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1. Si1x BIJECTIONS

A basis of the type A3 Gordon module has sixteen elements. A basis of the zonotopal algebra
corresponding to the type A5 Shi arrangement also has sixteen elements. There is a series of bijections
which gives a connection between a basis of the Gordon module and a basis of the zonotopal algebra.

basis of Gordon module «— regions of Shi arrangement
«—— parking functions
< spanning trees
«—— bases of a set X

«—— basis for the central space P(X)

1.1. From the Shi arrangement to parking functions. The type A,_; Shi arrangement is a
collection of hyperplanes

(1.1) r,—x;=d forl1<i<j<n, d=0,1,
in R"™.
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The regions of the hyperplane arrangment are the connected components of R” minus the union
of the hyperplanes. The fundamental region Ry is the unique region lying on the positive side of all
hyperplanes and whose closure contains the origin.

Let R be a region and let

(1.2) d(R) = number of hyperplanes separating Ry and R.

A parking function of length n is a sequence of n integers whose rearrangement in increasing order
ay <--- < a, satisfies 0 < a; < i — 1. For example, (0,...,0) is always a parking function.

For example, there are three parking functions of length two:
(0,0),(1,0),(0,1).

Theorem 1.1. (Stanley) There is a bijection between the regions of the type A, _1 Shi arrangement
and parking functions of length n. Moreover, if (ai,...,ay) is the parking function associated to R,

then d(R) = >_1"_, a;.

Proof. Let e1,...,e, be the standard basis for R™. Thinking of parking functions as vectors in R"”,
we inductively assign parking functions to the regions. Begin by labelling the fundamental region
by

A(Rp) = (0,...,0).
If R is a region adjacent to Ry, set

(1.3) MR) = ARo) +¢; if R and Ry are separated by z; —x; = 0,

’ | MRo)+e¢e; if Rand Ry are separated by z; — z; = 1.
Repeat this process for the remaining regions adjacent to the labelled regions. This labelling is
independent of the order which we assign labels, and only depends on the hyperplanes that separate
the region from the fundamental region.

1.2. From parking functions to spanning trees. Let T be a spanning tree on the vertex set
{0,1,...,n}. Fori < j, 4,5 # 0, the pair (¢,7) is an inversion of T if the unique path in 7' from 0
to ¢ contains j. Let R(T) denote the set of inversions of T and let £(T") = |R(T')| be the number of
inversions of T'. Note that £(T) < (3).

For example,

1 2
R(T) ={(1,2)}
T = 0
0T)=1
3
Theorem 1.2. (Kreweras) There is a bijection between spanning trees on the vertex set {0,1,...,n}

and parking functions of length n. Moreover, if the tree T corresponds to the parking function
(a1,...,a,), then 31 1 a; = (5) — U(T).



We give an example of the construction below. Let
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Begin by assigning

0 1 (

There is a unique path in 7" from 0 to 1. Let r be the vertex adjacent to 0 in this path, so r = 5.
Delete the edge (0,7) to decompose T into two trees.

2 1

4 0 5
Ty = T = 3
7 6

Relabel these trees, preserving the order of the labels. By induction, these trees correspond to
parking functions

1 0
2 0 2
TO = le 1
3 3
! )
(1,0,1) (0,1,2)
We want to associate a parking function (ai,...,a7) to T. Decomposing T into two trees gives

two parking functions with a total of six entries. The first entry in the parking function encodes
information for putting the subtrees back together.

Let g be the number of vertices in 77 which are less than r, so ¢ = 2 in this example. Set
ap=n—|Ty|—g=1.

Let {i1,...,ix} be the nonzero labels of T listed in increasing order. If (b1, ..., bs) is the parking

function associated to Ty, then assign a;; = b; + |T1| for 1 < j < k. Let (c1,...,cnp—1) be the
parking function associated to T7. In the remaining entries of the parking function (aq,...,a,), fill
with the entries of (¢1,...,¢y—k—1) in order.

In this case, we have
(a1,...,a7) =(1,144,0,0+4,1,2,1+4) = (1,5,0,4,1,2,5).
Note that >7_, a; = 18 = (%) — £(T).



