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1 Introduction

Mazur originated the theory of deformations of representations of profinite
groups. Fix a profinite group G, and a finite field F of characteristic ` and
fix some continuous representation ρ : G→ GLn(F).
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Let C be the category of complete, local, Noetherian rings R, together
with a ring homomorphism R → F. Morphisms in C are those ring ho-
momorphisms respecting the maps to F. Given an integer k and an ob-
ject R in C, with its morphism f : R → F, there is an induced mor-
phism GLk(f) : GLk(R) → GLk(F). We will call the kernel of this map
Γk(R). If φ : R → S is a morphism in C, we also have an induced map
GLk(φ) : GLk(R)→ GLk(S) which sends Γk(R) inside Γk(S).

Now we want to define a (covariant) functor E : C → Sets which will
capture the idea of “deformations of ρ”.

Definition 1.1. Let ρ, ρ′ be two representations G→ GLn(R). We will call
ρ and ρ′ strictly equivalent if there is a γ ∈ ΓnR such that ρ′ = ργ.

Note that if two representations to GLn(R) are strictly equivalent, their
reductions to GLn(F) are equal. For R in C, we define E(R) to be the set of
strict equivalence classes of representations ρ : G → GLn(R), such that the
reduction of ρ to F equals the chosen ρ. Given a morphism φ : R→ S, we get
a map forward from representations of G into GLn(R) to representations of
G into GLn(S). The map respects strict equivalence (if ρ is conjugate to ρ′ by
γ ∈ Γn(R), then φ(γ) gives the strict equivalence of φ◦ρ and φ◦ρ′ in GLn(S)).

1.1 Representability

In order for Wiles to prove his theorem, it was important to show that the
functor E is representable. This means that we look for a ring < ∈ C such
that the functor Hom(<,−) ∼= E. This means that, for every S ∈ C, we
need to have an isomorphism fS : Hom(<, S) → E(S) and additionally for
any morphism of C, φ : S1 → S2, we have:

Hom(<, S1)

φ∗

��

fS1 // E(S1)

φ∗

��
Hom(<, S2)

fS2 // E(S2)
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which must commute. This property immediately specifies such a ring <
up to C-isomorphism (if it exists), by the Yoneda Lemma in category theory.

2 Mazur’s original construction

The reference for this section is Mazur’s article (see [4]).
Mazur’s proof of representability uses a theorem called Schlessinger’s Cri-

terion (for pro-representability). Before getting into Schleissinger’s Crite-
rion, let’s see how to get from pro-representability to representability. In-
side of C, we have the full subcategory of artinian algebras; call this C0.
Note that every object in C is isomorphic to the inverse limit of its C0 quo-
tients. Schlessinger’s Criterion will give us pro-representability of the fuc-
ntor E|C0 . This means that there exists some increasing tower of quotient
maps: · · · → <2 → <1 → <0 in C0, such that the direct limit of functors
lim(Hom(<i,−)) is isomorphic to E|C0 .

Working only with the values of these functors on C0, we have that

lim−→(Hom(<i,−))
∼−→ Hom(lim←−<i,−)

This isn’t quite the same as saying that E|C0 is representable, because the
representing ring < := lim←−(<i) is not in C0. Now we want to know for all
inverse systems {Si}i∈I in C0 that

lim←−E(Si)
∼←− E(lim←−Si) (1)

By various arguments, we can determine that if S ∼= lim←−Si, then GLn(S) ∼=
lim←−GLn(Si). Now it is clear that

Hom(G,GLn(S))
∼−→ lim←−(Hom(G,GLn(Si)))

Definition 2.1. A small morphism of objects of C0 is defined to be a mor-
phism of the form R � R/(f), where f ·mR = (0)

Before we get to Mazur’s proof, we need our G to have an extra property:
For any open subgroup H, the maximal abelian, `-elementary quotient of G
is finite; in other words Hab/` · Hab is a finite group. We call this property
(†). If you know something about the absolute Galois group of Q, you might
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be concerned that it doesn’t have this property. That is true. However, by
class field theory, if S is a finite set of rational primes, then the quotient of
GQ by the closed, normal subgroup generated by Ip for p /∈ S, does have (†).
It is also worth noting that GQp has (†) for any p. As it turns out, all of our
representations of interest will factor through this group, denote it GQ,S, for
some S.

