do.

R(x)

(2 from now on.

Focus on the part

O



Algebra Review 3

Factor the denominator Q(xz) completely into

e linear real polynomials

e quadratic irreducible real polynomials

Write the function as the sum of its
partial fractions.

One distinguishes the following four cases:



Case 1

Q(x) is a product of distinct linear factors:
k

Q(x) = H <ajac + bj>
=1
= (a1x +b1) - (aox +b3) - ... - (apx + by) .
Then

R(z) _ ij A;
Q(x) =1 ajx + b;
_ A Ao
o a1x + b1 +a233—|—b2+'”+

Ag
apx —|— bk .




Case 11

Q(x) is a product of linear factors
some of which are repeated:

If Q(x) contains a factor, where r > 1

r

I] (az +b)

=1
= (az +b)",

then % contains a summand of the form

r Al

z; (az + b)!
Ay A A,

- 2
_(aa:'—l—b)l+(aaj+b)2+...+(aaz—|—b)r.




Case III

Q(x) contains irreducible quadratic factors,
none of which is repeated:

If Q(x) contains a factor of the form

ax? + bx + ¢ with b2 — 4ac < 0,

then R(i) contains a summand of the form

Ax + B
ax? + bx + ¢




Case 1V

Q(x) contains
a repeated irreducible quadratic factor:

If Q(x) contains a factor of the form

(aazQ—I—bx—I—C)T with 52 — 4ac < 0, r > 1

contains a summand of the form

Alac —|— Bl

(a:r:Q + bx + c)l
Aoz 4 Bo

(aa:Q + bx + 0)2

+ ..

| Arx + By
(aazQ + bx + C)T