We can reverse this construction. Let A = (1,5,0,4,1,2,5) be a parking function, and note that
the first entry is a3 = 1. Let u be the largest value so that A\{a;}U{u} remains a parking function.
In this case, u = 3, since A — a1 rearranged in increasing order is 0 < 1 <2 <4 <5 < 5. Observe
that u =n —|Tp|, so |T1| =n+1— |To| = u+ 1 = 4. Decompose A\{a;} into two ordered subsets
by letting Ay be the set of elements that are greater than or equal to 4, and letting A; be the set of
elements less than 4. Subtract |T1| from every element of Aj, and we obtain two parking functions

Ao = (ag —4,a4 —4,a7 —4) = (1,0, 1) and A; = (as,as,a6) = (0,1,2).

They inductively correspond to two trees Ty and T7.

1 1

2 0
(1,0,1)  +— > (0,1,2) <_>0<2
3 3

Reassign the nonzero labels to T} in increasing order as determined by the indices of the elements
in Ag. To recover the root vertex r in 17, let | = u — a; + 1 = 3. Choose the [th smallest index
in A; U {a1} and let that be r. In this case, the indices in A; U {a1} are {1,3,5,6}, so the third
smallest index is » = 5. Reassign r to the zero vertex in 77, and reassign the remaining labels to T
in increasing order as determined by the indices of the elements in A; U {a1}\{r}.

Lastly, join the edge (0,7) to obtain the tree T.

1.3. From spanning trees to bases of X to a basis for P(X). We shall focus on the case n = 3.
Let

1 0 0
(1.4) X = 01 0 -1 0 1 = [51 €9 €3 (X192 (X13 0423]
0 01

be an ordered set. Here, a;; = €; — €.

The zonotope of X is

(1.5) Z(X):{thxmgﬁgggl}.

zeX

The central space of the zonotope is

(1.6) P(X) = spang{py | span(X —Y) =R"},

where

(1.7) Py=wma1+ - +ynrn  and  py =[] py-
yey

The set of bases of X is
(1.8) B={B C X | B is a basis for R"}.

Lemma 1.3. There is a bijection between spanning trees on the vertex set {0,1,...,n} and bases
of X ={e;|1<i<n}U{a|1<i<j<n}



Proof. Given a tree T, construct a corresponding set of vectors By C X by letting €; € By whenever

the edge (0,7) is in T, and letting a,;; € Br whenever the edge (4,7) is in T. It is clear that Br

contains n vectors. The fact that the vectors are linearly independent follows because the edges of

T do not form any cycles. O
For B C X, define

(1.9) X(B)={xe€ X |z ¢span{be B|b<uz}}.

In particular, note that X (B) N B =0, so X — X(B) spans R", and so px(p) € P(X).

Theorem 1.4. (Dyn, Ron) The set {pxp) | B € B(X)} is a basis for P(X).

An example.

1 2
0 Px(B) = T2(r1 — T2)

(07
es3 2 —1 X(B) = {eg,alg}

1.4. From the Shi arrangement to a basis for the Gordon module. Again, we focus on the
case n = 3. Let b, = Zw; + Zw, be the weight lattice, and let h* = R ®z by. Let

(1.10) pe = 3(w1 +wz) €H*
The element sg, s1,s2 € W act as reflections on h*. In particular, they act on p. and send p. to
different alcoves. Each alcove has a (minimal length) sequence of reflections taking p. to that alcove.
Asa (C[qﬂ/:‘]—algebra, the double affine Hecke algebra of type As has generators Ty, T, g, X“1, X2
with relations
TTLT =TT,
Ty X'Ty = X992 T X9 = X9, ThX* = XT,, ThX92T, = X “rtez
=1, ¢TI =Ty, gX* =q'PX7UT2g  gX =X g, t=¢",
Ty = (2 — 7)1y 4 1.

The polynomial representation M (1) = C[X]1 is given by
(1.11) T1=tY21  and gl=1.
If we set ¢ = 4/3, we get the simple quotient
(1.12) L(1) = M(1)/unique maximal proper submodule.

Define
Ty = (X1 T2y Ty) 7, TY =T, Ty =Ty,
Yol = gy, Y = ¢°TiDy,

1
V o _ Vo412 —1/2
=T —(t t )I—Y—O‘zv'
Theorem 1.5. The set
{ml 11| si, -+ i, pe indexzes a minimal alcove of a region of the Shi arrangement}

is a basis for L(1).



The following picture illustrates the correspondence between the basis elements of the Gordon
module, and the basis elements of P(X), together with the corresponding parking function.
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