Theorem 2.2 (Mazur, see [4] ). If ρ is absolutely irreducible, and G satisfies
(†), then E is representable.

Proof. Let R1 → R0 and R2 → R0 be morphisms of C0. Then we can form
the fiber product

Let

E(R1)×E(R0) E(R2)

xx &&
E(R1)

&&

E(R2)

xx
E(R0)

be a cartesian diagram of artinian rings in C
.
By functorality of E, and the universal property of fiber products, there is a
unique morphism

E(R1 ×R0 R2)→ E(R1)×E(R0) E(R2) (2)

commuting with the maps to E(R1), E(R2).

Definition 2.3. We say that R1 → R0 is a small extension if it is sur-
jective with kernel a nonzero principal ideal (t) such that mR1 · (t) = 0.

Now we can state Schlessinger’s criteria:
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Theorem 2.4 (Schlessinger). Let E be a functor from C to Sets such that
E(F) = (e) (= one point). Let R1 → R0 and R2 → R0 be morphisms in C,
and consider the map

E(R1 ×R0 R2)→ E(R1)×E(R0) E(R2) (*)

commuting with the maps to E(R1), E(R2).
If the following conditions hold:

• H1. If the morphism R2 → R0 is small, then (*) is a surjection.

• H2. If the morphism R2 → R0 is F[ε]→ F, then (*) is a bijection.1

• H3. The hypothesis H2 guarantees that E(F[ε]) has the stucture of an
F vectorspace in an expected way - we think of E(F[ε]) as the tangent
space to E at the point E(F) = {ρ}. We denote this by tE and require
that it is a finite dimensional F vector space.

• H4. If Ri → R0 for i = 1, 2 are the same small morphism, then (*) is
a bijection.

then E is pro-representable (see the appendix 6 for more details).

Set

Hi = Homρ(G,GLN(Ri)) for i = 0, . . . , 3

where the subscript ρ means continuous homomorphisms which are lift-
ings of ρ.Set

Ki = Ker(GLN(Ri)→ GLn(F)) for i = 0, . . . , 3.

Then Ki acts naturally on Hi by conjugation of the range GLN(Ri), and the
orbit-space Hi/Ki = E(Ri).

b : H3/K3 −→ H2/K2 ×H0/K0 H1/K1.

Since K1 → K0 is surjective, one easily checks that b is surjective. A straight-
forward calculation yields the following criterion for injectivity of b:

1We understand F[ε] to mean the ring F[ε]/ε2, sometimes called the ring of dual num-
bers.
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Lemma 2.5. Let φ1 denote an element of H1 and φ0 its image in H0. Get
Ki(φi) := the subgroup of Ki consisting of all elements commuting with the
image of φi in GLN(Ri), for i = 0, 1. If, for all φ1 ∈ H1, the natural mapping

H1(φ1)→ H0(φ0)

is surjective, then b is injective.

A straightforward application of Schur’s lemma yields

Lemma 2.6. If ρ is absolutely irreducible, then Hi(φi) consists in the sub-
group of scalar matrices in Hi ⊂ GLN(Ri), for i = 0, 1.

Remark: The automorphism group of our moduli problem is, by lemma 2.6,
the formal completion of the multiplicative group, which is formally smooth.
Therefore the hypothesis of Lemma 1 holds and b is injective.

The tangent space of the functor which assigns to R ∈ C the set of
deformations of ρ to R is canonically isomorphic to the F-vector space

H1(G,Ad(ρ))

where Ad(ρ) is the F-vector space of N×N matrices with entries in F, viewed
as G-module via an action obtained by composition of ρ with the adjoint rep-
resentation (i.e., conjugation) of GLN(F).

Since G satisfies the condition (†), we easily check that H1(G,Ad(ρ) is
finite-dimensional. In particular, condition (H3) in 6.1 is always satisfied, as
is condition (H1). To apply 6.1 we must check (H2) in general, and (H4)
when ρ is absolutely irreducible. But it R0 = F, R1 = F[ε], then the mor-
phism in Lemma 2.5 is clearly surjective, giving (H2), and if ρ is absolutely
irreducible, Lemma 2.6 implies that the morphism in Lemma 2.5 is surjective
for all surjective maps R1 → R0 (of the sort we are considering), whence (H4).

