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Preliminaries
Let h* be a finite dimensional R vector space.

Let GL(Hh*) be the group of invertible linear transformations of

h*.

A Weyl group W < GL(h*) is a finite reflection group acting on
a lattice P C b*, such that h* = P ®7 R.

Let R C h* be an index set for the reflections in W.



The Coxeter arrangement for W = A,.

a1

RT = {a1, a2, ¢}

W = S3 is generated by reflections s1,s2 in the hyperplanes H,, 0, Ha,0-



The Shi arrangement is the collection of hyperplanes

{Hy;|a€ RTi=0,1}.

The A> Shi arrangement:

Hal,o HOél,].

/W%1

az,o




Let
r be the rank of the arrangement,

h be the Coxeter number of W,

e1,...,er be the exponents of W.

e Theorem (Shi):

# of regions in the Shi arrangement = (h+1)"

e Theorem (Athanasiadis):

1 T
# of dominant regions = W [[]es+nr+1
i=1

1 T
# of bounded dom. regions = W [[]es+hr—-1
i=1



For W = As:

Hal,O

HOél,].

ap,l

OéQ,O

rank = 2

Coxeter number h = 3

exponents ej,ep = 1,2

# of regions = 42 = 16

# of dominant regions = %(5 .6) =5

# of bounded dom. regs. = 1(3-4) =2



Type A enumerative connections

A parking function of length n is a sequence of integers such
that when arranged in increasing order a1 < ... < ap, it satisfies

Oga,,;gz’—l.

When n = 2, the parking functions are (0,0),(1,0),(0,1)

How many are there?



Type A enumerative connections

A parking function of length n is a sequence of integers such
that when arranged in increasing order a1 < ... < ap, it satisfies

0 S a; S 1 — 1.
When n = 2, the parking functions are (0,0),(1,0), (0,1).
How many are there?

Theorem (Stanley): There is a bijection

{regions of Shi arr.} «—— {parking functions}



(0,2,1)

1 —x2 =20

(1,2,0)

(0,2,0)

(0,1,1)

(0,1,2)

(1,1,0)

(1,0,0)

(0,0,1)

(0,0,2)

r1 — 12 =1

(2,1,0)

(2,0,0)

(2,0,1)

(1,0,1)

(1,0,2)

ro —x3 =1

ro —x3 =20

r1—x3 =1

r1—x3 =20



For W = A’I’L—l = Sn,

Coxeter number is h =n, and rank =n — 1,

so (h4+1)"=n+ 1)1



For W = A’I’L—l = Sn,

Coxeter number is h =n, and rank =n — 1,

so (h4+1)"=n+ 1)1

Theorem (Kreweras): There is a bijection

{parking functions} «— {spanning trees on n 4+ 1 vxs.}



Related statistics

{Shi regions} < {parking functions} < {spanning trees}

R < a1<---<apn < T

dR) = Ya = (Z)—inv(T)



Connections with approximation theory

Let

0
O -1 0 1 = {e1,e2,€3, 12, ®13, @23 }.
1

Givenye X and Y C X, let
Py = Y121 + -+ YnTn and Py = pr.
yeYy

For example, given Y = {e2, a12}, let

Pe, = T2, Pa, =1 —x2, and py = za(z1 — T2).

The central space of the zonotope of X is
P(X) = spang{py | span(X —Y) =R"}
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Let
B(X) ={B C X | B is a basis for R"}.

Given B C X, define

X(B)={ze X |zd¢span{be B|b< z}}.

Theorem (Dyn, Ron): A basis for P(X) is

{px(B) | B€B(X)}.

Lemma: There is a bijection

{spanning trees on n 4+ 1 vxs.} «—— B(X)

The regions of the Shi arrangement is an index set for a basis of
the polynomial space P(X).
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An example.

1 2
) 1 0 0 ] px(p) = z2(z1 — 72)
7= 1 OO% —~ B=|00 1| <
e3 01 -1 X(B) = {e2, a12}
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I3

x1(x1 — x2)

r3(r1 — x3)

xo(x1 — x2)

Hal,O Ha

r1x3

c1r3(x1 — 2

1

122(x1 — )

la]-

doxz(xr1 — 3

732323(961 — x2)

r2x3

r123(r1 — 23)

Z2

Hal,l

HOQ,O

Hy
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take a deep breath, just one more bijection to go...
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Connections with another polynomial space

The double affine Hecke algebra H has basis
(FXHT YN |k € 17Z,u€ Pwe W, A\ € PV},

and a bunch of relations.

Let t = ¢¢. Let

The polynomial representation M (1) of H is given by

71 =121, vy 1=¢Ard1, g1=1.
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Let
1

11—y~

V= Ti\/ . (t1/2 . 75—1/2)

1

Fix c=4+41, and let

L(1) = M(1)/unigue maximal submodule.

Theorem(Cherednik): A basis for L(1) is

Y% Y% : : . .
{r;, 7,1 | si; - s4,pc indexes a min. alcove of a Shi region }.
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Hal,o Hal,l
Hozl 1

pe

HOQ,O

S50Pc 5180pP¢ Hg 1
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What about the dominant regions?

In Type A,_1,

H ez—l—h+1——(n—|—2)(n—|—3) (zn)zL@”)

|W| n-+1

1{2(n-1)
|W|Hez+h—1——<n><n+1> <2n—2>—5( " )

are both Catalan numbers.

There should be interesting analogues.
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