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1. WHAT ARE MACDONALD POLYNOMIALS?

They are orthogonal multivariate Laurent polynomials associated to root systems with 2 param-
eters g, t.

Fix

R a root, system
Wo Weyl group of R
L,LV  weight, and coweight lattice of R

If L =3"", Zw,;, then for A = \jwy + -+ + Aywy,, € L, write

X =,

Example of the Az root system: Let V* = span{ey, ez, e3}/span{e; +ez+e3} be a two-dimensional
vector space over R. Let vy = €1 —eg, 0 = €3 —e3,p = €1 — e3.

R = {+a1,*as,+¢}
Wy = 63=(s1,82]| s% =1=35% 518081 = $28182)
L= Lv = Zw1 -+ Z(JJQ
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There are two kinds. For A\ € L:
Nonsymmetric: Ey(X;q,t)
Symmetric: Py (X;q,t)

Let K = Q(q,t'/?). Then
{Ex: X\ € L} is a basis for K[z}, 2]

rYn

{Py:\€ L.} is abasis for K[z5!,... 2o (ie. symmetric polynomials)

{Ex | A € L} is a family of polynomials such that

o (Ex,E,) =0if u# A,
o By=X"+ > e au(g,t) X for pp < A in the Bruhat order.

Where, if we write a generic polynomial as g = >, ga(g,t)X?, and set g* = 3", ga(¢™ 1, 71X,
then
(f,9) = [X°Ifg"A,
and (for simplicity we assume t = ¢¥, k € Z~; in general, A is an infinite sum),
A= T O=X"01—gXx*) - 1=¢"'X%) J] (1 —¢X)1—-g*X*) - (1—¢"X).
aERyL acER_

{P» | A € L} is a family of polynomials such that

o (P\,P) =0if i # A,
o Py=Mx+3,.,bu(q,t)M, for pp < X in the Bruhat order, My = 3_ cyy, , X" is the orbit

sum.
Where, if we set § = >, gx(g,t)X ~*, then
1
9) = == X119V,
(F,9)" = e X719

and (again assume t = ¢*, k € Z~),

V=J[a-X01-qgx*)---(1-¢"1X").
aER
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The symmetric Macdonald polynomials specialize to many known families of symmetric polynomi-
als, including spherical functions on compact Lie groups and p-adic Lie groups, and Weyl characters
of simple Lie algebras. (Schur polynomials, for example, at ¢ = ¢ Type A).

Computation of these polynomials using these definitions is hard!

2. DOUBLE AFFINE HECKE ALGEBRAS AND INTERTWINERS

Cherednik created the double affine Hecke algebra H and used it to prove some hard conjectures
made by Macdonald, including the evaluation conjecture, duality conjecture, and constant term
conjecture (special case of norm conjecture), where in the case t = ¢*, is the statement that

lqup’ Y+i

H H 1_q(kpa

a€ERy i=1

Intertwining operators of the DAHA are “creation operators” for Ej. H is a quotient of the
double affine braid group B.
Definitions.
(think Sp41) finite Weyl group Wy is generated by si,. .., s, satisfying braid relations and sf =1,
affine Weyl group W = Wy x LV acts as group of reflections and translations on LV,
braid group By is generated by T7, ..., T, satisfying braid relations,
a caveat: if we replace L by the root lattice @), some things are easier to describe,
ie W =Wy x QV is generated by s, ..., s, satisfying braid relations and s7 = 1,
where sg = t(¢")s,.
affine braid group B is generated by By, YL where YZ' is an abelian group that is an analogue of LV,

and we have the element T = Y“”vTS;1

double affine braid group B is generated by X%, By, yL’ ,q
where X* is an abelian group, ¢ is a central element, and we have relations
TN =yN T i (WY ) =0 for 1 <i <,
TN T =y i (WY, ) =1 for 1<i<n,
T, X" = XMT; if (o) ,u) =0 for 0 <i < n,
T, XM T, = X5 if (o) ,pu) =1 for 0 < i < n.

