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Stochastic Models of Biochemical Reaction Networks

infrequently indicates that the mRNA is not being continually
synthesized, but rather, it is synthesized during brief periods
of time when the gene is transcriptionally active. We refer to
these periods as transcriptional bursts. The rest of the time,
the gene is in a transcriptionally inactive state, during which
no mRNA molecules are synthesized and those synthesized
earlier are degraded.

Quantitative evidence of the burst-like nature of tran-
scription comes from comparing the number of mRNA in
cells containing active transcription sites to those without
active transcription sites. We found that of 97 randomly
selected cells from cell line E-YFP-M1-7x (details of construct
discussed below), the 23 containing transcriptional foci had
an average of 244 mRNA per cell, as compared to 33 mRNA
per cell in the 74 without any active transcription site (p ,
10!4). Because the FISH method also gives the spatial location
of the mRNA, we were also able to compare the relative
numbers of mRNA in the nucleus and cytoplasm to study
further the behavior of the transcriptional bursts. If tran-
scription occurs in bursts, then one would expect to find
more mRNA in the nucleus than in the cytoplasm when the
gene is active, as the nuclear mRNA has not been exported.
However, when the gene is in the inactive state, the nuclear
mRNA will be exported without being replenished, resulting
in a lower proportion of the total cellular mRNA being found
in the nucleus. To examine such behavior, we costained the
cells with DAPI after the hybridization and determined
whether each mRNA was located in the cytoplasm or nucleus.
Often, we found that cells without a transcriptional focus had
only cytoplasmic mRNA, whereas cells with a transcription
site usually had a large number of nuclear mRNA (Figure 2D).
Statistically speaking, cells containing active transcription
sites had a higher percentage of reporter mRNA in the
nucleus (35%, 17 cells analyzed) than did cells without active
transcription sites (25%, 22 cells analyzed) (p " 0.0093).

Interestingly, the two cells depicted in Figure 2D are clearly
descended from the same parent cell but seem to display
different transcriptional behavior. This behavior is typical
and indicates that variations global extrinsic factors such as
position in the cell cycle are not the primary source of
variation in the activity of the transgene; this is more
systematically analyzed in the ‘‘Relative Contributions of
Intrinsic and Extrinsic Factors to Variations in mRNA Level’’
section of the results.
Further evidence for transcriptional bursts comes from an

analysis of the statistics of the distribution of mRNA
molecules per cell over the entire cell population. If mRNA
were produced at a constant rate, one would expect a Poisson
distribution of mRNA per cell, in which case the mean
number of mRNA molecules per cell and the variance (the
square of the standard deviation) would be equal. However,
we found that the mean was approximately 40 mRNA
molecules per cell, while the variance was roughly 1,600
molecules squared, indicating that the mRNA is not synthe-
sized at a constant rate, consistent with the occurrence of
transcriptional bursts.

Mechanisms Controlling Transcriptional Bursts
To investigate the mechanisms controlling transcriptional

bursts, we altered the overall level of transcription both by
changing the amount of transcriptional activator present in
the cells and by altering the number of binding sites for that
activator in the promoter. To accomplish this, the gene was
inserted downstream from a minimal cytomegalovirus pro-
moter, and either one or seven copies of the tetracycline-
sensitive tet operator sequence were present upstream from
the promoter (Figure 2A). Transcription from the promoter
is only possible when a protein known as the tet-trans-
activator (tTA) binds to the operator sequence. tTA is a
protein consisting of two domains: one that binds to the tet

Figure 2. Cell-to-Cell Variation of mRNA Numbers in Clonal Cell Lines

(A) Schematic diagram of the doxycycline-controllable promoters and the reporter genes that they control. Doxycycline binds to the tTA protein,
thereby preventing it from binding to the tet operator.
(B, C) Representative fields of cells from cell lines E-YFP-M1-1x and E-YFP-M1-7x, containing the 1x-tetO and 7x-tetO promoters, respectively, where each
mRNA is hybridized to FISH probe P1-TMR and the image was obtained by merging a three-dimensional stack of images.
(D) Two sister cells from cell line E-YFP-M1-7x displaying mRNA hybridized to FISH probe P1-TMR (red) and costained with DAPI (blue). The image
represents one focal plane. The scale bars are 5 lm long.
DOI: 10.1371/journal.pbio.0040309.g002
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Stochastic Mammalian Gene Expression

Basic fact: Many cellular processes have constituent molecules that are
present at low copy numbers.

Hence, classical deterministic models may not be good choice for the
dynamics.

