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Overview

Biochemical interaction systems are used to model intracellular processes:

1. Models of gene and protein regulatory systems,

2. neuronal networks,

3. models of virus infection

4. And can be used for population models: SIR, predator-prey, etc.

Typically these systems are mathematically modeled in one of two ways:

I Deterministic models – ODEs with deterministic mass-action kinetics.

I Stochastic models – continuous-time Markov chains.



Example networks: from simple to complicated

Example 1: ∅� A.

Example 2: S + I → 2I

I → S

Example 3: Gene transcription & translation:

G
κ1→ G + M transcription

M
κ2→ M + P translation

M
κ3→ ∅ degradation

P
κ4→ ∅ degradation

G + P
κ5
�
κ−5

B Binding/unbinding of Gene

Cartoon representation:

1

1J. Paulsson, Physics of Life Reviews, 2, 2005 157 – 175.



Example networks: from simple to complicated

Example 4: EnvZ/OmpR signaling system

2

2Guy Shinar and Martin Feinberg, Structural Sources of Robustness in Biochemical Reaction
Networks, Science, 2010



Example networks: from simple to complicated

Hanahan and Weinberg, The Hallmarks of Cancer, Cell, 2000.!



Big picture

Metabolic Pathways�

Roche Applied Science!



Overview

Type of mathematical questions we are interested in:

Can we prove general theorems relating dynamical properties of the
mathematical model (which we are interested in) to the structure of the
interaction network (which are easy to check).

I Want to discover what pieces of the network architecture determine
overall system behavior.

I Best if results do not depend (too much) upon particular choices of rate
parameters (which are never really known).

Key point of research:
We want theorems that are applicable to whole classes of reaction networks;
we are not studying a single model.



Overview

Outline:
I Introduce models.

I Precisely define a reaction network.

I Discuss choices for dynamics.

I After introducing the models, I will focus on two results –

I one is about stationary distributions,

I one is about possible extinctions/medium time behavior.

I will also provide some conjectures for interested people.

I This work is part of chemical reaction network theory (CRNT).



Reaction networks

Each network is composed of three sets, {S, C,R}:

1. S, species – constituent components

2. C, complexes – linear combinations of the species

3. R, reactions – ordered pairs of complexes.

Example:

A + B → 2B

B → A

I S = {A,B}.
I C = {A + B, 2B, B, A}.
I R = {A + B → 2B, B → A}.



Reaction networks: {S, C,R}
Example:

Species: S = {A,B,C,D,E}.

Complexes: C = {A, 2B, A + C, D, B + E}.

Reactions:
R = {A→ 2B, 2B → A, A+C → D, D → A+C, D → B+E , B+E → A+C}.
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Dynamics – deterministic with mass-action kinetics

Example:

A + B
κ1→ 2B (R1)

B
κ2→ A (R2)

Let x(t) ∈ R2
≥0 give concentrations of molecules of A and B:

ẋ = r1(x)

[
−1
1

]
+ r2(x)

[
1
−1

]
.

Deterministic mass-action kinetics says:

r1(x) = κ1xAxB, and r2(x) = κ2xB.

so

ẋA = −κ1xAxB + κ2xB

ẋB = κ1xAxB − κ2xB.

Nonlinear if any reaction requires two or more molecules.



Dynamics – deterministic

Example:



Dynamics: discrete – stochastic
Example:

∅
α

�
β

A (R1/R2)

X (t) = X (0) + N1(t)− N2(t).

where N1 and N2 are counting processes satisfying

P(N1(t + h)− N1(t) = 1 | Ft ) = αh + o(h)

P(N2(t + h)− N2(t) = 1 | Ft ) = βXA(t)h + o(h)

P(more than one jump in [t , t + h) | Ft ) = o(h).

So this is a discrete-space, continuous-time Markov chain.
Can show (Tom Kurtz, Wisconsin)

N1(t) = Y1 (αt)

N2(t) = Y2

(
β

∫ t

0
XA(s)ds

)
where Y1,Y2 are independent unit-rate Poisson processes.

X (t) = X (0) + Y1 (αt)− Y2

(
β

∫ t

0
XA(s)ds

)
.



Dynamics: discrete – stochastic

Example:

A + B
κ1→ 2B (R1)

B
κ2→ A (R2)

X (t) = X (0) + N1(t)
[
−1
1

]
+ N2(t)

[
1
−1

]
.

For Markov models can take

N1(t) = Y1

(
κ1

∫ t

0
XA(s)XB(s)ds

)
N2(t) = Y2

(
κ2

∫ t

0
XB(s)ds

)
where Y1,Y2 are independent unit-rate Poisson processes.



