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Stochastic versus deterministic models

It is important to understand the basic terms “stochastic” and “deterministic.”

A process is deterministic if its future is completely determined by its present
and past. Examples of deterministic processes include solutions to
differential and difference equations.

Example
The initial value problem

ẋ(t) = 3x(t) x(0) = 2,

has the solution x(t) = 2e3t . �

Example
Consider the difference equation

F1 = F2 = 1

Fn = Fn−1 + Fn−2, for n > 2.

Then {Fn}∞n=1 is the well known Fibonacci sequence: {1, 1, 2, 3, 5, 8, . . . }. �
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Stochastic versus deterministic models

On the other hand, a stochastic process is a random process evolving in time.

Informally, this means that even if you have full knowledge of the state of the
system (and it’s entire past), you can not be sure of it’s value at future times.

Example
Consider rolling a die multiple times. Let Sn denote the sum of the first n rolls.
Then, S0 = 0, and S1 ∈ {1, . . . , 6}, S2 ∈ {2, . . . , 12}, etc.

Knowing that S2 = 8 only guarantees that S3 ∈ {9, . . . , 14}.

Also,

P{S3 = 10 | S2 = 8} =
1
6
.
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Population model: bacterial growth

Let’s consider two competing models for growth of a bacterial colony

I one deterministic

I one stochastic.

We suppose
1. Growth rate is proportional to size of population:

I Suppose each bacteria produces offspring at rate of 1/3 per hour.

2. We start with 10 bacteria.

Deterministic model: One plausible deterministic model would be

ẋ(t) =
1
3

x(t) x(0) = 10, (1)

with solution
x(t) = 10et/3,

where the units of t are hours.
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ẋ(t) =
1
3

x(t) x(0) = 10, (1)

with solution
x(t) = 10et/3,

where the units of t are hours.



Population model: bacterial growth

Let’s consider two competing models for growth of a bacterial colony

I one deterministic

I one stochastic.

We suppose
1. Growth rate is proportional to size of population:

I Suppose each bacteria produces offspring at rate of 1/3 per hour.

2. We start with 10 bacteria.

Deterministic model: One plausible deterministic model would be
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Population model: bacterial growth

Stochastic Model: Without going into the finer details:

1. Each bacteria divides after a random amount of time with an average
wait of 3 hours.

2. Technically, I am taking this waiting time to be an exponential random
variable with parameter 1/3.

3. It is further assumed that the amount of time that one bacteria takes to
divide is independent of the amount of time it takes the other bacteria to
divide.



Population model: bacterial growth

I Deterministic solution versus three different realizations of the stochastic
system.
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I Stochastic realizations appear to follow the deterministic system in a
“noisy” way.

I It is clear that the behavior of a single realization of the stochastic
system can not be predicted with absolute accuracy.



Population model: bacterial growth and death

Now suppose that we change the model:

I we allow bacteria to die as well as divide.

We suppose that they die (either through natural causes or via some predator
or a combination of both) after about five hours.

Our new plausible deterministic model is

ẋ(t) =
1
3

x(t)− 1
5

x(t) =
2
15

x(t), x(0) = 10,

with solution
x(t) = 10e2t/15.

Note that this is again simply exponential growth, with a slower growth rate
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ẋ(t) =
1
3

x(t)− 1
5

x(t) =
2
15

x(t), x(0) = 10,

with solution
x(t) = 10e2t/15.

Note that this is again simply exponential growth, with a slower growth rate



Population model: bacterial growth and death

For the stochastic model, we now model the two possible changes to the size
of the colony separately. That is, the next event is either

1. a growth event (via a division) or

2. a decrease event (via a death).



Population model: bacterial growth and death

I Deterministic solution vs. three realizations of the stochastic system.
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I We now see that the solutions of the deterministic and stochastic models
behave qualitatively differently:

one of the realizations of the stochastic model (i.e. one of the colonies
under observation) has been completely wiped out, something not
possible in the deterministic modeling context .



Example: genetic clock
Let’s build up another model: Gene→ mRNA→ Protein→ Repressor.

We assume:
1. mRNA is being transcribed from a gene.

