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1. What are Macdonald polynomials?

They are orthogonal multivariate Laurent polynomials associated to root systems with 2 param-
eters q, t.

Fix

R a root system
W0 Weyl group of R

L,L∨ weight, and coweight lattice of R

If L =
∑n

i=1 Zωi, then for λ = λ1ω1 + · · ·+ λnωn ∈ L, write

Xλ = xλ1
1 · · ·xλn

n .

Example of the A2 root system: Let V ∗ = span{e1, e2, e3}/span{e1+e2+e3} be a two-dimensional
vector space over R. Let α1 = e1 − e2, α2 = e2 − e3, ϕ = e1 − e3.

R = {±α1,±α2,±ϕ}
W0 = S3 = 〈s1, s2 | s2

1 = 1 = s2, s1s2s1 = s2s1s2〉
L ∼= L∨ = Zω1 + Zω2
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•• ••

• ••

• ••

ω1ω2 α1α2

ϕ

There are two kinds. For λ ∈ L:

Nonsymmetric: Eλ(X; q, t)

Symmetric: Pλ(X; q, t)

Let K = Q(q, t1/2). Then

{Eλ : λ ∈ L} is a basis for K[x±1
1 , . . . , x±1

n ]

{Pλ : λ ∈ L+} is a basis for K[x±1
1 , . . . , x±1

n ]W0 (ie. symmetric polynomials)

{Eλ | λ ∈ L} is a family of polynomials such that

• (Eλ, Eµ) = 0 if µ 6= λ,
• Eλ = Xλ +

∑
µ<λ aµ(q, t)Xµ for µ < λ in the Bruhat order.

Where, if we write a generic polynomial as g =
∑

λ gλ(q, t)Xλ, and set g∗ =
∑

λ gλ(q−1, t−1)X−λ,
then

(f, g) = [X0]fg∗∆,

and (for simplicity we assume t = qk, k ∈ Z>0; in general, ∆ is an infinite sum),

∆ =
∏

α∈R+

(1−Xα)(1− qXα) · · · (1− qk−1Xα)
∏

α∈R−

(1− qXα)(1− q2Xα) · · · (1− qkXα).

{Pλ | λ ∈ L+} is a family of polynomials such that

• (Pλ, Pµ)′ = 0 if µ 6= λ,
• Pλ = Mλ +

∑
µ<λ bµ(q, t)Mµ for µ < λ in the Bruhat order, Mλ =

∑
ν∈W0λ Xν is the orbit

sum.

Where, if we set ḡ =
∑

λ gλ(q, t)X−λ, then

(f, g)′ =
1
|W0|

[X0]fḡ∇,

and (again assume t = qk, k ∈ Z>0),

∇ =
∏
α∈R

(1−Xα)(1− qXα) · · · (1− qk−1Xα).
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The symmetric Macdonald polynomials specialize to many known families of symmetric polynomi-
als, including spherical functions on compact Lie groups and p-adic Lie groups, and Weyl characters
of simple Lie algebras. (Schur polynomials, for example, at q = t Type A).

Computation of these polynomials using these definitions is hard!

2. Double affine Hecke algebras and intertwiners

Cherednik created the double affine Hecke algebra H̃ and used it to prove some hard conjectures
made by Macdonald, including the evaluation conjecture, duality conjecture, and constant term
conjecture (special case of norm conjecture), where in the case t = qk, is the statement that

[X0]∇ =
∏

α∈R+

k−1∏
i=1

1− q〈kρ,α∨〉+i

1− q〈kρ,α∨〉−i
.

Intertwining operators of the DAHA are “creation operators” for Eλ. H̃ is a quotient of the
double affine braid group B̃.

Definitions.

(think Sn+1) finite Weyl group W0 is generated by s1, . . . , sn satisfying braid relations and s2
i = 1,

affine Weyl group W = W0 n L∨ acts as group of reflections and translations on L∨,

braid group B0 is generated by T1, . . . , Tn satisfying braid relations,
a caveat: if we replace L by the root lattice Q, some things are easier to describe,

ie W = W0 n Q∨ is generated by s0, . . . , sn satisfying braid relations and s2
i = 1,

where s0 = t(ϕ∨)sϕ.

affine braid group B is generated by B0, Y
L∨ where Y L∨ is an abelian group that is an analogue of L∨,

and we have the element T0 = Y ϕ∨T−1
sϕ

double affine braid group B̃ is generated by XL, B0, Y
L∨ , q

where XL is an abelian group, q is a central element, and we have relations

T−1
i Y λ∨ = Y λ∨T−1

i if 〈λ∨, αi〉 = 0 for 1 ≤ i ≤ n,

T−1
i Y λ∨T−1

i = Y siλ
∨

if 〈λ∨, αi〉 = 1 for 1 ≤ i ≤ n,

TiX
µ = XµTi if 〈α∨i , µ〉 = 0 for 0 ≤ i ≤ n,

TiX
µTi = Xsiµ if 〈α∨i , µ〉 = 1 for 0 ≤ i ≤ n.