Dynamics: discrete – stochastic

For general system, we have

• The rate (or intensity or propensity) of k th reaction is λk : Zd
≥0 → R.

• As before:
X (t) = X (0) +

∑
k

Nk (t)ζk ,

with

X (t) = X (0) +
∑

k

Yk

(∫ t

0
λk (X (s))ds

)
ζk ,

Yk are independent, unit-rate Poisson processes.



Mass-action kinetics

The standard intensity function chosen is stochastic mass-action kinetics:

λk (x) = κk

∏
i

xi !

(xi − yki )!
.

Example: If S1 → anything, then λk (x) = κk x1.

Example: If S1 + S2 → anything, then λk (x) = κk x1x2.

Example: If 2S2 → anything, then λk (x) = κk x2(x2 − 1) ≈ κ2x2
2 if x2 � 1.

Note: rates are nonlinear if two or more molecules are required.



Other ways to understand model

Could just say that for x ∈ Zd
≥0,

x →



x + ζ1, with rate λ1(x)

x + ζ2, with rate λ2(x)

...
x + ζr , with rate λr (x)

where ζk ∈ Zd .

a continuous time Markov chain with infinitesimal generator

Af (x) =
∑

k

λk (x)(f (x + ζk )− f (x)).

Markov model with forward (chemical master) equation

p′t (x) =
∑

k

pt (x − ζk )λk (x − ζk )−
∑

k

pt (x)λk (x)

Can simulate with Gillespie’s algorithm or the next reaction method.



Story #1: stationary distributions

Stationary distributions

1. Characterize the long-time behavior of the model.

2. Are used heavily in stochastic averaging (and, therefore, transient
dynamics).

They are a fixed point of the forward equation:

d
dt

pµ(x , t) =
∑

k

pµ(x − ζk , t)λk (x − ζk )−
∑

k

pµ(x , t)λk (x),

Thus, they solve ∑
k

λk (x − ζk )π(x − ζk ) =
∑

k

λk (x)π(x).

Problems:

1. there is one such equation for each state, x , in the state space.

2. the functions λk are often nonlinear.



Story #1: stationary distributions

Wide open question: when does a stationary distribution exist for this class of
models?

Maybe: if the ode model has a globally stable fixed point, then stochastic
model has stationary distribution?

False.

∅ k1→ A

∅ k1→ B

A + B
k2→ ∅.

Ode:
ȧ = k1 − k2ab ḃ = k1 − k2ab

Stable equilibrium for each initial condition.

Stochastic:
Xa(t)− Xb(t) = Y1(k1t)− Y2(k1t)

is a random walk.



Deficiency Zero Theorem - stochastic

Theorem (Anderson, Craciun, Kurtz, 2010)
Let {S, C,R} be a chemical reaction network with rate constants κk .
Suppose

I the deterministic, mass-action model has complex-balanced equilibrium
c.

Then, for any irreducible communicating equivalence class, Γ ∈ Zd
≥0, the

stochastic system has a product form stationary distribution

π(x) =
1

Z V

d∏
i=1

e−ci
cxi

i

xi !
, x ∈ Γ, (1)

where Z V is a normalizing constant.

Horn, Jackson, Feinberg: ODE has a complex balanced equilibrium if

1. the network is weakly reversible, and

2. has a deficiency of zero.

David F. Anderson, Gheorghe Craciun, and Thomas G. Kurtz, Product-form stationary distributions

for deficiency zero chemical reaction networks, Bulletin of Mathematical Biology, Vol. 72, No. 8,

1947 - 1970, 2010.



Connectivity

Definition
A chemical reaction network, {S, C,R}, is called weakly reversible if each
connected component of the network is strongly connected.

A network is called reversible if y ′k → yk ∈ R whenever yk → y ′k ∈ R.
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Deficiency.

deficiency of {S, C,R} = δ = n − `− s,

where

1. n = # of complexes.

2. ` = # of connected components of the network.

3. s = dimension of span of reaction vectors.

So it is easy to check.

Example

A + B � 2B (R1)

B � A (R2)

n = 4, ` = 2, s = 1 =⇒ δ = 1.



Deficiency

Example

n = 5

` = 2

s = 3

=⇒ δ = 5− 2− 3 = 0.



Deficiency

Of course, you are thinking I have no idea what deficiency is – that was
pointless.

In reality,
ẋ = f (x) = YAκΨ(x),

where

1. Y and Aκ are matrices,

2. and
deficiency = δ = dim(ker(Y ) ∩ imageAκ).