One solution: use stochastic models.
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Stochastic Models of Biochemical Reaction Networks

Stochastic models are also called chemical master equation type models.

The most common simulation methods include

1. Gillespie’s Algorithm.

2. The next reaction method of Gibson and Bruck.

3. The first reaction method.

Each produces exact sample paths which can be used to approximate values
such as

Ef (X (t))

or
d

dκ
Ef (X (t)).

Problem: solving using these algorithms can be quite computationally
expensive.
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Modeling solution: use a random time change representation of Kurtz

Consider the simple system
A + B → C

where one molecule each of A and B is being converted to one of C.

Simple book-keeping: if X (t) = (XA(t),XB(t),XC(t))T gives the state at time t ,

X (t) = X (0) + R(t)

 −1
−1
1

 ,

where
I R(t) is the # of times the reaction has occurred by time t , and

I X (0) is the initial condition.

Goal: represent R(t) in terms of Poisson process.
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Modeling solution: use a random time change representation

For A + B → C our intuition is

P{reaction occurs in (t , t + ∆t ]
∣∣Ft} ≈ κXA(t)XB(t)∆t ,

and for an inhomogeneous Poisson process with rate λ(t) we have

P{Yλ(t + ∆t)− Yλ(t) > 0|Ft} ≈ λ(t)∆t .

This suggests we can model

R(t) = Y
(∫ t

0
κXA(s)XB(s)ds

)
where Y is a unit-rate Poisson process.

Hence XA(t)
XB(t)
XC(t)

 ≡ X (t) = X (0) +

 −1
−1
1

Y
(∫ t

0
κXA(s)XB(s)ds

)
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General stochastic models of biochemical reactions

• Now consider a network of reactions involving d chemical species,
S1, . . . ,Sd :

d∑
i=1

νik Si −→
d∑

i=1

ν′ik Si

Denote reaction vector as

ζk = ν′k − νk ,

• The intensity (or propensity) of k th reaction is λk : Zd
≥0 → R.

• By analogy with before

X (t) = X (0) +
∑

k

Yk

(∫ t

0
λk (X (s))ds

)
ζk ,

Yk are independent, unit-rate Poisson processes.
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What good is this model?

X (t) = X (0) +
∑

k

Yk

(∫ t

0
λk (X (s))ds

)
ζk ,

I Having an explicit representation allows for formulation of many
algorithms and statistical techniques.

I Can implement multi-level Monte Carlo on problem of finding Ef (X (t)):

1. produces unbiased estimator (exact) by using representation to “couple”
different versions of processes.

2. greatly lowers computational cost.

I Can solve for parameter sensitivities via finite differences very efficiently
by “coupling” different processes.
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Example

Consider a model of gene transcription and translation:

G 25→ G + M,

M 1000→ M + P,

P + P 0.001→ D,

M 0.1→ ∅,

P 1→ ∅.

Suppose:

1. initialize with: G = 1, M = 0, P = 0, D = 0,

2. want to estimate the expected number of dimers at time T = 1,

3. to an accuracy of ± 1.0 with 95% confidence.



Example

Method: Exact algorithm with crude Monte Carlo.

Approximation # paths CPU Time # updates
3,714.2 ± 1.0 4,740,000 149,000 CPU S (41 hours!) 8.27 ×1010

Method: unbiased multi-level Monte Carlo.

Approximation CPU Time # updates
3,714.9 ± 1.0 858 CPU S (≈ 14 minutes) 8.8 ×108

I Naive algorithm with crude Monte Carlo demanded

I 94 times more updates and
I 173 times more CPU time

than the unbiased multi-level Monte Carlo estimator.
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Parameter Sensitivities

G 2→ G + M,

M 10→ M + P,

M k→ ∅,

P 1→ ∅.

Want
∂

∂k
E
[
X k

protein(30)
]
, k ≈ 1/4.

Method # paths Approximation # updates CPU Time
Girsanov 689,600 -312.1 ± 6.0 2.9× 109 3,506.6 S

Exact 246,200 -318.8 ± 6.0 2.1× 109 3,282.1 S
CRP (RTC 1) 26,320 -320.7 ± 6.0 2.2× 108 410.0 S
CFD (RTC 2) 4,780 -321.2 ± 6.0 2.1× 107 35.3 S
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If you are interested in these models/methods

Upcoming talks on campus:

1. UW Probability Seminar: Thursday, November 10th.

2. UW Statistics seminar: Wednesday, December 7th.
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