If ρ is absolutely irreducible, we refer to R = R(π,F, ρ) as the univer-
sal deformation ring of ρ. The universal deformation ring is unique in the
sense that it is determined up to canonical isomorphism. In general (i.e., if ρ
is not necessarily absolutely irreducible) the “versal deformation ring” R is
determined up to (noncanonical) isomorphism (which induces the “identity
mapping” on Zariski tangent spaces (see [5] ).

6



Having obtained the universal deformation ring R, it is now an easy
matter to construct the universal deformation ρ. Specifically, for every power
of the maximal ideal m of R, we have a deformation ρn of ρ to R/mn which
can be realized by a compatible family of liftings

rn : G→ GLN(R/mn),

using the surjectivity of the homomorphisms GLN(R/mN+1)→ GLN(R/mn).
The universal deformation ρ of ρ is then just the strict equivalence of class
of the inverse limit lim←−

n

rn

3 The construction in Darmon-Diamond-Taylor

(due to Faltings)

This section contains Faltings’ proof which appears in Darmon-Diamond-
Taylor (see [1]).

Let K denote a finite extension of Q`, let O be its ring of integers, λ the
maximal ideal of O and F the residue field. Choose of sequence g1, · · · , gr
of topological generators of G and liftings A1, · · · , Ar of ρ(g1), · · · , ρ(gr)
to Mn(O). Define a mapping ι : Md(O) → Md(O)r which sends x to
(xA1 − A1x, . . . , xAr − Arx). Since ι has torsion-free cokernel, we can de-
compose

Md(O)r = ι(Md(O))⊕ V,

for some submodule V ⊂ Md(O)r. If ρ : G → GLd(R) is a lifting of ρ of
type Σ set vρ = (ρ(g1) − A1, · · · , ρ(gr) − Ar) ∈ Md(R)r . Note that vρ ≡ 0
(mod mR) and that vρ completely determines ρ. We call the lifting ρ well-
placed if vρ belongs to V ⊗O R ⊂ Md(R)r. The crucial observation is the
following result.

Lemma 3.1. If ρ : G → GLd(R) is a lifting of ρ of type Σ then there is a
unique conjugate ρ′ of ρ which is well-placed.
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This lemma is first proved for algebras R such that mn
R = (0) by induction

on n, and then one deduces the general case.

In virtue of the lemma it suffices to find a universal well-placed lifting of
type Σ. Let e1, · · · , eg be a basis of V as an O-module. If ρ is a well-placed

lifting of ρ of type Σ then we can write vρ =
s∑
i=1

vρ,iei for unique elements

vρ,i ∈ mR and we can define a homomorphism θρ : O[[T1, · · · , Ts]] → R
sending Ti to vρ,i. Note that ρ is completely determined by θρ(ρ(gi)) =

Ai +
s∑
j=1

θρ(Tj)eji, where ej = (ej1, · · · , ejr). Let I denote the intersec-

tion of all ideals J of O[[T1, · · · , Ts]] such that there is a representation

ρJ : G→ GLd(O[[T1, · · · , Ts]]/J) of type Σ with ρJ(gi) = Ai+
s∑
j=1

Tjeji for all

i. Let RΣ denote the quotient ofO[[T1, . . . , Ts]] by I. Then one can check that

there is a representation ρuniv : G→ GLd(RΣ) with ρuniv(gi) = Ai +
s∑
j=1

Tjeji

for all i, and that this is the desired universal representation.

4 The construction of Lenstra-deSmit

This construction is of a more elementary nature. See the reference [2]. First
we will give the usual set-up by defining a category C and deformations in
this context.

Local complete rings. Let O be a noetherian local ring with residue
field F. We denote by C the category of local topological O-algebras A that
satisfy the following two conditions: the natural map O → A/mA is sur-
jective (so that F is also the residue field of A), and the map from A to
the projective limit of its discrete artinian quotients is a topological isomor-
phism. Equivalently, the second condition asserts that A is complete and
that its topology can be given by a collection of open ideals a for which A/a
is artinian.

Deformations. Let A be a ring in C, and let G be a topological group.
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A representation of G over A. or an A-representation of G, is a finitely-
generated free A-module M with a continuous A-linear action of G; here
we give M the product topology via an A-module isomorphism M ∼=A

An, a topology that is independent of the choice of isomorphism. Two A-
representations M and M ′ are said to be isomorphic if there is an A[G]-
module isomorphism M

∼−→M ′, and we denote this by M ∼=A[G] M
′.

