Section 7.4

Integration of Rational Functions by
Partial Fractions

Part 2



Case I

The terms in the partial fraction decomposition of the

integrand are of the form %4—19 (a#0).

Antiderivative:




Case II

The terms in the partial fraction decomposition of the

1

integrand are of the form (aoth

i (a0, k>2).

Antiderivative:

/ 1 g — (ax + b)_k_l'l
(axz +b)k ™~ a(=k4+1)




Case 1III

The terms in the partial fraction decomposition of the
integrand are of the form

1
ax2+bx+tc (a 7 O)'

Antiderivative:

1
/ dr =
ax? + bx + ¢
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2 arctan( Az + ) - C

\/4ca—b2 \/40@—62




Case 1V

The terms in the partial fraction decomposition of the integrand
are of the form £ 0, k> 2, for example k = 2).

1 (a
(ax?+bx+c)F
1
(ax? + bx + ¢)?

dxr =

2ax + b
(4 ca — b2) (a:z:Q + bx + c)

2ax + b

~3/2
\/4ca—b2 )

4 a arctan( + C
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Case 1V - continued: k=3

1
/(aa:Q—I—b:c—I—c)3 dar =
2ax + b a’x
1/2 2—|—6 -+

(4 ca — b2) (aa:z + bx + C) (4 ca — b2>2 (a:cz + bx + c)

b 2 b
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Problem 17

J@-14+ @+ ds =

(1/2)z° —z+In|lz+ 1|+ C



Problem 24

34+ 22 12241
/ dx
24+ —12

/(m T (a4 417 (2 —3) D do =

(1/2) 22 —=1/TIn|lz+ 4|+ 1/7 Injz = 3|+ C

1 2
de =2+ —In —
r=2+2Ing

/2x3+x2—12x+1
0 24+ —12



Problem 66
¥ + 1=

(z* + 222+ 1) — 22° =
(22 + V2z + 1) (22 — V2z + 1)

1 _  Aet+B Az+ B
334—|—1_a:2—|—\/§m—|—1 2 —\2x+ 1

(A:c+B)(x2—f2x+1)+(A’x+B’) (42 + V22 +1) =
(A+A’)x3+(—A\@+B+B’+A’\Fz)x2+

(-B\@+A+A’+B’\6)x+(3+3’>



Problem 66 continued

This system has the solution

A:_A'ZQ,BZB'ZE
4 2
Therefore
1
dr =
/x4—|—1 B
V2 242z 41
3 2 —\2r+1

?arctan(\@x +1) + ?arctan(\@x -1+ C



Simplest forms for case IV

/(a;Q + 1>_1 dr = arctan(z)

/(:1:2 + 1>_2 dx = %in— . —I-% arctan(xz)

— 1 3 3
/<x2 + 1) S o <x2 _T_ 1>2 +§#+§ arctan(x)
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