The double affine Hecke algebra H̃ is the quotient of KB̃ by the ideal generated by

T 2
i = (t1/2 − t−1/2)Ti + 1, 0 ≤ i ≤ n.

A basis for H̃ is
{qkXµTwY λ∨ | k ∈ Z, µ ∈ L,w ∈W0, λ

∨ ∈ L∨}.

The polynomial representation of H̃ is K[X]1 where

Xµ1 = Xµ1, Ti1 = t1/21, Y λ∨1 = tht(λ∨)1.
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The height is defined by

ht(λ∨) =

〈
λ∨, 1

2

∑
α∈R+

α

〉
.

For example, ht(α∨1 ) = 1 = ht(α∨2 ), ht(ϕ∨) = 2.

The intertwiners are

τ∨i = Ti + t−1/2−t1/2

1−Y −α∨
i

, for 1 ≤ i ≤ n,

τ∨0 = (XϕTsϕ
)−1 + t−1/2−t1/2

1−qY ϕ∨ , (in Type A).

Let λ ∈ L. Note that W/W0
∼= L. Let

mλ be the shortest element in the coset t(λ)W0.

Cherednik showed that if mλ = si1 · · · sir
∈W is a reduced word, then

Eλ1 = τ∨i1 · · · τ
∨
ir
1,

Pλ1 = 10τ
∨
i1 · · · τ

∨
ir
1,

where 10 =
∑

w∈W0
t−`(w0w)/2Tw.

For example, choose λ = −α2. Then mλ = s2s1s
∨
0 , so

E−α21 = τ∨2 τ∨1 τ∨0 1.

The problem in computing this is we don’t know how to commute X and Y easily.

3. Alcove walks

Alcove walks make a good combinatorial model for the expansion of products of intertwiners.

For the A2 system, the affine coroots are

S∨ = {α∨ + r | α∨ ∈ R∨, r ∈ Z}.

Think of them as polynomial functions of degree ≤ 1 on LR = Rω1 +Rω2. Each affine coroot a∨ ∈ S
defines a hyperplane in LR

Ha∨ = a∨
−1(0).

These cut up the vector space LR into regions called alcoves.
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The alcoves are in bijection with elements of W∨ = Q o W0:

Q o W0 = W∨ ←→ alcoves
W0 ←→ alcoves in hexagon centered at 0
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Q o W0 = W∨ ←→ alcoves
W0 ←→ alcoves in hexagon centered at 0

t(µ)W0 ←→ alcoves in hexagon centered at µ
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t(µ)W0 ←→ shifted hexagons

Let w = si1 · · · sir ∈W∨. An alcove walk of type i1, . . . , ir is a sequence of r steps where the jth
step is one of
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Theorem 3.1. (Ram, Y)

Eλ =
∑

p∈B(mµ)

t
1
2 `(d(p))fpX

wt(p)

is a sum of walks of type mµ starting in the fundamental alcove, where the folding coefficient is

fp =
∏

kth step a fold

t−1/2 − t1/2

1− qsh(bk)tht(bk)

∏
kth step a -ve fold

qsh(bk)tht(bk),

bk is the affine coroot that defines the hyperplane crossed by the kth last step of the inverse walk
m−1

µ , and `(d(p)) is the distance between the endpoint of the path, and the top alcove in the W0-coset
it ends in.

Similarly,
Pλ =

∑
p∈B(mµ)

t−
1
2 `(ι(p)w0)t

1
2 `(d(p))fpX

wt(p)

is a sum over paths starting in any alcove in the hexagon centered at zero.

For example, m−α2 = s2s1s0. Since each step can be a fold or a crossing, there are 23 = 8 paths
of this type.
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So the path formula for E−α2 has eight terms. The one with no folds corresponds to

t1/2X−α2
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the one whose 2nd step is folded, the other two are straight corresponds to

t
t−1/2 − t1/2

1− qt
Xα1 .
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How do we find the folding coefficient in this case? The inverse walk is s∨0 s1s2, and the second
last hyperplane crossed by the inverse walk is defined by the coroot α∨2 − 1. This has shift 1, and
height 1. The fold in p is positive. The final position is two alcoves away from the top alcove in the
t(α1) coset.
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The proof makes use of Cherednik’s intertwiner formula, and is by induction on the length of
mµ ∈W∨. Roughly, in τ∨i , the T∨

i term corresponds to a step, and the t−1/2−t−1/2

1−Y −α∨
i

term corresponds

to a fold. While X and Y commutation relations are difficult, τ∨i and Y commutation relations are
easy, and walks are an effective way to capture this.

