Putnam Club Week Ten — 27 November 2012
Grab Bag 2

1. Let P(x) = 2" + ¢p12™ ' 4 -+ + ¢o be a polynomial with integer coefficients.
Suppose that r is a rational number such that P(r) = 0. Show that the n numbers
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CpTy CpT° + Cp_1T, CpT° + Cp—17" + Cp—aT,

~1
et e+ o

are integers. (Putnam 2004)

2. Consider a set S and a binary operation %, i.e., for each a,b € S, axb € S. Assume
(axb)*a=>forall a,b € S. Prove that a * (b*xa) =10 for all a,b € S. (Putnam 2001)

3. Prove that there exist infinitely many integers n such that n,n + 1,n 4+ 2 are each
the sum of the squares of two integers. [Example: 0 = 02+ 0%, 1 = 0% + 1%, 2 = 12 4 12]]
(Putnam 2000)

4. Find the smallest positive integer n such that for every integer m with 0 < m < 1993,
there exists an integer k for which

m k m+1

1993 n 1994
(Putnam 1993)

5. Consider a paper punch that can be centered at any point of the plane and that, when
operated, removes from the plane precisely those points whose distance from the center is
irrational. How many punches are needed to remove every point? (Putnam 1990)

6. For a set S of nonnegative integers, let rg(n) denote the number of ordered pairs
(s1,82) such that sy € S, s5 € S, s1 # $9, and s; + so = n. Is it possible to partition the
nonnegative integers into two sets A and B in such a way that rs(n) = rg(n) for all n?
(Putnam 2003)