2. Protein is being translated from the mRNA.

3. The protein is being converted to a repressor protein that represses
gene.

4. Repressor protein binds to gene along one of N binding sites.

5. Bound gene produces no mRNA.

6. Could be more than one binding site.

Cartoon:

1

1J. Paulsson, Physics of Life Reviews, 2, 2005 157 – 175.
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Example: genetic clock

With a choice of N = 1 binding sites
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Example: genetic clock

With a choice of N = 2 binding sites and
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Example: genetic clock

With a choice of N = 8 binding sites
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Note: Looks like it gets better rhythm with more binding sites.

What’s happening?



Why study discrete stochastic models?

1. There are a discrete number of the constituent species.

2. Stochasticity, or randomness, does play a role when abundances are
low. How do we know?

I Advances in experimental methods in biology, such as green fluorescent
protein, have enabled quantitative measurements at the single cell, and even
single molecule, level.

I Such experiments show time and time again that the dynamics at this level
are intrinsically stochastic, or “noisy,” and that that noise can have large
implications (phenotypic diversity).
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Why study discrete stochastic models?
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infrequently indicates that the mRNA is not being continually
synthesized, but rather, it is synthesized during brief periods
of time when the gene is transcriptionally active. We refer to
these periods as transcriptional bursts. The rest of the time,
the gene is in a transcriptionally inactive state, during which
no mRNA molecules are synthesized and those synthesized
earlier are degraded.

Quantitative evidence of the burst-like nature of tran-
scription comes from comparing the number of mRNA in
cells containing active transcription sites to those without
active transcription sites. We found that of 97 randomly
selected cells from cell line E-YFP-M1-7x (details of construct
discussed below), the 23 containing transcriptional foci had
an average of 244 mRNA per cell, as compared to 33 mRNA
per cell in the 74 without any active transcription site (p ,
10!4). Because the FISH method also gives the spatial location
of the mRNA, we were also able to compare the relative
numbers of mRNA in the nucleus and cytoplasm to study
further the behavior of the transcriptional bursts. If tran-
scription occurs in bursts, then one would expect to find
more mRNA in the nucleus than in the cytoplasm when the
gene is active, as the nuclear mRNA has not been exported.
However, when the gene is in the inactive state, the nuclear
mRNA will be exported without being replenished, resulting
in a lower proportion of the total cellular mRNA being found
in the nucleus. To examine such behavior, we costained the
cells with DAPI after the hybridization and determined
whether each mRNA was located in the cytoplasm or nucleus.
Often, we found that cells without a transcriptional focus had
only cytoplasmic mRNA, whereas cells with a transcription
site usually had a large number of nuclear mRNA (Figure 2D).
Statistically speaking, cells containing active transcription
sites had a higher percentage of reporter mRNA in the
nucleus (35%, 17 cells analyzed) than did cells without active
transcription sites (25%, 22 cells analyzed) (p " 0.0093).

Interestingly, the two cells depicted in Figure 2D are clearly
descended from the same parent cell but seem to display
different transcriptional behavior. This behavior is typical
and indicates that variations global extrinsic factors such as
position in the cell cycle are not the primary source of
variation in the activity of the transgene; this is more
systematically analyzed in the ‘‘Relative Contributions of
Intrinsic and Extrinsic Factors to Variations in mRNA Level’’
section of the results.
Further evidence for transcriptional bursts comes from an

analysis of the statistics of the distribution of mRNA
molecules per cell over the entire cell population. If mRNA
were produced at a constant rate, one would expect a Poisson
distribution of mRNA per cell, in which case the mean
number of mRNA molecules per cell and the variance (the
square of the standard deviation) would be equal. However,
we found that the mean was approximately 40 mRNA
molecules per cell, while the variance was roughly 1,600
molecules squared, indicating that the mRNA is not synthe-
sized at a constant rate, consistent with the occurrence of
transcriptional bursts.

