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Schur polynomials form a basis for the space of symmetric func-

tions.
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The classical Littlewood-Richardson rule is a combinatorial for-

mula for calculating the structure coefficients in the Schur basis.
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The LR rule is given in terms of fillings of Young diagrams.
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The classical Littlewood-Richardson rule is a combinatorial for-

mula for calculating the structure coefficients in the Schur basis.
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The Littelmann path model provides a generalization to complex

symmetrizable Kac-Moody algebras.

The classical Littlewood-Richardson rule is a combinatorial for-

mula for calculating the structure coefficients in the Schur basis.

sµsλ =
∑
ν

cν
λµsν.
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An SL3 example

Let V = spanR{e1, e2, e3}/spanR{e1 + e2 + e3}.
Let L = spanZ{ω1, ω2} ⊆ V ∗.

The Weyl group S3 ⊆ GL(V ∗) is a finite reflection group that
acts on L.
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Dictionary

Classical ←→ Path model

partitions with ≤ 2 parts ←→ dominant weights
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Dictionary

Classical ←→ Path model

partitions with ≤ 2 parts ←→ dominant weights

(λ1, λ2) ↔ (λ1 − λ2)ω1 + λ2ω2

↔ ω1 + ω2
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(λ1, λ2) ↔ (λ1 − λ2)ω1 + λ2ω2

↔ ω1 + ω2

semistandard tableaux ←→ crystal (set of paths)
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Dictionary

Classical ←→ Path model

partitions with ≤ 2 parts ←→ dominant weights

semistandard tableaux ←→ crystal (set of paths)
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sµsλ =
∑

p send(p) is the sum over paths p in the crystal of sµ,
starting at λ, contained in the dominant cone.
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sµsλ =
∑

p send(p) is the sum over paths p in the crystal of sµ,
starting at λ, contained in the dominant cone.
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sµsλ =
∑

p send(p) is the sum over paths p in the crystal of sµ,
starting at λ, contained in the dominant cone.
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sµsλ =
∑

p send(p) is the sum over paths p in the crystal of sµ,
starting at λ, contained in the dominant cone.
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Symmetric Polynomials

Pλ(q, t) are the Macdonald polynomials.
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Pλ(0,0) are the Schur polynomials.
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Alcove walks are the analogue of paths for Macdonald polyno-

mials.
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Symmetric Polynomials

Pλ(q, t) are the Macdonald polynomials.

Pϕ(q, t) = xϕ + xα1 + xα2 + x−α1 + x−α2 + x−ϕ + (2 + t + q + 2qt)
1− t

1− qt2
x0

Pλ(0,0) are the Schur polynomials.

Pϕ(0,0) = xϕ + xα1 + xα2 + x−α1 + x−α2 + x−ϕ + 2x0

Alcove walks are the analogue of paths for Macdonald polyno-

mials.
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Affine Weyl group W∨ = X o S3 acts on vector space V ∗

by reflections and translations.

A is the fundamental alcove.
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Walls of A are Hα∨0
, Hα∨1

, Hα∨2
.

s0, s1, s2 are reflections.
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Walks and foldings

Let µ ∈ L. Let mµ = si1 · · · sir be a minimal length walk to the
µ-hexagon.
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Walks and foldings

Let µ ∈ L. Let mµ = si1 · · · sir be a minimal length walk to the
µ-hexagon.
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Walks and foldings

Let µ ∈ L. Let mµ = si1 · · · sir be a minimal length walk to the
µ-hexagon.
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Walks and foldings

Let µ ∈ L. Let mµ = si1 · · · sir be a minimal length walk to the
µ-hexagon.
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Theorem (Ram, Y) The Macdonald polynomial is

Pµ(q, t) =
∑

foldings p of mµ
i(p)∈S3

Xwt(p)t`(d(p))−`(w0i(p))/2fp,

where

fp =
∏

kth step a fold

t−1/2 − t1/2

1− qsh(bk)tht(bk)

∏
kth step a - fold

qsh(bk)tht(bk),

and −bk is the hyperplane crossed by the kth last step in the

reverse walk m−1
µ .
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+-+-
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+
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H−ϕ∨+2d

H−ϕ∨+d

Hϕ∨

Hϕ∨+d

Hα∨2+d

Hα∨2+2d

ht(ϕ∨ − d) = 2 sh(ϕ∨ − d) = 1.
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Example

Pϕ(q, t) = xϕ+xα1+xα2+x−α1+x−α2+x−ϕ+(2+t+q+2qt)
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Example

Pϕ(0,0) = xϕ + xα1 + xα2 + x−α1 + x−α2 + x−ϕ + 2x0
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Theorem (Y)

Pµ(q, t)Pλ(q, t) =
∑

p∈B(mµ,wmλ)

p⊆C,w∈Wλ

cpP−w0wt(p)(q, t)

is the sum over walks of type m−1
µ starting in the λ-hexagon,

contained in the dominant cone, whose folds are two-coloured,

where

cp = bpepfpfpnp,
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bp =
∏

a∨∈m−1
λ L(i(p))

t
1/2
a∨ − t

−1/2
a∨ qsh(−a∨)tht(−a∨)

1− qsh(−a∨)tht(−a∨)
,

ep =
∏

a∨∈m−1
−w0wt(p)

L(c(p)−1)

t
−1/2
a∨ − t

1/2
a∨ qsh(−a∨)tht(−a∨)