Let V be a F-representation of G. By a deformation of V in A we mean
an isomorphism class of A-representations W of G for which W⊗AF ∼=F[G] V .
The set of such deformations is defonted by Def(V,A). A morphism f : A→
A′ in C gives rise to a map f∗ : Def(V,A) → Def(V,A′) that sends the class
of a representation W over A to the class of W ⊗A A′

Throughout this section, V is a representation of a profinite group G over
the residue field F (with the discrete topology) of a noetherian local ring O,
and C is as above. Recall that V is absolutely irreducible if V ⊗F K is a
simple F[G]-module for every field extension K of F.In this language, the
theorem becomes the following:

Theorem 4.1. If V is absolutely irreducible then (1) there is a ring R in C
and a deformation D ∈ Def(V,R) such that for all rings A in C we have a
bijection HomC(R,A)

∼−→ Def(V,A) given by f 7→ f∗(D);
(2) the pair (R,D) is determined up to unique C-isomorphism by the property
in (1);
(3) the ring R is noetherian if and only if dimkH

1(G,Endk(V )) <∞;
(4) if R is noetherian then the following hold: R is mR-adically complete and
for each A in C we have a well-defined bijection

HomO−Alg(R,A)| ∼−→ Def(V,A)

given by f 7→ f∗(D).

The H1 in (3) denotes the continuous cohomology group of the discrete G-
module EndF(V ), on which the G-action is given by (gφ)(v) = gφ(g−1v) for
φ ∈ EndF(V ) and v ∈ V .

4.1 Steps of the construction

This construction proceeds in three steps.
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• Let G be finite and we consider the functor that assigns to A a certain
set of homomorphisms G→ GLn(A). Proving that this functor is rep-
resentable is very easy: one just defines the corresponding ‘universal’
ring by generators and relations.

• Next, take a projective limit and obtain a similar result for arbitrary
profinite G.

• To conclude the construction, we pass to the closed subring generated
by the traces of the elements of G; the proof that this ring has the
required properties makes use of an argument of Serre.

It is in the last step of the construction that the absolute irreducibility of
V is crucially used. In Wiles’ proof of Fermat’s Last Theorem the existence
of deformation rings is only needed for such V . Wiles also uses the fact that
such deformation rings are generated by traces, so the approach above is
particularly suitable for Wiles’s applications. It is, however, of interest to
observe that the universal deformation ring also exists when V , instead of
being absolutely irreducible, satisfies the weaker condition EndF[G](V ) = F.
In the noetherian case this was shown by Ramakrishna, as a consequence of
Schlessinger’s criteria. For proving the general case: instead of taking the
subring generated by the traces we pass to the subring generated by a larger
collection of elements as suggested by an argument due to Faltings.

4.2 The construction

Proof. This is the proof of theorem (4.1). Statement (2) of the theorem
follows from (1) by the standard uniqueness argument for universal objects.
Statement (4) will follow immediately from (1) and from the following propo-
sition.

Proposition 4.2. Suppose A is a noetherian ring in C. Then the topology on
A is equal to the mA-adic topology, and A is mA-adically complete. Further-
more, every O-algebra homomorphism A→ A′ with A′ in C is continuous.

We will show (1) by an explicit construction, which starts by representing
an easier functor. For this we will write representations as homomorphisms to
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matrix groups. Let V be any F-representation of G. If one chooses a F-basis
v1, . . . , vn for V , then the G-action on V is given by a continuous homomor-
phism ρ : G → GLn(F). Now let W be a representation of G over some A
in C such that W/mAW = W ⊗A k ∼=F[G] V. By Nakayama’s lemma elements
w1, . . . wn ∈ W such that wi 7→ vi form an A-basis of W . The G-action on
W is then given by a continuous group homomorphism ρ : G → GLn(A)
such that the composite map G → GLn(A) → GLn(F) is ρ. We denote the
set of such maps ρ by CHomρ(G,GLn(A)). Here “CHom” denotes the set
of continuous homomorphisms, and the subscript ρ expresses the condition
that the homomorphisms considered reduce to ρ over the residue field F of A.

Proposition 4.3. There are a ring Rb in C and a map

ρb ∈ CHomρ(G,GLn(Rb))

such that for each A in C we have a bijection

HomC(Rb, A)
∼−→ CHomρ(G,GLn(A))

that sends a C-morphism f to the composite map

G
ρb−→ GLn(Rb)

f−→ GLn(A).