The double affine Hecke algebra H is the quotient of KB by the ideal generated by
TiQ _ (t1/27t71/2)ﬂ+1, OSZSTL

A basis for H is
{F"X*T,YN | keZ,pe Liwe Wy, A\ €LV}
The polynomial representation of H is K [X]1 where

XF1 =XM1, Til=tY%1, y*'1 =0,
3



The height is defined by

For example, ht(ay) =1 = ht(ad), ht(pV) =

The intertwiners are

—1/2_41/2

T’L'VZT;—'_W’ fOI‘lSiSn,
B —1/2_,1/2 .
™ = (XPT,) 7+ S, (inType A).

Let A € L. Note that W/Wy = L. Let
my be the shortest element in the coset t(A\)W.
Cherednik showed that if my = s;, ---s;, € W is a reduced word, then
E\1= Ti\i . -~7'i\:17
P\1=1o7) - 7/,
where 1o = ) t—twow)/2

weWy
For example, choose A = —as. Then m) = 323133, SO

E_n,1=7/7m/1.

The problem in computing this is we don’t know how to commute X and Y easily.

3. ALCOVE WALKS

Alcove walks make a good combinatorial model for the expansion of products of intertwiners.
For the As system, the affine coroots are
SV ={a"4+7r|a" €eR,recZ}.

Think of them as polynomial functions of degree < 1 on Ly = Rw; +Rw,. Each affine coroot a¥ € S
defines a hyperplane in Ly

Hav =a" "' (0).
These cut up the vector space Ly into regions called alcoves.
H1 H2

SoA

A
51 A\ /so A

NANNS

oA

Hy




The alcoves are in bijection with elements of WY = Q x Wy:

QxWy=WY «— alcoves

Wy «+— alcoves in hexagon centered at 0

v
S1 52
S18 257/
\J1525Y/

KK

S3 «—— alcoves in

QxWy=WY «— alcoves
Wy +«— alcoves in hexagon centered at 0

t(n)Wy «— alcoves in hexagon centered at p

t(og # /x(a)
0
Hy
S1 1 S2

t(p)Wo «— shifted

Let w = sy, ---s;, € WY. An alcove walk of type i1,

..., 1, is a sequence of r steps where the jth
step is one of

- + - + + +
b)
. 28, 2 25 z Z8; z Z8j

positive j-crossing negative j-crossing positive j-fold negative j-fold
5



Theorem 3.1. (Ram, Y)
Ey = Z t%f(d(p))prwt(p)
pEB(m,,)
is a sum of walks of type m,, starting in the fundamental alcove, where the folding coefficient is

t71/2 _ t1/2

_ sh(by ) 1ht(bg)
fo= H 1 — ¢oh(r) ¢hebr) H g
kth step a fold kth step a -ve fold

br is the affine coroot that defines the hyperplane crossed by the kth last step of the inverse walk

m;l, and £(d(p)) is the distance between the endpoint of the path, and the top alcove in the Wy-coset

it ends in.

Similarly,
P\ = Z t—%Z(L(p)wo)tée(d(P))prWt(P)
pEB(m,,)
is a sum over paths starting in any alcove in the hexagon centered at zero.

For example, m_,, = s25180. Since each step can be a fold or a crossing, there are 23 = 8 paths
of this type.

So the path formula for E_,, has eight terms. The one with no folds corresponds to

t1/2X7a2

Ho

the one whose 2nd step is folded, the other two are straight corresponds to
t_1/2 _ t1/2

1—qt

6
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How do we find the folding coefficient in this case? The inverse walk is s§s1s2, and the second
last hyperplane crossed by the inverse walk is defined by the coroot ey — 1. This has shift 1, and
height 1. The fold in p is positive. The final position is two alcoves away from the top alcove in the
t(aq) coset.

