
Notes for Apr 2, 2013

1 Review

Say K is the unique unramified extension of Ql, of degree r. We have

W (Flr) ⊆ K

⊆ ⊆

Zl ⊆ Ql

,

GQl
� GQl

/Il ∼= Ẑ

�

Z/r

Assume ρ : GQ → GL2(F) an absolutely irreducible and semistable Galois representation, where
F is a finite field with characteristic l > 2.

H1(GQ,Ad(ρ)) ←→ {deformations of ρ to F[ε]}
H1

Σ(GQ,Ad(ρ)) ←→ {deformations of ρ to F[ε] of type Σ}

Here comes a natural question:

Question. How big is H1
Σ(GQ,Ad(ρ))?

We know that its dimension d = dimmRΣ
/(m2

RΣ
+ (l)), where RΣ = W (F)[[T1, . . . , Td]]/I.

Let M = Ad0(ρ)(= {2 × 2 matrices over F of trace 0} ∼= F3, acted upon by g ∈ GQ via conju-
gation by ρ(g)). It is also called generalized Selmer group.

Say we have a collection L = {Lp}, where Lp are subgroups of H1(GQp ,Ad0(ρ)).

We have restriction maps

resp : H1(GQ,M)→ H1(GQp ,M)

Now define
H1
L(GQ,M) = {c ∈ H1(GQ,M) | resp(c) ∈ Lp ∀p}.

In particular, we could define H1
Σ(GQ,M) = H1

L(GQ,M) with the following Lp:

Lp =


0 if p =∞
H1(GQp ,M) if p ∈ Σ, p 6= l
H1

ss(GQp ,M) if p = l ∈ Σ
H1

f (GQp ,M) if p = l 6∈ Σ
H1

ur(GQp ,M) if p 6∈ Σ, p 6= l

where H1
ur(GQp ,M) = Ker (H1(GQp ,M)→ H1(Ip,M)).

Recall (lifts ρ of type Σ).

(1) det ρ = χ, the cyclotomic character;

(2) semi-stable at l;

(3) if p 6∈ Σ, ρp behaves no worse than ρp.

Last time I showed that

|H1
ur(GQp ,M)| = |H0(GQp ,M)| <∞,

where H0(GQp ,M) = MGQp = {m ∈M | gm = m ∀g ∈ GQp}.
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2 Galois Cohomology

Say G a group, M a G-module. Then one can define (continuous) 2-cocylces, 2-coboundaries
f : G×G→M satisfying the following property respectively.

2-cocylces : gf(h, k)− f(gh, k) + f(g, hk)− f(g, h) = 0,

2-coboundaries : f(g, h) = fF (h)− F (gh) + F (g) for some F : G→M.

Theorem 2.1. Suppose 0 → A → B → C → 0 is an exact sequence of G-modules. Then there is
a long exact sequence of abelian groups

0 H0(G,A) H0(G,B) H0(G,C)

H1(G,A) H1(G,B) H1(G,C)

H2(G,A) H2(G,B) H2(G,C) · · ·

Theorem 2.2 (Wiles). Let L be a collection {Lp} of subgroups of H1(GQp ,Ad0(ρ)). Then the
following formula holds

|H1
L(GQ,M)|

|H1
L∗(GQ,M∗)|

=
|H0(GQ,M)|
|H0(GQ,M∗)|

∏
p≤∞

|Lp|
|H0(GQp ,M)|

,

where L∗p =annihilator of Lp under local Tate duality.

Notice that for all but finitely many p,

|Lp| = |H1
ur(GQp ,M)| = |H0(GQp ,M)|,

so the product is well defined.

3 Local Tate Duality

Note that if A,B are G-modules, then Hom(A,B) is a G-module in the following sense:

g(f)(a) = g(f(g−1(a))).

Say M is a GQp-module of finite size n. And let M∗ = Hom(M,µn(Qp)), a G-module. Then
there exists a non-degenerate pairing for i = 0, 1, 2.

H i(GQp ,M)×H2−i(GQp ,M
∗)→ H2(GQp , µn(Qp))(↪→ Q/Z).