The pair (Rb, ρb) is determined up to unique isomorphism by this property.

Write G as G = lim←−H, with H ranging over those discrete quotients of
G for which the representations ρ : G → GLn(F) factors through a map
ρH : H → GLn(F). Each H is finite, so the construction above produces a
ring RH in C with a group homomorphism H → GLn(RH) that reduces to
ρH : H → GLn(F). Using Proposition 4.3 for each H we get a projective
system (RH)H in C.

Now let Rb = lim←−RH . We have a continuous map ρb : G → GLn(Rb) in-
duced by the composite maps G→ H → GLn(RH). For fixed H, the images
of the defining generators of O[H,n] generate each discrete artinian quotient
of RH over O. But these images are contained in the image of Rb, so Rb

surjects to each discrete artinian quotient of RH . Moreover, each discrete
artinian quotient of Rb arises in this way. In particular it follows that Rb lies
in C. The map ρb defines a representation Wb = Rn

b of G in Rb such that
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Wb ⊗Rb
F ∼=F[G] V .

We now let R be the smallest closed sub-O-algebra of Rb that contains
the traces of all matrices ρb(g) with g ∈ G. Note that R is in C again. The
following result asserts that we can define the representation Wb of G over the
subring R. We let D be the R[G]-isomorphism class of this R-representation.

Proposition 4.4. Let W be a representation of G over some ring A in C and
let A′ ⊂ A be an inclusion of rings in C so that A′ has the induced topology of
A. Suppose that A′ contains the traces of all endomorphisms of W that are
given by multiplication with an element of G, and suppose that W ⊗A A/mA

is absolutely irreducible. Then there is an A′-representation W ′ of G such
that W ′ ⊗A′ A ∼=A[G] W .

Proposition 4.4 is a variation of results due to Serre and Mazur.

Assuming Proposition 4.4, we will show that the pair (R,D) satisfies
statement (1) of the theorem. Let W be a representation of G over a ring A
in C for which W ⊗A F ∼=F[G] V . Choosing a basis of W as in the argument
before 4.3, one can give the G-action on W by a continuous homomorphism
ρ ∈ CHomρ(G,GL)n(A)). By 4.3 there is a C-morphism fb : Rb → A such

that the composite map G
ρb−→ GLn(R)

fb−→ GLn(A) is equal to ρ. Then
the restriction f : R → A of fb has the property that f∗(D) is the A[G]-
isomorphism class of W .

The trace of an element of G in some representation of G depends only on
the representation up to isomorphism. Given f∗(D) the map g is therefore
uniquely determined on the traces of ρb(g) for all g ∈ G. But the O-algebra
generated by these traces is dense in R, and f is continuous, so f is uniquely
determined. This proves the universal property (1) in 4.1 once we know 4.3
and 4.4.

5 Examples

See the lecture notes ([3]) by Edray Goins for a reference for this section.
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The first example was originally constructed by Mazur. For integers
n consider the cubic polynomial x3 − nx + 1 such that the discriminant
−` = 4n3 − 27 is prime. (When n = 1, we find ` = 23.) Then the Ga-
lois group of this polynomial is S3, the symmetric group on three letters.
Upon choosing an embedding S3 ↪→ GL2(F), this gives a residual represen-
tation ρ : GQ → S3 → GL2(F), and so the universal deformation ring is
R(ρ) = Z`[T1, T2, T3] as a polynomial ring in 3 variables.

In general, fix a finite set of places S containing those where ρ is rami-
fied, and denote GS = Gal(QS/Q) = proj limLGal(L/Q) as the projective
limit over those finite Galois extensions L/Q where the places ν ∈ S are
unramified. (In the examples above S = {`,∞}.) Mazur shows that if for
the residual representation ρ : GS → GL2(k) if H2(GΣ, adρ) = {0} - that is,
the deformation problem is unobstructed, then R(ρ) = W (k)[T1, T2, . . . , Tr]
where r = dimkH

1(GS, adρ). Moreover, Mazur shows that if ρ is odd, i.e.
detρ : Ginfty → {±1} is nontrivial, then r = 3. We sketch the ideas. Say we
have a deformation ρA : GS → GLn(A), and an Artinina A-algebra B along
with a surjective local homomorphism φ : B → A. We wish to construct a
deformation ρB as in the following diagram:

GS
ρB // GLn(B)

mod mB //

φ

��

GLn(k)