H1 H2

The proof makes use of Cherednik’s intertwiner formula, and is by induction on the length of
m, € WY. Roughly, in 7,7, the T}’ term corresponds to a step, and the W;f;;/—z term corresponds
1-Y %

to a fold. While X and Y commutation relations are difficult, 7,” and ¥ commutation relations are
easy, and walks are an effective way to capture this.

Example

P,(g,t) = 2P+ 42 g T2 P 4 (244 g+ 2(]7‘,)ﬁ 0

M, (2+t+q+2qt)11_;q§2



4. A LITTLEWOOD-RICHARDSON RULE

Theorem 4.1.
E,Px= > byl [inpBap),
pEl(m; ")
PuPy = Z bpep | o Pae(p),
peET(my ")

are sums over paths of type m;l starting in the alcoves of the hexagon centered at —wo)\, and is
contained in the dominant chamber, and whose folds are bi-coloured.

$1/2 _ t—1/2qsh(av)tht(av)

by = H 1 gh@)ht@)
avems ' L(i(p)
1/2 —1/2
-1 R [T oo
1— qSh(bZ)tht(bZ) )
keg(p) ke¢~(p)
tl/Q _ t71/2 hieY v
- _ o - e sh(ey ) tht(c))
=11 1 — b)) 11 g
keg(p)’ keg(p)',r—k+1€£™(p)

_ ) he(h) =1 g sh(h))ght(h))+1

SRR ht(RY) ] _ (R ge(y)

—1/2 _ tl/quh(av)tht(av)
e = H 1= gh(@”)ghi(a”)

avem”— i}om(mﬁ(c(p)_l)

Example

-1

P, = xixs + 2125 + T3 + ww% + adas + xgxg +@2+ttat 2qt)w.

\ /

*&«wwm AVAVAY.
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P@(Qv t)PLP((L t)

P‘P(qv t)PAP(Qa t) =



2 3
1—gq ,1/2 1-q ,1/2p, 1—q 1-g2t 1-q 1—gqt 1—qt3 ,3/2
Pap + 74t TPy F 1ogpt T PBws F Togr T mr et 1 g2 1ozt fot

N 2
& N A
(/2712032 =12 1 g g m U2 L/20242 4 m V2V g e l/2 i1/ 2 (G124 1/2)02, =1/2_1/2,4 4=1/2_1/2,2,2
1P s 1 1T o0 172071,y yp 1708 YRR Y TR Y297t 12 1329 10 1patt?
9t —tm /244 41/2_4—1/24242 1720 41/2 4 —1/2_ 4 th+L/—t_/qtt/ft_/qtt/ft_/qt/7“/”PJr_”
T—qt T—q2¢2 T—7 T—qt @ T—qt T—qt T—q2¢2 T qe2 ®

AVA

S

(142t +2t2 +3)P,.

Recall that {Py | A € L,} is a basis for symmetric functions, and at ¢ = t, the type A ones
reduce to Schur functions, which are characters of irreducible representations of GL,. So this is a
generalization of the classical Littlewood-Richardson rule for the direct sum decomposition of the
tensor product of two irreducible representations of GL,,.

V(i@ V) =PV

The original form of the Littlewood-Richardson rule was a combinatorial formula given in terms
of fillings of tableaux.

There is another combinatorial formula for the coefficients ¢ given in terms of Littelmann paths.
Example
The Littelmann path formula for the Schur function s, is

sp=af a2 a4 T M T4 229,

with terms corresponding to the paths



And the Littelmann path formula for the product s,s, involves taking the paths for s, and shifting
them to start at ¢, keeping only the paths that are contained in the dominant chamber

3wa 3w

SO
5450 = S2p + 83w, T 53wy T 25w, 4w, T So-

Thus bi-coloured alcove walks for Macdonald polynomials ...

><><>< NN \/
VANAVETAVEVAVAVAVAVEVAN

l Al
Pg,(q,t)P@(q,t)
.. reduce to paths for Schur polynomials.

VAVAYAS VAVAY.Y

SN\ /A7

& A4
P,(0,0)P,(0,0)
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