1− qsh(−a∨)tht(−a∨)
,

fp =
∏

k∈φ(p)

t
1/2
b∨k
− t
−1/2
b∨k

1− qsh(−b∨k)tht(−b∨k)

∏
k∈φ−(p)

qsh(−b∨k)tht(−b∨k),

fp =
∏

k∈φ(p)′

t
1/2
c∨k
− t
−1/2
c∨k

1− qsh(−c∨k)tht(−c∨k)

∏
k∈φ(p)′,r−k+1∈ξ+(p)

qsh(−c∨k)tht(−c∨k),

np =
∏

j∈ξ−(p)

1− qsh(−h∨j )tht(−h∨j )−1

1− qsh(−h∨j )tht(−h∨j )

1− qsh(−h∨j )tht(−h∨j )+1

1− qsh(−h∨j )tht(−h∨j )
.

13



Example

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...........................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................•

...............................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
................................
...............................
...............................
.............

....................................................................................................................................................... ...............................
...............................
...............................
................................
.......................... ..................................................

..................................................................................................................................
....................

..................................................

..................................................................................................................................
....................

...............................
................................
...............................
...............................
.......................... .......................................................................................................................................................

...........................

...........................

....................................................
.....................................................

..................................................... .....................................................
.....................................................

..........................................................................................................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...........................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................•

...............................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
................................
...............................
...............................
............. ...........................

......................................................................................... ....................................................................................................................
.......................................................................................................................................................................................

..................................................
.....................................................................................................................

....................................................................................................................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...........................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................•

...............................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
................................
...............................
...............................
............. ...........................

......................................................................................... ....................................................................................................................
.......................................................................................................................................................................................

..................................................
.....................................................................................................................

....................................................................................................................

Pϕ(q, t)Pϕ(q, t)

14



Pϕ(q, t)Pϕ(q, t) =

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................•

P2ϕ + 1−q
1−qt

t1/2P3ω1 + 1−q
1−qt

t1/2P3ω2 + 1−q
1−qt

1−q2t
1−q2t2

1−q
1−qt

1−qt
1−qt2

1−qt3

1−qt2
t3/2P0 + · · ·

x2ϕ

x3ω1x3ω2

xϕ

x0

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
...............................
...............................
................................
...............................
...............................
...............................
...............................
...............................

.................................................................................................................................................................................................................................................................. ...............................
...............................
...............................
...............................
...............................
................................
...............................
...............................
.........

......................................................................................

..........................................................................................................................................................................................................
...............................
........................

......................................................................................

..........................................................................................................................................................................................................
...............................
........................

...............................
...............................
................................
...............................
...............................
...............................
...............................
...............................
......... ..................................................................................................................................................................................................................................................................

...........................

...........................

...........................

..................................................................

.....................................................
..............................................................................................

.....................................................
..............................................................................................

...................................................................................................................................................

15



...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................•

xϕ

(t1/2−t−1/2)q3t2

1−q3t2
t−1/2−t1/2qt

1−qt
t−1/2−t1/2q2t2

1−q2t2
t−1/2−t1/2qt

1−qt
Pϕ + 2 t1/2−t−1/2qt

1−qt
(t1/2−t−1/2)q2t

1−q2t
t−1/2−t1/2qt

1−qt
t−1/2−t1/2q2t2

1−q2t2
Pϕ

2 t1/2−t−1/2qt
1−qt

t1/2−t−1/2q2t2

1−q2t2
t−1/2−t1/2

1−t
t−1/2−t1/2qt

1−qt
Pϕ + t1/2−t−1/2qt

1−qt
t1/2−t−1/2qt

1−qt
t1/2−t−1/2q2t2

1−q2t2
t−1/2−t1/2

1−qt2
Pϕ + · · ·

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
...............................
...............................
................................
...............................
...............................
...............................
...............................
...............................
.

...........................

.........................................................................................................................................
....................................................................................................................................................................

....................................................................................................................................................................................................................................................................
......................................................................

......................................................................................................................................................................

....................................................................................................................................................................

16



...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
.

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
................

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................•

xϕ

q 1−t
1−qt2

(1 + 2t + 2t2 + t3)Pϕ.

............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
...............................
...............................
................................
...............................
...............................
...............................
...............................
...............................
.

...........................

.........................................................................................................................................
....................................................................................................................................................................

....................................................................................................................................................................................................................................................................
......................................................................

......................................................................................................................................................................

....................................................................................................................................................................

17



Bi-coloured alcove walks for Macdonald polynomials ...

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...........................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................•

...............................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
................................
...............................
...............................
............. ...........................

...........................

....................................................
.....................................................

..................................................... .....................................................
.....................................................

..........................................................................................................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...........................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................•

...............................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
................................
...............................
...............................
............. ...........................

......................................................................................... ....................................................................................................................
.......................................................................................................................................................................................

..................................................
.....................................................................................................................

....................................................................................................................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
..........................

...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
...............................
....................

...........................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...............................................................................................................................................................................................................................................................................................................................................................................................................

...........................................................................................................................................................................................................................................................................................................•

...............................................................................................................................................................................................................................................................................................................................................................................................................................................
...............................
...............................
................................
...............................
...............................
............. ...........................

......................................................................................... ....................................................................................................................
.......................................................................................................................................................................................

..................................................
.....................................................................................................................

....................................................................................................................

Pϕ(q, t)Pϕ(q, t)

18



... reduce to paths for Schur polynomials.
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