GS
ρA // GLn(A)

mod mA // GLn(k)

For σ ∈ GS choose matrices α(σ) ∈ GLn(B) such that α(σ) ≡ ρ(σ)
mod mB. Then ξ(σ1, σ2) = α(σ1σ2)α(σ2)−1 ∈ I ⊗ adρ where I = ker(B →
A). One easily checks that ξ ∈ H2(GS, adρ) ⊗ I = {0} so that such a
representation ρB can be constructed. (Ravi Ramakrishna, a student of
Mazur, observed that one can always enlarge Σ so that H2(GS, adρ) = {0}.
Unfortunately, this allows more ramification in the lifts ρ of ρ.

6 Appendix: Proof of Schlessinger’s Criteria

A covariant functor E from C to Sets is called pro-representable if it has
the form

E(A) ' Hom(R,A), A ∈ C
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where R is a complete O-algebra such that R/mn is in C, all n.

In many cases of interest, E is not pro-representable, but at least one can
find anR and a morphism Hom(R, ·)→ E of functors such that Hom(R,A)→
E(A) is surjective for all A in C. If R is chosen suitably “minimal” then R
is called a “hull” of E; R is then unique up to noncanonical isomorphism.
We will restate the theorem of Schlessinger as giving a criteria for E to have
a hull and also a simpler criterion for pro-representability which avoids the
use of Grothendieck’s techniques of nonflat descent.

Theorem 6.1 (Schlessinger). Let E be a functor from C to Sets such that
E(F) = (e) (= one point). Let A′ → A and A′′ → A be morphisms in C,
and consider the map
(?)

E(A′ ×A A′′)→ E(A′)×E(A) E(A′′).

Then (1) E has a hull if and only if E has properties (H1), (H2), (H3)
below:

• H1. (?) is a surjection whenever A′′ → A is a small extension

• H2. (?) is a bijection when A = F, A′′ = F[ε].

• H3. dimF(tE) <∞ (2) E is pro-representable if and only if E has the
additional property (H4):

• H4.
E(A′ ×A A′)

∼−→ E(A′)×E(A) E(A′).

for any small extension A′ → A.

Notice that if E is isomorphic to hR, then (?) is an isomorphism for any mor-
phisms A′ → A, A′′ → A; that is, the four conditions are trivially necessary
for pro-representability.

Condition (H4) may be usefully viewed as follows. For each A in C, and
each ideal I in A such that mA · I = (0), we have an isomorphism
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A×A/I A
∼−→ A×F F[I],

induced by the map (x, y) 7→ (x, x0 + y − x), where x and y are in A and x0

is the F residue of x. Now, given a small extension p : A′ → A with kernel
I, we get by (H2) and the previous remark, a map

E(A′)× (tE ⊗ I)→ E(A′)×E(A) E(A′)

which is easily seen to determine, for each η ∈ E(A), a group action of tE⊗I
on the subset E(p)−1(η) of E(A′) (provided that subset is not empty). (H1)
implies that this action is “transitive”, while (H4) is precisely the condition
that this action makes E(p)−1(η) a (formally) principal homogeneous space
under tE ⊗ I. Thus, in the presence of conditions (H1), (H2), (H3), it is the
extistence of “fixed points” of tE ⊗ I acting on E(p)−1(η) which obstruct the
pro-representability of E. In many applications, where the elements of E(A)
are isomorphism classes of geometric objects, the existence of such a fixed
point η′ ∈ E(p)−1(η) is equivalent to the existence of an automorphism of an
object y in the class of η which cannot be extended to an automorphism of
any (or some) object y′ in the class of η′.

Proof. (1) Suppose E satisfies conditions (H1), (H2), (H3). Let t1, . . . , tr be
a dual basis of tE, put S = Λ[[T1, . . . , Tr]], and let n be the maximal ideal of
S. R will be constructed as the projective limit of successive quotients of S.
To begin, let R2 = S/(n2 +µS) ∼= F[ε]×F · · ·×FF[ε] (r times). By (H2) there
exist ξ2 ∈ E(R2) which induces a bijection between tR2 (∼= Hom(R2,F[ε]))
and tE. Suppose we have found (Rq, ξq), where Rq = S/Jq. We seek an ideal
Jq+1 in s, minimal among those ideals J in S satisfying the condtions (a)
nJq ⊆ J ⊆ Jq, (b) ξq lifts to S/J . Since the set S of such ideals corresponds
to a certain collection of vector subspaces of Jq/(nJq), it suffices to show that
S is stable under pairwise intersection. but if J and K are in S, we may
enlarge J , say, so that J +K = Jq, without changing the intersection J ∩K.
Then

