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0.1. Introduction. The symmetric group on n symbols S, has presentation by generators s, . . .

and relations s? = 1, (s;s8;11)° = 1.

Sy acts on the space of polynomials C[z1,...,z,] by switching the ¢ and ¢ + 1 variables
S; - f((El, e ,iCi,iEiJrl, e ,l’n) = f(;vl, e ,.’EiJrl,LCZ', e 7l'n).
The submodule of symmetric polynomials is

Clzy, ... 20" = {f | sif = fforall 1 <i<n—1}.

A basis for the symmetric polynomials is the basis of monomial symmetric functions
{my | A a partition with at most n parts},
where
my = Z x“
(03
is the sum over all distinct permutations « of A = (A > Ay > -+ > \,,). For example,

mOo = + Xro + T3
mH = 21T + X1T3 + X273

mﬁ = X1T2X3

2 2 2
mm = 2] + x5 + 23
3 3 3
moo = ] + T5 + 23

mBj = xfzg + xlxg + l‘%’ﬁg + xlxg + xgxg + xga?g.

Another basis for the symmetric polynomials is the basis of (GL) Schur polynomials

{sx | A a partition with at most n parts}.
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For example,
SO = a1 —+ T2 =+ I3
SE = T1X2 + X2x3 + T1T3

SE = T1T2T3

2 2 2
SO =27 + 25 + 23+ 2122 + X123 + X223
_ .3 3 3 2 2 2 2 2 2
ST = T + Ty + T3+ TiT + 2703 + X125 + X123 + 253T3 + Tox3 + T1X203

2 2 2 2 2 2
SB] = 27%2 + X125 + 2723 + X123 + 25323 + 2223 + 2rx11923.

There are other bases of symmetric polynomials that are easier to describe. Schur polynomials
seem mysterious. Why do we study them?

0.2. Schur polynomials are characters of GL; representations. Let V be a k-dimensional
complex vector space. The group of automorphisms of V is the group of k by k invertible matrices
GL(V) = GLiC.

A k-dimensional representation of a group G is a group homomorphism from G to k by k invertible
matrices
p:G— GL(V): g p(g).
In other words, V' is a G-module, with action
g-z=p(g)z.

The character of the representation is a 1-dimensional representation

X:G—C*:g—trp(g).

A representation is irreducible if the only submodules of V' are 0 and itself. Every representation
is a direct sum of irreducible representations. Over C, representations are isomorphic if and only if
they have the same character. Characters encode useful information about representations.

The highest weight modules of GLj are finite dimensional irreducible representations of GLy.
They are indexed by partitions with at most k parts. These can be realized as submodules of V®7,
and their characters are the Schur functions.

Aside: Given g € GL(V), it has an action on V€™ by g- (v1 ®@ - ®vy,) = gv1 ® - - - ® gu,, so VE?
is a GL (and hence a SLi)-module. Let Ly denote the highest weight module of GLj indexed by
A. The claim is that if the action of g on V has eigenvalues x1, ..., xx, then the action of g on Ly
has trace sy(z1,...,z).

0.3. What is a Littlewood-Richardson Rule? We can tensor two highest weight GL; modules
together and get a new GLj, representation. Now, every representation is the direct sum of irreducible
representations, so we might be interested in knowing how this direct sum decomposes.

Ly® L, =Y ,Ly.
A Littlewood-Richardson rule tells us how to compute the coefficients c§ u

The same coefficients appear when we multiply the characters of these representations

_ 1
528y, = E NpSv-
v

2



The original form of the Littlewood-Richardson rule was a combinatorial formula given in terms
of fillings of tableaux.

A GL3 example. If A = p = Ej, then the partitions v that appear in the sum are the ones
obtainable by augmenting A = B by a filling of type u = (2,1) so the rows are weakly increasing,
the columns are strictly increasing, and the sequence obtained by reading the filling from right to
left and top to bottom is a sequence so that for every initial segment, the number of is that appear
is at least the number of 7 + 1s that appear.

SU ‘SU ‘:s‘ ‘2‘1‘1“-8 ‘1‘1‘+s 71+ s 1}1\4‘5 2}1\4‘8 1.
2] 2] 2] 2[2
That is,
SBjSBj = SBE\:D + Sﬁ:\j + SBEH + 25@33 + S@
Note: There are two more admissable fillings, s T and s k but these give partitions with 4

1]

1

S

parts. These do not correspond to nonzero highest weight modules for GL3.

There is another combinatorial formula for the coefficients c§ "

0.4. ¢§, in terms of paths. Note: SLj is the subgroup of GLj of matrices with determinant one.
All finite dimensional representations of SLj; are the highest weight modules Ly. SL; and GLy
characters for these highest weight modules are essentially the same.