If p - |M |, H1
ur(GQp ,M) and H1

ur(GQp ,M
∗) are exactly annihilators of each other.
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4 Proof of Wiles’ Formula

Sketch of Proof. (Using Poitou–Tate 9-term sequence)

There exists an exact sequence

0→ H0(GQ,S ,M)→ (⊕p∈SH0(GQp ,M))/(1 + c)M → H2(GQ,S ,M
∗)∧

→ H1
L(GQ,M)→ ⊕p∈SLp → H1(GQ,S ,M

∗)∧ → H1
L∗(GQ,M

∗)∧ → 0,

where A∧ = Hom(A,Q/Z), c = complex conjugation.

Then the alternating product should be equal to 1, which is followed by

|H1
L(GQ,M)|

|H1
L∗(GQ,M∗)|

=
|H0(GQ,S ,M)||H2(GQ,S ,M

∗)|
|H1(GQ,S ,M∗)|

|(1 + c)M |
∏
p≤∞

|Lp|
|H0(GQp ,M)|

,

Then by using global Euler charactreristic formula

|H1(GQ,S ,M
∗)|

|H0(GQ,S ,M∗)||H2(GQ,S ,M∗)|
=

|M∗|
|H0(GQ,M∗)|

= |(1 + c)M |,

we can reach the conclusion.

Theorem 4.1 (Local Euler characteristic formula). If M is a finite GQp-module, then

|H1(GQp ,M)|
|H0(GQp ,M)||H2(GQp ,M)|

= pνp(|M |).

5 Comparison

We have the following diagram
RΣ∪{q} � TΣ∪{q}

� �

RΣ � TΣ

Here comes a natural question:

Question. How much bigger is RΣ∪{q} than RΣ?

First of all, we may ask ourselves: How much bigger is the tangential dimension of RΣ∪{q} than
that of RΣ? In other words,

|H1
L′(GQ,M)|
|H1
L(GQ,M)|

=?

where L′ = {L′p} and L′p = Lp for p 6= q, L′q = H1(GQq ,M). Here we actually also assume we are
in the generic case and q 6= l.

Claim 5.1.
|H1
L′(GQ,M)|
|H1
L(GQ,M)|

≤ |H0(GQp ,M
∗)|.
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Proof. Replacing L by L′, and see what happens to Wiles’ formula.

The q-th term in the product on the right-hand side goes from 1 to

|H1(GQq ,M)|
|H0(GQq ,M)|

= qνq(|M |)|H2(GQq ,M)| = |H0(GQp ,M
∗)|.

Here the first equation is due to Local Euler characteristic formula, while the second one is due to
local Tate duality.

In other words,

|H1
L′(GQ,M)|

|H1
L′∗(GQ,M∗)|

/
|H1
L(GQ,M)|

|H1
L∗(GQ,M∗)|

= |H0(GQp ,M
∗)|.

For the final step, we need to compare |H1
L′∗(GQ,M

∗)| and |H1
L∗(GQ,M

∗)|.
Here notice that L′q = H1(GQq ,M), or equivalently L′∗q = 0, which means one stricter restriction

resq(c) = 0 for an element c in H1(GQ,M) to be in |H1
L′∗(GQ,M

∗)| compared to |H1
L∗(GQ,M

∗)|.
Therefore,

|H1
L′∗(GQ,M∗)

| ≤ |H1
L∗(GQ,M∗)

|,

which completes the proof.

6 Criteria for Ring Isomorphisms

Given ρ : GQ → GL2(F) an absolutely irreducible, semistable modular Galois representation asso-
ciated to an eigenform f , together with a finite set Σ of rational primes.

We have obtained a universal lift ξ : GQ → GL2(RΣ) parametrizing all lifts of type Σ. We’ll
show there exists a universal modular lift ξ′ : GQ → GL2(TΣ) parametrizing modular lifts of type
Σ.

By universality of ξ, there exists morphisms φΣ : RΣ → TΣ s.t. ξ′ = φξ.

Have ρf : GQ → GL2(O), where O = W (F )[coefficients of f ].

We’ll see that ∃f , s.t. ρf is of type Σ for any Σ.

By universality of ξ and ξ′, get the following commutative diagram

RΣ TΣ

O

φΣ

4