S/J ×S/Jq S/K ∼= S/(J ∩K)

so that by (H1) we may conclude that J∩K is in S. Let Jq+1 be the intersec-
tion of the members of S, put Rq+1 = S/Jq+1, and pick any ξq+1 ∈ E(Rq+1)
which projects onto ξq ∈ E(Rq).
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Now let J be the intersection of all the Jq’s (q = 2, 3, . . .) and let R =
S/J . Since nq ⊆ Jq, the Jq/J form a base for the topology in R, so that

R = proj LimS/Jq, and it is legitimate to set ξ = proj Limξq ∈ Ê(R).
Notice that tE ∼= tR, by choice of R2.

We claim now that HR → E is smooth. Let p : (A′, η′) → (A, η) be
a morphism of couples, where p is a small extension, A = A′/I, and let
u : (R, ξ) → (A, η) be a given morphism. We have to lift u to a morphism
(R, ξ)→ (A′, η′). For this it suffices to find a u′ : R→ A′ such that pu′ = u.
In fact, we have a transitive action of tE⊗I on E(p)−1(η) (resp. hR(p)−1(η));
thus, given such a u′, there exists σ ∈ tE ⊗ I such that [E(u′(ξ)]σ = η′, so
that v′ = (u′)σ will satisfy E(v′)(ξ) = η′, pv′ = u.

Now u factors as (R, ξ) → (Rq, ξq) → (A, η) for some q. Thus it suffices
to complete the diagram

Rq+1

��

// A′

p

��
Rq

// A

or equivalently, the diagram

O[[T1, . . . Tr]] = S

��

w // Rq ×A A′

pr1

��
Rq+1

//

v

;;

Rq

where w has been chosen so as to make the square commute. If the small
extension pr1 has a section, then v obviously exists. Otherwise, by 1.4(ii),
pr1 is essential, so w is a surjection. By (H1), applied to the projection of
Rq ×A A′ on its factors, ξq ∈ E(Rq) lifts back to Rq ×A A′, so kerw ⊇ Jq+1,
by choice of Jq+1. Thus w factors through S/Jq+1 = Rq+1, and v exists. This
completes the proof that (R, ξ) is a hull of E.

16



Conversely, suppose that a pro-couple (R, ξ) is a hull of E. To verify
(H1), let p′ : (A′, η′) → (A, η) and p′′ : (A′′, η′′) → (A, η) be morphisms of
couples, where p′′ is a surjection. Since hR → E is surjective, there exists
a u′ : (R, ξ) → (A′, η′), and hence by smoothness applied to p′′, there exists
u′′ : (R, ξ)→ (A′′, η′′) rendering the following diagram commutative:

(A′ ×A A′′, ξ)

��

))
(R, ξ)

u′×u′′
88

u′′ //

u′ &&

(A′′, η′′)

p′′

��

(A′, η′)

p′ ))
(A, η)

Therefore, ξ = E(u′×u′′)(ξ) projects onto η′ and η′′, so that (H1) is satisfied.

Now suppose (A, η) = (k, e), and A′′ = F[ε]. If ζ1 and ζ2 in E(A′ ×F F[ε])
have the same projections η′ and η′′ on the factors, then choosing u′ as above
we get morphisms

u′ × ui : (R, ξ)→ (A′ ×F F[ε], ζi), i = 1, 2,

by smoothness applied to the projection of A′×FF[ε] on A′. Since tE ∼= tR we
have u1 = u2, so that ζ1 = ζ2, which proves (H2). The isomorphism tR ∼= tE
also proves (H3).

(2) Suppose now that E satisfies conditions (H1) through (H4). By part
(1) we know that E has a hull (R, ξ). We shall prove that hR(A)

∼−→ E(A) by
induction on length A. Consider a small extension p : A′ → A = A′/I, and
assume that hR(A)

∼−→ E(A). For each η ∈ E(A), hR(p)−1(η) and E(p)−1(η)
are both formally principal homogeneous spaces under tE ⊗ I; since hR(A′)
maps onto E(A′, we have hR(A′)

∼−→ E(A′), which proves the induction step.
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