TRIGONOMETRIC
SUBSTITUTION

CHAPTER 7.3



Exercise 7.3.2

2
/O :133\/4—:132 dx

Substitute £ = 2sinf, der = 2cos6 db

/2
:/o 23sin36.2cos6-2cosbdb

/2
= 25/0 (1 _ cos? 9) .cos26 sinédb

Substitute u = cosf, du = (—1)sin6db

0]
=32/ 1 - u)w2(-1)d
1 1 1
= [32—u3 _ 32—u5] ‘
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= 32— — 32—
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Exercise 7.3.9

/ dx
a:3\/:c2

Substitute £ = 4sec, dx = 4secH tan6d db

_/ 4sec tan6 do
(4sec )3 \/(4 sec6)? — 16
_3 tan 6 do
— 4
sec29vtan?4

= 4_3/c0529d9

— 4_3/l (1 + cos(20))

— 3; (9—|——S|n(29)>
= % (arccos <g) —+ 525in9 cos@) + C
= Elggarccos( )—|— L \/w _16i—|—(1




Exercise 7.3.21

Substitute £ — 1 =sinf, dx = cosfdb
— /cose cos 6 do

= /%(1 + cos(20)) db
1 1 .

=—(9—|—§sm(29)) + C

= — (0 +sin6 cosh) + C

=—<arcsin(ac—1)—|—(:z;—1)\/1—(:1@—1)2) + C

=N

N

N

= %(arcsin(a:— 1)+ (x—1) \/2:(3—:1:2) + C




Exercise 7.3.30 Version (a)

2

/( u 3/2d:1:

22 4 a2>

(a) x =atanb, dz = asec?6db

tan20
= / 3g sec? 9 do
sec

__b/tanQH
sec@
L/sun 9
cos 6
/*1——c0529

cos 6
= /(sec@—cos@) do

= In|secf 4+ tanb| —sind + C

2 2
—in a< + x —I-E— T LC
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Exercise 7.3.30 Version (b)

2

[vay™

x2 4+ a

(b) x =asinht, de = acoshtdt

sinh?2 ¢
=/ 3 cosh tdt
cosh

/ sinh? ¢

- cosh2
/costh — 1

o cosh?t¢

1
)
cosh<t

=t—tanht+4+C

—|sinh~1Z — +C




EXxercise 7.3.34

/ dx
ar;4\/w2 — 2

Substitute =z = v/2secf, dx = +/2sech tanfdb

1 /sec9 tan 6 db

sec4 0 tané
4 sec3 0
/ cos3 6 do
— 2

= %/(1 —sin29) Ccos 6 db



Substitute u =sinf, du = cosf db

=%/<1—u2> du

=1<u—%u3>—|—0

2 5 \/<a:2—2)3

= _ 4+ C

4 1223




Exercise 7.3.37 0<r<R

A torus is generated by rotating the circle
22 + (y — R)? = r2 about the z-axis.
Cyvlindrical shells with symmetry z «— —x:

Volume =2 (27ry)\/ 2 _(y— R)?dy

Substitute u =y — R

— 47T/_7~ (u+ R)Vr2 — w2 du

(Symmetry u «+— —u = first integral = 0)

r
— (47‘(’R> \/ 7“2 — ’U,2 du
—T

(Integral equals area of halfdisk of radius r)

= (4nR)(;mr?)

— | 212 Rr?




EXxercise 7.3.38 Section 11.6, Figure 1
Example 2 (p. 430):
Ellipse: z2/a? + y2/b° =1

Area =mab

Ellipsoid z2/a? + y2/b% + 22/c? =

Volume?

For fixed z with —c < z < ¢ the ellipsoid
gives an ellipse described by
2 /a? + y2/b2 =1 — 22/c? , whose area is

Iy <a\/1 — 22/02) (b\/l — 22/02) = mab (1 - 22/62>

C 22
Volume = / mab |1l — — dz
—c C
123]°
= mab | 2¢c — il
3¢? .
2
= mab (20 — —c)
3
4

= | —mabc