Mechanisms Controlling Transcriptional Bursts
To investigate the mechanisms controlling transcriptional

bursts, we altered the overall level of transcription both by
changing the amount of transcriptional activator present in
the cells and by altering the number of binding sites for that
activator in the promoter. To accomplish this, the gene was
inserted downstream from a minimal cytomegalovirus pro-
moter, and either one or seven copies of the tetracycline-
sensitive tet operator sequence were present upstream from
the promoter (Figure 2A). Transcription from the promoter
is only possible when a protein known as the tet-trans-
activator (tTA) binds to the operator sequence. tTA is a
protein consisting of two domains: one that binds to the tet

Figure 2. Cell-to-Cell Variation of mRNA Numbers in Clonal Cell Lines

(A) Schematic diagram of the doxycycline-controllable promoters and the reporter genes that they control. Doxycycline binds to the tTA protein,
thereby preventing it from binding to the tet operator.
(B, C) Representative fields of cells from cell lines E-YFP-M1-1x and E-YFP-M1-7x, containing the 1x-tetO and 7x-tetO promoters, respectively, where each
mRNA is hybridized to FISH probe P1-TMR and the image was obtained by merging a three-dimensional stack of images.
(D) Two sister cells from cell line E-YFP-M1-7x displaying mRNA hybridized to FISH probe P1-TMR (red) and costained with DAPI (blue). The image
represents one focal plane. The scale bars are 5 lm long.
DOI: 10.1371/journal.pbio.0040309.g002

PLoS Biology | www.plosbiology.org October 2006 | Volume 4 | Issue 10 | e3090003

Stochastic Mammalian Gene Expression

3

2Elowitz et al., Science, 297, 2002.
3Raj et al., PLoS Biology, 4(10), 2006.



Why study discrete stochastic models?

Now for some quotes:

Elowitz et al., Science, 297, 2002:

“Clonal populations of cells exhibit substantial phenotypic variation. Such
heterogeneity can be essential for many biological processes and is conjectured to
arise from stochasticity, or noise, in gene expression.”

Arkin et al., Genetics, 149, 1998:

“This analysis indicates how molecular level thermal fluctuations can be exploited by
the regulatory circuit designs of developmental switches to produce different
phenotypic outcomes. Such regulatory mechanisms will produce diverse phenotypes
even in clonal cell populations maintained in the most homogeneous laboratory
environments.”



Mathematical models of stochastic systems

• Standard notation for chemical reactions:

A + B → C

is interpreted as “a molecule of A combines with a molecule of B to give
a molecule of C.”

• Each instance of the reaction A + B → C changes the state of the
system by the vector:

ν′k − νk =

24 0
0
1

35−
24 1

1
0

35 =

24 −1
−1
1

35 .
1. Other types of reactions:

A→ B, 2A→ B, B → 2A, ∅ → A, A→ ∅, A + B + C → ∗



Mathematical models of stochastic systems

• Standard notation for chemical reactions:

A + B → C

is interpreted as “a molecule of A combines with a molecule of B to give
a molecule of C.”

• Each instance of the reaction A + B → C changes the state of the
system by the vector:

ν′k − νk =

24 0
0
1

35−
24 1

1
0

35 =

24 −1
−1
1

35 .

1. Other types of reactions:

A→ B, 2A→ B, B → 2A, ∅ → A, A→ ∅, A + B + C → ∗



Mathematical models of stochastic systems

• Standard notation for chemical reactions:

A + B → C

is interpreted as “a molecule of A combines with a molecule of B to give
a molecule of C.”

• Each instance of the reaction A + B → C changes the state of the
system by the vector:

ν′k − νk =

24 0
0
1

35−
24 1

1
0

35 =

24 −1
−1
1

35 .
1. Other types of reactions:

A→ B, 2A→ B, B → 2A, ∅ → A, A→ ∅, A + B + C → ∗



Markov chain models

• We consider a network of reactions involving d chemical species,
S1, . . . ,Sd :

dX
i=1

νik Si −→
dX

i=1

ν′ik Si

• The state of the system, X (t) ∈ Zd
≥0, gives the number of molecules of

each species in the system at time t .

• νk : number of molecules of each chemical species consumed in the k th
reaction.

• ν′k : number of molecules of each chemical species created in the k th
reaction.

• If k th reaction occurs at time t , the new state becomes

X (t) = X (t−) + ν′k − νk .
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Markov chain models

We need to know when the reactions fire.