Deficiency Zero Theorem - stochastic
Theorem (Anderson, Craciun, Kurtz, 2010)
Let {S, C,R} be a chemical reaction network with rate constants κk .
Suppose

I the deterministic, mass-action model has complex-balanced equilibrium
c.

Then, for any irreducible communicating equivalence class, Γ ∈ Zd
≥0, the

stochastic system has a product form stationary distribution

π(x) =
1

Z V

d∏
i=1

e−ci
cxi

i

xi !
, x ∈ Γ, (2)

where Z V is a normalizing constant.

Horn, Jackson, Feinberg: ODE has a complex balanced equilibrium if
1. the network is weakly reversible, and
2. has a deficiency of zero.

Proof: just check. Greatly generalizes linear results.

David F. Anderson, Gheorghe Craciun, and Thomas G. Kurtz, Product-form stationary distributions

for deficiency zero chemical reaction networks, Bulletin of Mathematical Biology, Vol. 72, No. 8,

1947 - 1970, 2010.



Example: Enzyme kinetics

Consider the possible model of enzyme kinetics given by

E + S � ES � E + P , E � ∅ � S

• Easy to see that deficiency is 0 and that Γ = Z4
≥0.

• Thus, in distributional equilibrium, the species numbers are independent
and have Poisson distributions.



Enzyme kinetics

Consider the slightly different enzyme kinetics given by

E + S � ES � E + P , E � ∅

I We see S + ES + P = NTot.

I In distributional equilibrium:

I E has Poisson distribution,

I S, ES, P have a multinomial distribution, and

I E is independent from S, ES, and P.



Ligand-Receptor model for T-cell - Omer Dushek (Oxford)

25/04/2016 9:22 amfile

Page 7 of 8https://cf.dropboxstatic.com/static/javascript/pdf-js/pdf-js-9e9df56/web/viewer-vfluVX6Bl.html

is

L + R
kon


koff

C0

koff ↑ ↖ ↓ kp

C2 ←
ϕkp

C1.

Also used in spatial models.



Conjectures

Open conjecture 1:
if the network is weakly reversible, then the model is positive recurrent.

Open conjecture 2:
if the network is weakly reversible, then the model is non-explosive.

Open conjecture 3:
if the network is weakly reversible, and consists of a single connected
component, then the model is non-explosive....

Open conjecture 4:
if the network is weakly reversible, consists of a single connected component,
only consists of complexes with multiplicity at most 2, then the model is
positive recurrent....
...



Story 2: Absolute concentration robustness

Guy Shinar and Martin Feinberg, Structural Sources of Robustness in
Biochemical Reaction Networks, Science, 2010.

A + B α→ 2B (R1)

B β→ A (R2)

ẋA(t) = −αxA(t)xB(t) + βxB(t)

ẋB(t) = αxA(t)xB(t)− βxB(t)

M def
= xA(0) + xB(0),

Solving for equilibria:

x̄A =
β

α
,

x̄B = M − β

α
,

Network has absolute concentration robustness in species A.



Absolute concentration robustness

measure of the relative transcriptional activity of ompC to ompF
that is independent of growth rate, total cell mass, or other
factors that can change the total protein content within the cells.

OmpC!OmpF Transcription Is Insensitive to Variations in the Level of
EnvZ. The model described above predicts that the output of the
EnvZ!OmpR circuit is insensitive to variations in the total
concentration of EnvZ ([EnvZ]T) within the range such that
[EnvZ]T !! [OmpR]T. To test this, we perturbed the regulatory
circuit by varying the expression level of EnvZ. We used the
envZ" f luorescent reporter strain MDG135, which was trans-
formed with the EnvZ expression plasmid pEnvZ (25). By
varying the concentration of IPTG in the culture medium we
were able to control the expression of EnvZ over a wide range
from #10-fold below to 10-fold above WT levels. OmpR levels
did not change significantly over this range of EnvZ (data not
shown). The WT level of EnvZ was defined to be the expression
level in an envZ$ strain containing a control plasmid, MDG131!
pEB5, and was used to normalize bands on Western blots. The
transcriptional activity of ompF and ompC was determined by
measurements of YFP and CFP, respectively, and normalized by
the corresponding (WT) fluorescence of cultures of MDG131!
pEB5 grown under the same conditions. In the low osmolarity
regime, in which cultures were grown in minimal media without
sucrose, we found that the ratio of ompC transcription to ompF
transcription remained fairly constant over roughly an order of
magnitude change in EnvZ concentration (Fig. 4a). Near-WT
levels of porin expression are maintained even when the amount
of EnvZ in the cells is almost one-tenth of the WT value. As
[EnvZ] is increased above the WT level, there is a relatively slow
logarithmic decrease in CFP!YFP fluorescence. The fluores-
cence ratio decreases by 20% and 50% when the amount of EnvZ
is roughly 2- and 5-fold above WT, respectively.