Example

Pϕ(q, t) = xϕ + xα1 + xα2 + x−α1 + x−α2 + x−ϕ + (2 + t + q + 2qt)
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4. A Littlewood-Richardson rule

Theorem 4.1.

EµPλ =
∑

p∈Γ(m−1
µ )

bpfpfpnpEwt(p),

PµPλ =
∑

p∈Γ(m−1
µ )

bpepfpfpnpPwt(p),

are sums over paths of type m−1
µ starting in the alcoves of the hexagon centered at −w0λ, and is

contained in the dominant chamber, and whose folds are bi-coloured.

bp =
∏

a∨∈m−1
λ L(i(p))

t1/2 − t−1/2qsh(a∨)tht(a∨)

1− qsh(a∨)tht(a∨)
,

fp =
∏

k∈φ(p)

t1/2 − t−1/2

1− qsh(b∨k )tht(b∨k )

∏
k∈φ−(p)

qsh(b∨k )tht(b∨k ),

fp =
∏

k∈φ(p)′

t1/2 − t−1/2

1− qsh(c∨k )tht(c∨k )

∏
k∈φ(p)′,r−k+1∈ξ+(p)

qsh(c∨k )tht(c∨k ),

np =
∏

j∈ξ−(p)

1− qsh(h∨j )tht(h∨j )−1

1− qsh(h∨j )tht(h∨j )

1− qsh(h∨j )tht(h∨j )+1

1− qsh(h∨j )tht(h∨j )
,

ep =
∏

a∨∈m−1
−w0wt(p)L(c(p)−1)

t−1/2 − t1/2qsh(a∨)tht(a∨)

1− qsh(a∨)tht(a∨)
.

Example

Pϕ = x2
1x2 + x1x

2
2 + x2

1x3 + x1x
2
3 + x2

2x3 + x2x
2
3 + (2 + t + q + 2qt)

1− t

1− qt2
.
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Pϕ(q, t)Pϕ(q, t)

Pϕ(q, t)Pϕ(q, t) =
8
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P2ϕ + 1−q
1−qt

t1/2P3ω1 + 1−q
1−qt

t1/2P3ω2 + 1−q
1−qt

1−q2t

1−q2t2
1−q
1−qt

1−qt

1−qt2
1−qt3

1−qt2
t3/2P0 + · · ·

x2ϕ

x3ω1x3ω2

xϕ

x0
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(t1/2−t−1/2)q3t2

1−q3t2
t−1/2−t1/2qt

1−qt
t−1/2−t1/2q2t2

1−q2t2
t−1/2−t1/2qt

1−qt
Pϕ + 2 t1/2−t−1/2qt

1−qt
(t1/2−t−1/2)q2t

1−q2t

t−1/2−t1/2qt
1−qt

t−1/2−t1/2q2t2

1−q2t2
Pϕ

2 t1/2−t−1/2qt
1−qt

t1/2−t−1/2q2t2

1−q2t2
t−1/2−t1/2

1−t
t−1/2−t1/2qt

1−qt
Pϕ + t1/2−t−1/2qt

1−qt
t1/2−t−1/2qt

1−qt
t1/2−t−1/2q2t2

1−q2t2
t−1/2−t1/2

1−qt2
Pϕ + · · ·
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Recall that {Pλ | λ ∈ L+} is a basis for symmetric functions, and at q = t, the type A ones
reduce to Schur functions, which are characters of irreducible representations of GLn. So this is a
generalization of the classical Littlewood-Richardson rule for the direct sum decomposition of the
tensor product of two irreducible representations of GLn.

V (µ)⊗ V (λ) =
⊕

ν

cν
µλV (ν).

The original form of the Littlewood-Richardson rule was a combinatorial formula given in terms
of fillings of tableaux.

There is another combinatorial formula for the coefficients cν
µλ given in terms of Littelmann paths.

Example

The Littelmann path formula for the Schur function sϕ is

sϕ = xϕ + xα1 + xα2 + x−ϕ + x−α1 + x−α2 + 2x0,

with terms corresponding to the paths
9
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And the Littelmann path formula for the product sϕsϕ involves taking the paths for sϕ, and shifting
them to start at ϕ, keeping only the paths that are contained in the dominant chamber
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so
sϕsϕ = s2ϕ + s3ω1 + s3ω2 + 2sω1+ω2 + s0.

Thus bi-coloured alcove walks for Macdonald polynomials ...
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Pϕ(q, t)Pϕ(q, t)
... reduce to paths for Schur polynomials.
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