1. Suppose state of the system is X (t).

2. For each reaction there is an alarm clock running.

The k th clock (for the k th reaction) is set to go off after an amount of
time given by an exponential random variable with parameter λk (X (t)) (a
function of the state).

3. The function λk : Rd
≥0 → R≥0 is called the rate or intensity or propensity

functions.

4. Once the first clock goes off, the system is updated via the associated
reaction.

5. Process repeated.

What I have described is called a continuous time Markov chain.
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Example: bacterial growth
Division:
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Division and death:
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Mass-action kinetics

The standard intensity function chosen is mass-action kinetics:

λk (x) = κk (
Y

i

νik !)

 
x
νk

!
= κk

Y
i

xi !

(xi − νik )!
.

Rate is proportional to the number of distinct subsets of the molecules
present that can form inputs for the reaction. (This assumes vessel is
“well-stirred.”)

Example: If ∅ → anything, then λk (x) = κk .

Example: If S1 → anything, then λk (x) = κk x1.

Example: If S1 + S2 → anything, then λk (x) = κk x1x2.

Example: If S1 + 2S2 → anything, then λk (x) = κk x1x2(x2 − 1).



Example: ∅ � A

Let X (t) denote number of A molecules at time t .

Suppose rate constants are both equal to one.

Suppose X (0) = 2.

Each reaction:
I R1: ∅ → A
I R2: A→ ∅

has an alarm clock set to go off after an exponential amount of time with
parameters

1. λ1(X (0)) = 1

2. λ2(X (0)) = 1× X (0) = 2.

System updates after first one happens. Repeat process.
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Example: Gene transcription and translation

Gene transcription & translation
could be:

G→ G + M transcription
M → M + P translation
M → ∅ degradation
P → ∅ degradation

G + P → B binding
B → G + P unbinding

Cartoon representation:

4

4J. Paulsson, Physics of Life Reviews, 2, 2005 157 – 175.



Simulation: stochastic simulation algorithm

We already can see how to simulate:

1. k th reaction wants to fire after amount of time given by an exponential
random variable with parameter λk (X (t)).

2. Therefore, the next reaction takes place at the minimum of those
exponential random variables.

3. It is a calculation to show: minimum has exponential distribution with
parameter

P
k λk (X (t)).

4. It is a calculation to show: the j reaction is the one that happened with a
probability of

λj (X (t))/
X

k

λk (X (t))

This algorithm is also called Gillespie’s Algorithm (kinetics Monte Carlo,
n-fold way,...).
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Gillespie’s Algorithm

Algorithm

1. Initialize. Set the initial number of molecules of each species and set
t = 0.

2. Generate two independent uniform(0,1) random numbers r1 and r2.

3. Calculate the intensity function, λk = λk (X (t)), for each reaction.

4. Set λ0 =
P

k λk .

5. Set ∆ = (1/λ0) ln(1/r1) (exponential RV with parameter λ0).

6. Find µ ∈ [1, . . . ,M] such that

(1/λ0)

µ−1X
k=1

λk < r2 ≤ (1/λ0)

µX
k=1

λk ,

which is equivalent to choosing from reactions [1, . . . ,M] with the k th
reaction having probability λk/λ0.

7. Set t = t + ∆ and update the number of each molecular species
according to reaction µ.

8. Return to step 2 or quit.



Understanding stochastic models
Other than through simulation (easy) how can the models be understood?

1. Understand how the distribution of the process behaves.

2. Understand how paths behave.

Kolmogorov’s forward equation (“Chemical Master Equation”) describes the
evolution of the distribution of the state of the system

d
dt

P(x , t) =
X

k

λk (x − ν′k + νk )P(x − ν′k + νk , t)−
X

k

λk (x)P(x , t),

where P(x , t) is probability X (t) = x .

Large (oftentimes infinite), linear system.

1. Can solve in a few cases.

2. Shows stationary distribution (analog of a fixed point) satisfiesX
k

λk (x − ν′k + νk )π(x − ν′k + νk ) =
X

k

λk (x)π(x),

for all x .
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Example: stationary distribution for ∅ � A
Let X (t) denote number of A molecules at time t .

Suppose rate constants are now 2 and 1.