We also made similar measurements for growth at high
osmolarity, in which the culture medium contained 15% sucrose.
Once again we found that ompC!ompF transcription is relatively
insensitive to the expression level of EnvZ, particularly for levels
below WT, and that the ratio decreases slowly (logarithmically)
for EnvZ levels above WT (Fig. 4b). In Fig. 4b we have
normalized the fluorescence and EnvZ levels by the correspond-
ing low osmolarity WT values. We find that the WT level of
EnvZ at high osmolarity is larger than the level at low osmolarity
by a factor of #2.1, which is similar to the factor of #1.7 reported
in ref. 38. Fig. 4b also includes the low osmolarity data to provide
a sense of scale for the change in ompC!ompF transcription
between low and high osmolarity relative to the variation in
transcription at fixed osmolarity.

OmpC!OmpF Transcription Is Insensitive to Variations in the Level of
OmpR. To test whether the EnvZ!OmpR circuit is robust with
respect to OmpR, we constructed the plasmid pEB15, which
carries a copy of ompR that lacks its upstream regulatory region
and is under control of the lac promoter (see Materials and
Methods). When we transformed the ompR" strain MDG133
with pEB15 we were able to vary OmpR levels over almost 2.5
orders of magnitude (#10-fold below to #30-fold above WT
levels) by adjusting the concentration of IPTG in the growth
medium. The levels of EnvZ did not change significantly over
this range except at the very highest levels of OmpR, for which
there was an #2-fold drop in EnvZ levels (data not shown). WT
was taken to be an ompR$ strain that contained a control
plasmid, MDG131!pEB16, and was used to normalize OmpR
Western blots and fluorescence ratios. For growth at low osmo-
larity, ompC!ompF transcription shows little change as the
expression of OmpR varies over roughly 1.5 orders of magnitude
(Fig. 5a). CFP!YFP fluorescence decreases at the lowest level of
OmpR. At high OmpR (%10 times the WT level) the fluores-
cence ratio increases sharply. Curiously, we find that the curve
of CFP!YFP fluorescence as a function of OmpR is not mono-
tonic but instead increases, then decreases and then increases
again (Fig. 5a) as OmpR levels run from low to high; however,
the magnitude of this modulation is relatively small.

The results for cultures of MDG133!pEB15 grown at high
osmolarity are similar to the results for low osmolarity cultures
(Fig. 5b). In Fig. 5b we have normalized the fluorescence and
OmpR levels by the low osmolarity WT values and have included
the low osmolarity data on the same plot. We find the WT
expression level of OmpR at high osmolarity is larger than the
expression level at low osmolarity by a factor of #1.7, which is
consistent with the results in ref. 38. Again, the ompC!ompF
transcription ratio is relatively independent of the expression
level of OmpR over #2 orders of magnitude. There is a decrease
in the ratio at concentrations of OmpR around one-tenth the
WT concentration, as well as a sharp increase in the ratio as the
concentration is increased beyond roughly five times the WT
OmpR concentration.

Discussion
Within the context of the EnvZ!OmpR two-component system
it has been argued on the basis of a simplified model that the
bifunctional nature of EnvZ results in a circuit output
(the concentration of OmpR-P) that is insensitive to variations
in the total concentrations of EnvZ ([EnvZ]T) and OmpR
([OmpR]T) (13, 15). The central assumptions of this model,
however, are in conflict with more recent work in which the
regions within EnvZ responsible for the autokinase, phospho-
transfer, and phosphatase activities were shown to overlap and
interact (25–29). We have therefore constructed a more complex
model (Fig. 1) in which the enzymatic activities of EnvZ do not
function independently. The steady-state behavior of this model can
be solved analytically and we find that the concentration of

Fig. 4. (a) CFP!YFP fluorescence ratios versus EnvZ levels for cultures of
MDG135!pEnvZ at low osmolarity (minimal medium) with varying amounts of
IPTG. Fluorescence and EnvZ levels were normalized by WT values, which were
determined from MDG131!pEB5. (b) Similar measurements for growth at high
osmolarity (minimal medium with 15% sucrose). Fluorescence and EnvZ levels
were normalized by the low osmolarity WT values (WT 0%) as in a. For
reference, the low osmolarity data are also shown in b. Œ, MDG135!pEnvZ 0%
sucrose; ‚, MDG131!pEB5 0% sucrose; }, MDG135!pEnvZ 15% sucrose; {,
MDG131!pEB5 15% sucrose. The WT level of EnvZ at high osmolarity is #2.1
times higher than the level at low osmolarity. Each error bar denotes the SD
of three independent cultures.