SLy is a compact semisimple Lie group (ie Type A). We can do representation theory for other
compact semisimple Lie groups, and ask how tensor products of simple representations decompose
into irreducible representations.

In 1994, Littelmann answered this (for the more general setting of complex symmetrizable Kac-
Moody algebras) with the Littelmann path model.

The SL3 example again. Let V' = spang{e1,e2,£3}, and let h* be the two dimensional subspace
spang{e; — €2,e9 —e3}. Let w1 = &1 and wy = &1 + 2.

Ss acts on a lattice L = Zwy + Zws (the weight lattice) by reflections in hyperplanes

H,v H. v
aq Qg




The dominant weights are the lattice points in the dominant cone C. The bijection between
partitions with at most two parts and dominant weights is given by

(A1, A2) < (A1 — A2)wi + Aowa.

For example, H o w1 + wo.

Let p) be a path from 0 to w; + we. The root operators f1, fo and ey, es reflect and fold paths.
For example, repeatedly applying fi to the path p,, gives

and fPpa, = 0. The root operator e; reverses this.

A crystal is a set of paths that is closed under the action of root operators. For example, the
crystal generated by p,, is the following collection of eight paths

H,y Hay
Pu

Then the weights that appear in the sum sys, = >, XSy are the endpoints of the paths py

concatenated with all the paths in the crystal generated by p, that are contained in the dominant
cone.

SwidweSwiHws = S2wi +2wo + S3w, + S3wo + 2SW1+WQ + S0-
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This matches up with the previous formula for GL3 if you allow that SE = x12923 = 1 in SLs.

Essentially that is the difference between their characters.

0.5. Generalizations of paths and Schur functions. Macdonald polynomials Py (X, ¢,t) are
symmetric functions with two parameters g, t. At ¢ = ¢, the Type A Macdonald polynomials reduce
to Schur polynomials.

For example,

1—
P,itw, = ;L’fxg + xlxg + I%Ig + xlx?,) + .I%.Tg + z2x§ +24t+qg+ 2qt)1—7qt2'

The coefficients ¢, now depend on ¢ and ¢. To find them, the Littelmann path model is gener-

alized to the alcove walk model.

A step in an alcove walk is either a crossing from one alcove to an adjacent alcove, or a fold. A
walk of type p is a shortest walk from the fundamental alcove to the pu-hexagon, and we may fold

4
I ¥
it. So for example, a walk of type wy + ws is W or W

P\P, = Z K,y

The sum

is taken over all walks of type p with two-coloured folds, starting in any alcove of the A-hexagon,
that are contained in the dominant cone.

The coefficients c5,, depend on the folds of the walk, the beginning and ending alcoves of the
walk, and any crossings that go backwards.

For example, the sum P, +u, Py, +w, 1S taken over 16 paths
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tl/z—t’lﬂqt t1/2_t—1/2qt
T—qt P, A T—qt P,

P12 =1 21 41/2_4=1/20242 41/2 =120y | _qp 1—qt® P
1—qt 1—q?%t2 1—qt T—qt2 1—qt2* 0

<f1/27171/z)q:512 t’l/z—t1/2q2t2 t’l/z—tl/zqt t71/2_t1/2th
1—¢5t2 T—q2t2 T—qt T—qt witws

$1/2 =1 201 (11/2 4= 1/2) 42
1—qt 1—q?t

Y212 t’1/2—t1/2q2t2P I
T—qt T—q2t2 w1tws
/\W\/\ 2t1/27t_1/2qt /2 _4=1/2242
W e

1—qt
P12 1/2 =12 412

/\ 1-t 1—qt Pw1+w2

t1/2_t71/2qt tl/z—t’lnqt t1/2_t71/2q2t2 /2 41/2 P
I—qt 1—qt 1—q2t2 1—qt2 w1tws

\/\M
W

/\

(t73/2+2t71/2+2t1/2+t3/2)Pw1+w2
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At g = 0, this reduces to the Littlewood-Richardson rule for Hall-Littlewood polynomials
Pw1+w2Pw1+w2 = P2w1+2w2 =+ t1/2p3w1 + t1/2P3w2 + (2 + t(l - t))Pw1+w2 + t3/2P0'

Furthermore, since the Schur polynomial is given by s, = tt(wi)/ 2P,(0,t)|t=0, where w,, is the
longest element in the stabilizer of p in S3, then at ¢ = ¢ = 0, this reduces to the Littlewood-
Richardson rule for Schur polynomials

Swi4weSwitws = 2wy +2ws + S3w; + S3wq + 25w1 +wa =+ s0-
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