Reactions:
I R1: ∅ 2→ A
I R2: A 1→ ∅

have intensities
1. λ1(X (t)) = 2
2. λ2(X (t)) = X (t).

X
k

λk (x − ν′k + νk )π(x − ν′k + νk ) =
X

k

λk (x)π(x),

becomes

2π(x − 1) + (x + 1)π(x + 1) = 2π(x) + xπ(x), if x ≥ 1

π(1) = 2π(0).

Can show that for x ≥ 0

π(x) = e−2 2x

x!
.
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Example: stationary distribution for ∅ � A
If

∅ 3→ A, A 2→ ∅

can show that for x ≥ 0

π(x) = e−3/2 (3/2)x

x!
.

If
∅ c1→ A, A

c2→ ∅

can show that for x ≥ 0

π(x) = e−(c1/c2) (c1/c2)x

x!
.

Note: analogous deterministic system is

ẋ = c1 − c2x .

This has fixed point
c =

c1

c2
.
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ẋ = c1 − c2x .

This has fixed point
c =

c1

c2
.



Can we solve for more stationary distributions?

Obvious mathematical questions:

1. Are Poisson distributions prevalent in stochastic setting?

2. Is there often a “link” between the stochastic and deterministic models?

3. Did all this work just because the system is linear?

To answer these questions, we need more structure and deterministic model.

Definition. A chemical reaction network {S, C,R} consists of:

1. Species, S := {S1, . . . ,Sd}.

2. Complexes, C: {ν′k , νk}.

3. Reactions, R := {νk → ν′k}.
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Deterministic dynamics: mass action kinetics
• For concentration x ∈ Rd

≥0, the rate of the reaction νk → ν′k , is

κk xνk1
1 xνk2

2 · · · xνkN
N = κk xνk .

Example: If S1 → S2, then rate is

κk x1.

Example: If S1 + 2S2 → S3, then rate is

κk x1x2
2 .

• Equations governing dynamics are the nonlinear ordinary differential
equations

ẋ(t) =
X

k

κk x(t)νk (ν′k − νk ),

• A non-negative equilibrium for the system is any c ∈ Rd
≥0 for whichX

k

κk cνk (ν′k − νk ) = 0.
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Observation

1. Any solution x(t) satisfies

x(t)− x(0) =
X

k

„Z t

0
κk x(s)νk (x(s)) ds

«
(ν′k − νk ) ∈ spank{ν

′
k − νk}.

Definition. S = span{ν′k − νk}k is the stoichiometric subspace of the
network. Let dim(S) = s.

We see that for all t ≥ 0:

x(t) ∈ x(0) + S.
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Example
Consider a system with reaction diagram:

2A � A + B , B � C,

• S ⊂ R3 is the plane spanned by (−1, 1, 0) and (0,−1, 1).



Complex-balanced systems

Definition. An equilibrium c ∈ Rd
≥0 is said to be complex-balanced if the

following equality holds for each z ∈ C:X
{k : νk = z}

κk cνk =
X

{k : ν′
k = z}

κk cνk .

A complex-balanced system is a system that admits a complex-balanced
equilibrium.

Theorem (Horn, Jackson, Feinberg - 1972). Let {S, C,R} be a
complex-balanced system. Then, within the interior of each invariant manifold
(positive stoichiometric compatibility class) there is precisely one equilibrium
value, c, and that equilibrium is:

1. Complex-balanced.

2. Locally asymptotically stable relative to its invariant manifold.
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Stochastic version

Theorem (Anderson, Craciun, Kurtz - 2010). Consider a stochastically
modeled chemical reaction network with stochastic mass action kinetics and
rate constants κk . Suppose that

1. the associated deterministic mass-action system with rate constants κk

is complex-balanced with equilibrium c ∈ Rd
>0.

Then the stochastically modeled system has a stationary distribution
consisting of the product of Poissons,

π(x) =
dY

i=1

cxi
i

xi !
e−ci , x ∈ Zd

≥0.

Obvious question:

when does the deterministic model have a complex
balanced equilibrium?
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Reaction diagrams

To each reaction network, {S, C,R}, there is a unique directed graph, called
a reaction diagram, constructed in the following natural manner:

1. The nodes of the graph are the complexes, C.
2. A directed edge from ν to ν′ exists if and only if ν → ν′ ∈ R.

Example. Consider the reaction network with reaction diagram:

S + E � C → P + E , E � ∅.