694 " www.pnas.org!cgi!doi!10.1073!pnas.0234782100 Batchelor and Goulian

3

3Batchelor and Goulian, Robustness and the cycle of phosphorylation and dephosphorylation in
a two-component regulatory system, PNAS, 2002



Theorems: deterministic and stochastic

Theorem (M. Feinberg and G. Shinar, Science, 2010 – deterministic)
Consider a deterministic mass-action system that

I has a deficiency of one.
I admits a positive steady state and
I has two non-terminal complexes that differ only in species S,

then the system has absolute concentration robustness in S.



Differing in one species

Examples:

1.
A, A + B

differ in species B.

2.
XT , XT + Yp

differ in species Yp.

3.
T , T + G

differ in species G.



Terminal and non-terminal complexes

XD X XT Xp

Xp+Y XpY X+Yp

XD+Yp XDYp XD+Y

k1

k2[   ]

k3

k4

k5

k6

k7

k8

k9

k10

k11

[   ]T

D

I The orange complexes are called terminal.

I The blue complexes are called non-terminal.



Theorems: deterministic and stochastic

Theorem (M. Feinberg and G. Shinar, Science, 2010 – deterministic)
Consider a deterministic mass-action system that

I has a deficiency of one.
I admits a positive steady state and
I has two non-terminal complexes that differ only in species S,

then the system has absolute concentration robustness in S.

What about stochastically modeled systems?

Theorem (A., Enciso, Johnston – stochastic)
Consider a reaction network satisfying the following:

I has a deficiency of one,
I the deterministic model admits a positive steady state,
I has two non-terminal complexes that differ only in species S,
I (new) is conservative,

then with probability one there is a last time a nonterminal reaction fires.
3David F. Anderson, Germán Enciso, and Matthew Johnston, Stochastic analysis of biochemical

reaction networks with absolute concentration robustness, J. Royal Society Interface, Vol. 11,
20130943, February 12, 2014.



Example
Reaction network

A + B → 2B

B → A

has state space
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Example



Idea of proof

1. Suppose not true: then there is a positive recurrent state for which a
nonterminal complex has positive intensity (rate).

2. This provides a series of stopping times, τN →∞.

3. Use stochastic equation:

0 = X∗(τN ) − X∗(0) =
∑

k

Yk

(
κi

∫ τN

0
(X∗(s))yk ds

)
ζk

=
∑

k

κk

[
1

κk
∫ τN

0 (X∗(s))yk ds
Yk

(
κk

∫ τN

0
(X∗(s))yk ds

)
×

1
tN

∫ τN

0
(X∗(s))yk ds

]
ζk

4. In limit N →∞, find something in kernel of YAκ that can not be there.

�



Extinction can be rare event. What’s real behavior?

A + B α→ 2B

B β→ A

XA(0) + XB(0) = M,
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MATLAB: β = 10, α = 1, M big

Can show that quasi-stationary distribution for A converges to Poisson

πQ
M (x)→ e−(β/α) (β/α)x

x!
, as M →∞.



Quasi-stationary distribution: EnvZ-OmpR signaling system

4

4Guy Shinar and Martin Feinberg, Structural Sources of Robustness in Biochemical Reaction
Networks, Science, 2010



Quasi-stationary distribution
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Behavior on compact time intervals

Let N be a scaling parameter (total conserved value), and consider N � 1.

Let q be the value of the ACR equilibrium value and let

J ∼ Poisson(q). (3)

Theorem (Anderson, Cappelletti, Kurtz, 20175)
Suppose t > 0 and that some technical assumptions hold on the reaction
network and let J be as in (3). Then, for k ≥ 0,

lim
N→∞

P
(

X N
ACR,i (t) = k

)
= P(Ji = k) = e−qi qk

i

k !
.

5David F. Anderson, Daniele Cappelletti, and Thomas G. Kurtz, Finite time distributions of
stochastically modeled chemical systems with absolute concentration robustness, to appear in
SIAM Applied Dynamical Systems, 2017



That is the story. Thanks!
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