1. S = {S, E , C, P}.

2. C = {S + E , C, P + E , E , ∅}.

3. R = {S + E → C, C → S + E , C → P + E , E → ∅, ∅ → E}



Weak reversibility and linkage classes

Definition. Each connected component of the reaction diagram is termed a
linkage class of the graph.

Definition. The chemical reaction network is said to be weakly reversible if
each linkage class of the corresponding reaction diagram is strongly
connected.

Example. Consider the reaction network:

S + E � C → P + E , ∅� E .

This network has two linkage classes and is not weakly reversible.



The Deficiency Zero Theorem

Definition. The deficiency of a network is δ = n − `− s, where n is the
number of complexes, ` is the number of linkage classes, and
s = dim(span{ν′k − νk}).

Deficiency Zero Theorem (Feinberg - 1979). Consider a reaction network
that is weakly reversible and satisfies δ = 0. Then, independent of the choice
of rate constants, the system with deterministic mass action kinetics is
complex-balanced.

Hence, conclusions of previous theorem hold.



Example

Consider the system

2A � A + B , B � C,

I There are : 4 complexes, 2 linkage classes, and s = 2 =⇒ δ = 0.

I Each stoichiometric compatibility class is a triangle.



Example: Enzyme kinetics

Consider the possible model of enzyme kinetics given by

E + S � ES � E + P , E � ∅ � S

• Easy to see that deficiency is 0 and that state space is Γ = Z4
≥0.

• Thus, in distributional equilibrium, the species numbers are independent
and have Poisson distributions.



Why would non-mathematicians be interested?

1. In a 2007 PNAS paper1, Levine and Hwa computed the stationary
distributions of different stochastically modeled chemical reaction
systems with Michaelis-Menten type kinetics.

2. The (biologically motivated) models considered included:
(a) Directed pathways: ∅ → S1 → S2 → · · · → SL → ∅
(b) Reversible pathways: ∅ → S1 � S2 � · · ·� SL → ∅
(c) Cyclic pathways: SL → S1

3. Each model has a deficiency of zero. Further, the networks are weakly
reversible.

4. In each of these models the product form of the distribution implies that
the species numbers are independent.

5. They postulate independence plays an important biological role.

6. We now see these models as special cases of a general family of
systems that have both the product form and independence properties,
and that these properties may be more widespread, and taken
advantage of by living organisms, than previously thought.

1E. Levine and T. Hwa, Stochastic fluctuations in metabolic pathways, PNAS 104, 2007
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What about paths?

Can show that number of times k th reaction has happened by time t is a
counting process that can be represented via

Rk (t) = Yk

„Z t

0
λk (X (s))ds

«
,

where Yk are independent, unit-rate Poisson processes.

Therefore, state of system satisfies

X (t) = X (0) +
X

k

Rk (t)(ν′k − νk )

= X (0) +
X

k

Yk

„Z t

0
λk (X (s))ds

«
(ν′k − νk ).

Called a random time change representation.

Very similar to ODE model.
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Where do deterministic equations come from?

X (t) = X (0) +
X

k

Yk

„Z t

0
λk (X (s))ds

«
(ν′k − νk ).

If abundances are so large that feel we can model with concentrations, we
scale by V = ηA× Volume (ηA = Avogadro’s number) to find

X V (t)
V

=
X V (0)

V
+
X

k

1
V

Yk

„
V
Z t

0
λk (

X V (s)

V
)ds
«

(ν′k − νk )

By the law of large numbers, if V is large enough, and X V (t) = O(V ),
solution of above is very close to solution of

c(t) = c(0) +

„Z t

0
λk (c(s))ds

«
(ν′k − νk ),

which is deterministic mass action kinetics.
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Concluding remarks

Overriding question: why use stochastic models?

Answers:

1. Stochasticity is important in many systems.

2. Just as in deterministic models, there is mathematical machinery that
can be brought to bear.

3. Wrong question. Right question should is: why use deterministic
models?
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